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Abstract The primary objective of this work is to present a three-dimensional (3D) clear-
ance model of the paired bearings support joint (PBS-joint) and address the influence of PBS-
joint clearance on the accuracy of the spatial multi-loop mechanism. Through the synthetic use
of the vector and homogeneous coordinate transformation methods, the 3D clearance model of
the PBS-joint is obtained on the basis of the static balance condition. When clearance is
equated as a spatial virtual link, the error space solution models of serial mechanism and sin-
gle-loop mechanism are developed respectively according to the Denavit-Hartenberg method
and the geometric closure condition. The error space standardization solution model of the
multi-loop mechanism is then presented through improving the low-layer loop sequence de-
scription method of the topological structure relations. Finally, the application in the basic loop
mechanism is demonstrated to discuss the procedures adopted in this work and the influence
of the PBS-joint clearance. Results show that the PBS-joint clearance may cause the error on
the point with a 3D deviation transmission path to deviate the normal distribution. Moreover, the
plane-joint clearance model may not yield an accurate analysis of the spatial mechanism.

1. Introduction

In mechanical systems, the revolute joint usually adopts the structure of two deep groove ball
bearings supporting shaft to reduce friction and improve bearing capacity. This type of revolute
joint is referred to as paired bearings support joint (PBS-joint). Fig. 1 shows the assembly rela-
tionships between PBS-joint and links. Two deep groove ball bearings are installed at both
ends of the shaft, the outer rings of the bearings are fixed with link j, the inner rings of the bear-
ings are fixed with the shaft, and the shaft is fixed with link j+1.

The internal structure of a PBS-joint is shown in Fig. 2. The inner and outer rings come into
contact indirectly through the ball. Their relative motion is limited by the geometric characteris-
tics of the inner raceway, ball, and outer raceway. The absence of clearance in bearings
causes the shaft to rotate only around its own axis. The relative motion of the components con-
nected by PBS-joint has no deviation. However, when the bearings have radial clearance ( G,),
the shaft can either deflect relative to the outer ring or move along the radial and axial direc-
tions. As a result, the relative motion of components connected by the PBS-joint becomes un-
certain, and the positional accuracy of the mechanism is affected. For robots, solar panels,
spaceborne antennas, space telescopes, and other equipment, positional accuracy is often the
key factor to ensure the normal operation of the system [1-5]. Such equipment also need the
high accuracy spatial multi-loop mechanism to deal with complex tasks [6-10]. In reality, the
bearing clearance cannot be ignored in meeting the requirements of movement and assembly.
Therefore, to improve and control the mechanism accuracy, the influence of PBS+joint clear-
ance on mechanism accuracy, especially on spatial multi-loop mechanism, should be analyzed.

In the course of studying the effects of revolute joint clearance on the mechanism, research-
ers have proposed several clearance models. These models can be classified by spatial
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Fig. 2. Construction of PBS-joint.

dimension as (1) plane revolute joint (plane-joint) clearance
model with only radial deviation considered [11-14], (2) cylin-
drical joint clearance model with both deflection and radial
deviation considered [15-19], and (3) spatial revolute joint
clearance model with all the deflection, radial, and axial de-
viation considered [20-22]. When only the radial deviation is
considered, the deviation of the inner ring relative to the outer
ring is similar to the hole-shaft model [11], and the PBS-joint
clearance can be described by the plane-joint clearance
model. However, this model is only suitable for the accuracy
analysis of the plane mechanism. For the spatial mechanism,
the influence of three-dimensional (3D) deviation caused by
the joint clearance should be taken into account. Although the
second and third kinds of clearance models can reflect the
3D deviation, their compositions comprise the cylinder shell
and shaft, which are significantly different from the geometric
construction of the PBS-joint. Thus, these models are not
suitable.

In addition, the analysis of the mechanism accuracy effected
by joint clearance is a complicated process. At present, most
studies are focused on non-redundant mechanisms, such as
serial [1, 23-27], single-loop [28-38], and general parallel
mechanisms [2, 39-43]. The nonlinear behaviors and energy
balance of the joint within high dynamic conditions are studied
[19, 44]. For multi-loop mechanisms that contain a complex
interloop constraint relationship and numerous redundant con-
straints, the relationships between joint clearance and compo-
nent pose are highly nonlinear and coupled, and the accuracy
analysis may be very difficult. Nevertheless, some scholars

have attempted to solve this problem and have achieved some
breakthrough results. For instance, Tsai et al. [45] presented a
general analytical method for multi-loop mechanism accuracy
by using the transmission wrench screw and joint twist screw.
Although the accuracy can be solved theoretically using this
method, establishing and solving the constraint equation when
many closed loops and complex coupled relationship between
loops exist are difficult. Erkaya [46] studied the trajectory opti-
mization of a multi-loop mechanism with joint clearance. Zhang
et al. [47-48] addressed the accuracy influence of redundancy
constraint on a planar parallel mechanism with clearance and
presented an approach to improve accuracy by using a redun-
dant actuator. Lin et al. [49] studied the effect of force on joint
clearance distribution of the multi-loop deployable mechanism.
Li et al. [50] and Zhao et al. [51] analyzed the angular error of
the multi-loop mechanism caused by joint clearance. Mean-
while, Zhao et al. [14] also studied the relationship between
joint clearance and assembly accuracy of the multi-loop
mechanism and proposed an algorithm to predict the precision
of the mechanism. Akhadkar et al. [22] studied the effect of 3D
revolute joint clearance on force transmission of the multi-loop
mechanism. In the above studies, the transmission priority of
deviation assumed that the deviation was transmitted from the
single loop near the reference frame or driven to the single loop
far away. On the basis of this assumption, the deviation poses
of each single loop can be determined one by one and then the
accuracy of the multi-loop mechanism can be solved. However,
the general law of deviation transmission has not been pre-
sented, which may be difficult to obtain directly in a complex
multi-loop mechanism. Zhao et al. [52] pointed out the law of
deviation transmission by studying the relationship between
mechanism assembly process and deviation transmission.
However, the literature only illustrated the priority of deviation
transmission through examples. The definition and calculation
method of distance from single loops to frame or actuator were
not clearly shown. Therefore, the description of deviation
transmission characteristics is still unclear.

To obtain the accuracy evaluation results that are close to
the actual situation and solve the problems existing in the
accuracy analysis of the multi-loop mechanism, this study is
presented in three parts. In Sec. 2, a 3D clearance model that
considers the shaft deflection and radial and axial deviations
is presented according to the geometric characteristics of
PBS-joint. In Sec. 3, the deviation transmission model be-
tween components is established by equating the PBS-joint
clearance as a spatial virtual link, and a standard accuracy
analysis method for the multi-loop mechanism is presented.
In Sec. 4, a case is presented to reveal the influence law of
PBS-joint clearance on the accuracy of the spatial multi-loop
mechanism.

2. PBS-joint clearance model

The geometric parameters of the two bearings in one PBS-
joint are assumed to be the same in this work.
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2.1 Description of static deviation pose

All PBS+joints should be in the stable load-bearing configura-
tion when the mechanism is in static balance. According to
force balance theory and the geometric characteristics shown
in Fig. 2, to obtain a PBS-joint with stable load-bearing configu-
ration, at least two points of D-@ should be in the stable load-
bearing configuration. Specifically, the inner and outer race-
ways are in contact with the ball in the same time and their
center points are collinear.

The static balanced PBS+joint can be divided into two types
according to whether the shaft axis is deflected from the bear-
ing outer ring axis, namely, offset static (the shaft axis is paral-
lel to the axis of the outer ring) and deflection static (the shaft
axis intersects with the axis of the outer ring). To describe the
shaft pose in PBS-joint, a fixed reference frame O, -xy z, is
set at the center point of the center surface defined by the
outer rings of the two bearings, and a moving reference frame
0, —x,y,z, is set at the center of the shaft. The axes x|
and x, are along the radial directions of the outer ring and
shaft, respectively, and the axes z, and z, are along the
axis directions. The directions of axes y, and y, are deter-
mined by the right-hand law. To distinguish the shaft poses in
different states, reference frames O°-x"y"z" and
Of —x*y*z® are adopted to denote the reference frame
0, —x,y,z, in the offset static and deflection static, respec-
tively, as shown in Figs. 3 and 4.

The possible states of bearings on both sides in PBS-joint
are symmetrical about axis z, and plane O, -x,y, in 3D
space. Therefore, if the static deviation poses of the shaft can
be determined in the case where one of the bearings at posi-
tion -@ is in the stable load-bearing configuration, then, by
converting it into 3D space, all of the static deviation poses of
the shaft will be obtained. In this study, the position @) is taken
into consideration in the analysis.

When the PBS-joint is in the offset static, the balls at position
(D and ® are compressed and the bearings form a stable
load-bearing configuration (Fig. 3). According to the forming
conditions of the stable load-bearing configuration, the follow-
ing relationships can be obtained:

‘ G .
i =5(%r) )

where O , O , and O

in 2 en wn

(n=1,2,3,4) are the centers of

the inner raceway, outer raceway, and ball, respectively. The
coefficient r, denotes the vector from « to b in

ab
O,-x,yz . If points a and b coincide, then « is omitted

and expressed as r,. The coefficient 7! denotes the &

direction component of r,, k=x,y,z and r“,,e{O,G’},
ab O 2

and G, denotes the radial clearance of bearing. In the equa-

:_l\_

G

~30

3 {, y
Fig. 4. PBS-joint in deflection static.

ton S,=R+R —D,, R denotes the radius of the inner
raceway, R, denotes the radius of the outer raceway, and D,
denotes the diameter of the ball.

In Ai.O,,0,, the following geometrical relationship can be

i3

obtained as follows:

(1) =i {Ss -(i -n&ﬂz - @

Thus, the relationship between axial and radial offset is

- iJ(G, 277 )(45,-G, +213) |

o 2 (3)

In addition, when the radial offset reaches the maximum

value GZ the axial offset is zero. When the radial offset is

zero, the axial offset reaches the maximum value where the
balls at position (D-@ are compressed at the same time.
When the PBS-joint is in the deflection static, the balls at po-
siton 2 and (3 are compressed, and the bearings form a
stable load-bearing configuration (Fig. 3). To determine the
shaft pose in deflection static, the shaft is assumed to be first
moved into offset statc ( O,-x,»,z, is denoted as
0" -x"y"z" ), and then rotated into the deflection static
(0, -x,y,z, is denoted as O" —x"y"z"). The rotation cen-
ter is the center of any inner raceway in the stable load-bearing
configuration. In particular, the shaft in deflection static without
a deviated shaft center (i.e., O, coincides with O)) is only
the special case wherein the shaft center is deviated during the
moving process. However, the shaft is returned to its original
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position in the process of rotating. Fig. 4 is the deflection static
obtained by rotating the shaft in offset static, as shown in Fig. 3,
where the rotation center is O, (the inner raceway center at
position ®).

In the initial state (Fig. 1), the vector of each point in the ref-
erence frame O, -x,y .z, is

r T
D
gy | D G Do
|2 2 4 2
T
D
vy | (e Do G g ) o D] "
2 2 4 2
T
| [P Do G p) o D
| 2 2 4 ¢

where D, is the diameter of the bearing pitch circle, and D,
is the support span of the shatft (i.e., the distance between the
center faces of the two supporting bearings).

In the deflection static (Fig. 3), the vectors have been
changed and could be described as

rol - rO:] +r0’

)
ro,z - r().z +r0‘b ' (5)
r, =°r

From offset static (Fig. 3) to deflection static (Fig. 4), the po-
sitions of O, and O,, remain unchanged, whereas O,, is
offsetto O, . Thus,

: 6)

e =]
0,053 0203

where Hrﬂthﬂlrairab .

According to the stable load-bearing configuration of bear-
ings, the following relationship can be obtained:

e (7)

roo.
0202

0,

In AO,0,0.

s can be obtained by the law of cosines,
described as

2 2

+ |7,
012013

ro.
0e202

0, = ®)
2Hr

0:20;3

r.,
0203

Moreover, in AO,0,,0,, 6, can be obtained and de-

scribed as
H 2 2 2
r o] =
0,,0; 01,0; 0,,0;
6,, = arccos™——" S . 9)
2Hr0u2013H 70,20,3

If the vector r, is defined as

r

s =T

0e20;3

. (10)
then the angle between z* and z, can be calculated as

AO=0,+Sn0,, (11)

i

where Sn=ece,, e, k=xy,z is the base vector of the

Cartesian coordinate system, and e, =r—j is the base

I ¥y

vector of ;.
According to the vector angle formula, the angle between

vector r, , andaxis z;, can be determined as follows:
e
6. = arccos 2% = (12)
Hrorzorz

As previously assumed, the shaft in the deflection static is
obtained by rotating the shaft around O, from the offset static.
Thus, the angle between vector r, ~and axis z, can be
calculated as follows:

0. =0, +A0. (13)

From the geometric relationship, points 0" and O® are on
the vectors r, , and r respectively. Thus, the vector

0205’

from O” to O can be determined as follows:

‘r,) Hsin@ —‘r,, Hsin@

o 013 z o 013 z

Foron = 0 . (14)
r, |cos@ —|r . |cos@
07045 z 0705 z

Given that the distance from the center of shaft to the center
of the inner raceway is a constant value, Eq. (14) can be sim-
plified into

ro*’o" =

[sin@z —sind., 0, cosd, —cosH;]T. (15)

r
0705

Thus, the position vector of the shaft center O* can be ob-
tained from Eq. (16) as

r
o

=F,+F, . (16)

o’ ofof

Overall, shaft poses in the deflection static can be deter-
mined by r, and the angle deflection A& .

In the 3D space, any center plane of the two outer rings can
be taken as the fixed reference plane and the reference frame
O, -x,y,z, onitas the fixed reference frame O, -xyz,, as

7 J?

shown in Fig. 5. Thus, the reference frame 0, —'x;.y',z; on the
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Fig. 5. Relative poses between the shaft and outer rings in 3D space.

rest of the center plane of the two outer rings can be obtained
by rotating reference frame O, —x,yz;, around its axis z,
with an angle of «; .

Therefore, the static pose of the shaft relative to the outer
rings can be determined by the pose description of
0,—x,y,z, relative to O,—x,yz,. According to homoge-
neous coordinate transformation theory, the static pose of the
shaft can be described as

T, :Rot(z,a/)Trans(r

o

), Offset static

T —

v /TR :Rot(z,a] )Trans(rok )Rot(y,AH), Deflection static ’
(17)

where ‘7, denotes the homogeneous transformation matrix
from O,-x,yz, o O -xyz, and Rot and Trans de-
note the rotation and translation operators [53], respectively.
From Eq. (17), as long as all solutions that are determined by
e, and r’, are obtained, the static deviation law of the PBS-
joint shaft considering the clearance in 3D space can be com-
pletely determined. Figs. 6 and 7 show the deviation laws of
offset static and deflection static by substituting the parameters
of joint 1 presented in Table 2. The outline of the central area is
the center trajectory of the shaft corresponding to G. =2 um.
The outer boundary corresponds to G, =13 um . Therefore,
when G, is taken in the range of 2-13 um , the center of the
PBS-joint shaft inevitably falls into the closed space constituted
by the outline of the central area and the outer boundary
shown in Figs. 6 and 7, which is the error space of joint 1.
According to deviation laws, the PBS-joint shaft is allowed to
have great displacement along the axial direction under offset
static state. When G. =2 um and G, =13 um , the ranges of
axial displacement are 13 and 5 times of G, respectively.
Under the deflection static state, the shaft is allowed to rotate
with maximum angles of 4.16x10*rad and 6.44x10°° rad,
respectively. However, the allowed displacement of the shaft
center is very small. Apparently, these deviations significantly
affect the accuracy of the mechanism. However, when the
plane-joint clearance model is used to analyze the influence of
PBS-joint clearance on the mechanism accuracy, all the above
situations cannot be considered. Therefore, the PBS-joint
clearance model proposed in this work has the capacity to

002 :
z/imm -0.04 -7 y/um

x/um
o

S35 e amen

doa 002 0 002 004
z/imm

Fig. 6. Error space of PBS-joint in offset static.

x 10
Ab/radl4

0
0.3¢ ““A/rad

-0.02 0 0.02 0.04
z/mm

04
%8 0a

Fig. 7. Error space of PBS-joint in deflection static.
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Fig. 8. Selection process of deviation static type of PBS-joint.

achieve enhanced analysis mechanism accuracy.

2.2 Selection of deviation static type

The bearing radial clearance G, is generated from the er-
rors of bearing machining and installation and is a random
variable subject to normal distribution. According to 3o prin-
ciples, the values of G, are almost all concentrated in the
interval (x—3c,u+3c). Therefore, for G/, the bearing ra-
dial clearance on the ; -th joint, its mean value 4, , and stan-
dard deviation &, can be determined by Eq. (18):

maX(G,',’) + min(Grf)

2
, ) (18)
o - max(G:’; )—,uj

M=

where max(G/) and min(G’) respectively denote the up-
per and lower limits of ; -th joint radial clearance. Note that
according to the assumptions in Sec. 2.1, the clearances of two
bearings in the same joint are equal.

Assuming that the force or torque acting on the joint is uni-
form and random, the joint has no external constraints. Thus,
the azimuth angle «, is consistent with the uniform random

distribution in [-7,7), and the radial offset displacement ,

is consistent with the uniform random distribution in {O, 62 } .

According to Eqg. (3), for any determined «; and r,, there
are two offset static states between the shaft and outer rings.
Every offset static state can also determine one deflection
static state. As a result, the PBS-joint has four possible static
states that correspond to one determined «, and T and
the selection process of the final static state is uniform and
random. Fig. 8 shows the selection process of deviation static

type.

3. Deviation transmission model

3.1 Deviation transmission model of serial
mechanism

Denavit-Hartenberg (D-H) method [54] can be easily used to
describe the pose relationships between links. This method
stipulates the law of homogeneous transformation from refer-
ence frame O, -x,y,z, o O,,-x,,y,,z,, asfollows,

J+l

T

J+l

= Rot(z, 0., )Trans(O, 0.d,, )Trans(lﬂ, , 0,0) Rot(x, ),

'R, P,
— Jt! JH , 19
e (19)

where

cos@,, —sind,  cos B, sind,  sinf,,
'R, =|sind,, cosd,  cosp, —cosb sinf |,
0 sin cos 3.,
[, cos0,,
P, =|1,sin6,, |, 6, is the rotation angle from x, to
d/'+l
x,, around z,, d,, is the perpendicular distance from x,
to x,, along z,, [, is the perpendicular distance from z,
to z,, along x,,, and B, is the rotation angle from z, to
z,, around x,.

The establishment of the moving reference frame
O, —X..¥,.2;, ON joint j+1 needs to be consistent with
the following laws, as shown in Fig. 9.

(1) The origin of the reference frame is fixed at the intersec-
tion of the common normal of two adjacent joint axes and the
axis of joint j+1.

(2) The coefficient x,,, coincides with the common normal,
and the direction is from joint j tojoint j+1.

(3) The coefficient z,, is collinear with the axis of joint j+1.

(4) The coefficient yﬁ, is determined by the right-hand law.

To establish the moving reference frame on each joint of the
mechanism according to the above laws, the pose of link ; +1
described in fixed reference frame O - XYZ can be deter-
mined as

OTM = l_Ij:t)I:+1 : (20)

As shown in Fig. 1, when the shaft of the PBS-joint deviates
from the designed state, the two links connected by the joint
will deviate correspondingly. The spatial virtual link vj is used
to describe the deviation. A virtual joint vj is introduced to
connect link vj and link j+1. When joint clearance is taken
into consideration, the links connected by the PBS-joint can be
equivalent to a model shown in Fig. 10, where the pose of ref-
erence frame O, —x,y,z, described in O,-x,y,z, can be
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Y
Joinlj/

: Joint j+1 /

Fig. 10. Equivalent model of adjacent links with PBS-joint clearance con-
sidered.

obtained by Eq. (17). The link j+1 is fixed with the shaft.
Thus, the link and the shaft have the same deviation. When the
shaft has no rotation displacement relative to its axis, the angle
from plane O, -xz, to the plane formed by axes z, and

in Fig. 10 is the similar to the angle in Fig. 9, both are
6.,. Given that the angle from plane O, -xz, to plane
0,—-x,z, is a,, the angle from plane O, -x,z, to the
plane formed by axes z, and x

X

J+l

can be obtained by

0,=0.,-a . (21)

v J+l J

The obtained 6, isthe angle from x, to x,, around z,.
According to the definition of each parameter in Eq. (19), for
the links connected by revolute joint, parameters 4,7, and
B... are all fixed values in the process of motion. Therefore,
the homogeneous transformation matrix from link v/ to link

j+1is
‘7];+I = /+I (6 dr+l’li+|’ﬂ/“) ! (22)

The homogeneous transformation matrix from link ; to link
j+1 with PBS-joint shaft deviated can then be obtained from
Eq. (23) as follows:

A, ='T,"T,, . (23)

v J+l

According to the homogeneous transformation law, when
only PBS-joint clearances are considered, the pose of link
j+1 described in the fixed reference frame O - XYZ can be

obtained by Eq. (24):

A, =14 (24)

i+l

To distinguish the differences between O, —x,,y .z, in
the ideal state (Fig. 9) and the state of considering the PBS-
joint clearance (Fig. 10), O, =% .V 18 Used to
denote the O, —x,,y,..z,, in the state of considering the
PBS-joint clearance. Then, the deviation of link ;j+1 caused

by the PBS-joint clearance can be obtained by Eq. (25):
/+1T oT 1 OA jHRc(jn) NPc(jH) , (25)
o j+1) J+l 0 1

where 'R . and P
deviations descrlbed N O =X,V uZ 0

To intuitively reflect the deviation of link ;j+1, the position
deviation P;, described in the fixed reference frame
O - XYZ is used to show the position deviation that can ob-
tained by Eq. (26). The Euler angle is used to represent the
attitude deviation. According to the relationship between rota-
tion matrix and Euler angle shown in Eq. (27), the attitude de-

viation ¢°,, can be determined as shown in Eq. (28):

J+l

are the attitude and position

I

P =P P (26)

J+l o j+) J+

where P, and °P  are determined by Egs. (20) and (24),

respectively.
R, = Rot(z,6.)Rot(y.0,)Rot(x.0,), (27)
9. =[0.0,0.] (28)
where
0. =atan2( 'R, (3.2) f*‘RL<j+l)(3 3));

/+1R2/+1 (3’2) /HRCZ(/H (3’3)) ;

c(/+l

(
= atan2( MR
0. = atan2(’”R

).""R,,,(11)) ; and

"R, (i,j) denotes the row i column j element of
_/+

Jj+l
o(j+1) "

arctan [Xj; x>0
x

arctan[1j+ 7 y20,x<0

X

Y
X

arctan

m

atan2(y,x) = ) m y<0,x<0.

; ¥>0,x=0

N

4
-—; ¥»<0,x=0
5 y

undefined; y=0, x=0
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Fig. 11. Equivalent model of single-loop mechanism with joint clearances.

In the serial mechanism, the states of clearance joints can be
considered independent of each other. The deviations are
transmitted step by step from the starting link to the end link.
Therefore, the parameters of ‘7, in Eq. (23) only need to
follow the selection laws in Fig. 8, and the deviation of each link
can be directly determined by Egs. (26) and (28).

3.2 Deviation transmission model of multi-
loop mechanism

Different from the serial mechanism, the links in the multi-
loop mechanism forms a number of single-loop structures. The
pose of each link after deviation must meet the geometric clo-
sure condition. Thus, every joint state in the multi-loop mecha-
nism is coupled to each other. The determination of the geo-
metric closure condition of the deviated mechanism and the
establishment of the coupling relationship between each link
and joint are the keys to analyzing the error of the multi-loop
mechanism.

Any single-loop mechanism with joint clearance can be
equivalent to the model shown in Fig. 11 by adopting the spa-
tial virtual link vj . When one of the virtual links is removed
from the frame, such as the virtual link v4 , the equivalent
model will be transformed into a serial mechanism. According
to Eq. (23), the pose of the obtained serial mechanism can be
easily solved. Meanwhile, regardless of what pose the obtained
serial mechanism is in, the mechanism still needs to be able to
form a geometrically closed loop with the frame and virtual link
v4 . Therefore, the attitude and end position of the link (link 4)
connected with the removed virtual link (virtual link v4 ) must
be in the error space of the joint whose clearance is equivalent
to the removed virtual link. On the basis of Egs. (26) and (28),
the pose error space of each link in the single-loop mechanism
can be described as

r ={P

< 0IPLe €O 1< j<n—1}, (29)

where »n is the number of links in the single-loop mechanism,
and @, is the error space of the n -th joint determined by Eq.
(17).

Similar to the serial mechanism or single-loop mechanism,
which uses link as the carrier of deviation transmission, for the
multi-loop mechanism, the single loop can be used as the car-
rier. Ref. [49] pointed out that in the multi-loop mechanism, the

transmission of deviation is similar to the spread of water
waves. The deviation transmission laws were based on the
low-layer loop sequence description method of the topological
structure relations listed as follows:

(1) The deviation is transmitted from the single loop in the
lower rank to the single loop in the higher rank.

(2) Among single loops in the same rank, the deviation is
transmitted from the loop in low assembly sequence to the loop
in high assembly sequence.

(3) If the loop belongs to the coupled loop set, the deviation
is directly transmitted from other loops to the coupled loop set
containing the loop.

(4) The frame of the single loop is the shared link between
adjacent single loops that are in low rank or low assembly se-
quence.

Therefore, to analyze the deviation law of the multi-loop
mechanism, the rank and assembly sequence of each single
loop need to be determined first. Ref. [49] used the distance
from the single loop to the frame as the rank division standard.
However, the definition and calculation method of the distance
were not presented. To make the method more formal, the
rank calculation formula shown in Eq. (30) is used to determine
the rank of single loops in a multi-loop mechanism:

H(M)=N+1, (30)

where M denotes the mark number of the single loop in the
multi-loop mechanism, /(M) denotes the rank of single
loop M, and N denotes the minimum number of single
loops from the frame to single loop A7 that should be passed
(i.e., the distance from frame to single loop M ).

The assembly sequence of the single loops in the same rank
is defined as follows. If a parent-child assembly relationship
exists between the single loops, then sort them through this
relationship from inside to outside. If the parallel relationship
exists, then sort them by clockwise or anti-clockwise sequence.
The coupled loop set is the set of all single loops sharing the
same public link. The public link referred to here is the link that
participates in two or more single-loop configurations, with
each single loop containing only a portion of the link.

According to the above deviation transmission laws, the
frame of each single loop in the multi-loop mechanism can be
defined and the geometric closure conditions can be deter-
mined. Thus, from Eq. (29), the error space of each single loop
can be obtained. The obtained error spaces are the error
space of the multi-loop mechanism. Thus, the accuracy analy-
sis of the multi-loop mechanism needs to start from the first
assembly sequence single loop located in the lowest rank to
calculate the error space of each single loop step by step. To
obtain the unified error space expression of the multi-loop
mechanism, the single-loop mark number M can be defined as

M :[IZI(M)711N111(.M) +K,,. (31)
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ABUG

Fig. 12. Basic loop mechanism.

where Ny

is the number of single loops in rank /(M) ,

and K,, isthe assembly sequence number of single loop M .

Therefore, the error space of the multi-loop mechanism can
be uniformly described as

T, ={TY[l<M <max(M)], (32)

where T is the error space of single loop M determined
by Eq. (29).

4. Case analysis
4.1 Mechanism configuration

The basic loop mechanism of a space-borne parabolic an-
tenna is subjected to a case analysis (Fig. 12). The basic loop
mechanism is composed of three basic units: The basic unit on
the directrix (BUD), the main basic unit on the generatrix

(MBUG), and the assistant basic unit on the generatrix (ABUG).

The upside and downside of MBUG and ABUG are opposite
and parallel to one another. The MBUG and BUD are vertical
and share the same slider. The configurations of these three
basic units are the same with different scales, as shown in Fig.
13. The working principle is as follows: the spring pushes slider
3’ to move along the axis f%' and drives each link to move
until the link de’ touches the mechanical limit point H, where
the link de' and cd are collinear. Therefore, the mechanism
gets self-locked in the deployed state.

According to the task requirements, the antenna reflector is
installed on the downside of BUD and MBUG (fixed at points A
and B) and the upside of ABUG (fixed at points C and D).
Therefore, points A and B of BUD and MBUG and points C and
D of ABUG are the key factors to determine the geometric
characteristics of the antenna. These factors are taken as ref-
erence points in the accuracy analysis of the basic loop
mechanism in practical engineering.

To analyze the accuracy of the basic loop mechanism, the
reference frames as shown in Fig. 13 are established at points
A and B of BUD and MBUG and C and D of ABUG. The axis
x of each reference frame coincides with link AC or link BD,

Xp | ¥o
Upside Y, 5 7][ D
(On)

Os

Xp

(a) Folded state

(b) Deployed state

Fig. 13. Schematic of basic unit.

and its direction points to the side where the reflector is fixed.
The direction of axis y is shown in Fig. 13, and the direction
of axis z is determined by the right-hand law. The spatial
distribution of each reference frame is shown in Fig. 12, where
the axis z is omitted.

4.2 Deviation calculation model

The link AC is a public link that participates in the construc-
tion of all single loops in the same basic unit. Thus, the single
loops form a coupled-loop set. According to the deviation
transmission laws of the multi-loop mechanism, the deviation of
each single loop in the basic loop mechanism will be directly
transmitted to the adjacent basic unit. Therefore, the accuracy
analysis of the basic loop mechanism can be divided into two
parts: (1) Addressing the deviation transmission laws in the
basic unit and (2) addressing the deviation transmission laws
between basic units.

(1) Deviation transmission laws in the basic unit

The basic loop mechanism is in a self-locked state after be-
ing deployed. In microgravity, the forces on the mechanism can
be ignored except the force from the spring. In the deployed
state, the spring only provides a small force for self-locking,
and the deformation of each component can be ignored. Thus,
the mechanism can be regarded as a multi-rigid body system.

The basic unit consists of one slide joint and nine revolute
joints. The revolute joints are all PBS-joints, and the slide joint
is realized by precision linear bearing, where the clearance can
be ignored. Therefore, the basic unit can be regarded as a
mechanism that only contains PBS-joint clearances. The basic
loop mechanism is self-locked and the components are statisti-
cally balanced when deployed. Thus, the deviation laws of the
joint shaft can be determined by Eq. (17), and the selection of
the static type also follows the process shown in Fig. 8.

Three single loops are present in the basic unit (Fig. 14).
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Fig. 14. Single loops in basic unit.

From Eq. (30), when the link AC is selected as the frame,
these three single-loops are in the same rank and, according to
the parent-child assembly relationship, the assembly sequence
of loops I-lll corresponds to 1-3, respectively. Therefore, the
analysis needs to start from loop I.

The reference frame O, - x,y,z, is taken as the fixed ref-
erence frame of BUD and MBUG. The reference frame
O, —x.y.z. is taken as the fixed reference frame of ABUG.
The moving reference frame O, -x,y,z, is set at revolute
joint j according to the D-H method, where, the z, axis
direction is followed the Z axis direction of the fixed reference
frame. Therefore, the z axis direction of each reference
frame in BUD and MBUG is opposite to the reference frames in
ABUG.

For BUD and MBUG, the frame of loop | is link AC. Accord-
ing to the deviation transmission law of single loop, the homo-
geneous transformation matrix from the fixed reference frame
to joint 4 can be obtained from Eq. (33), where “7, and ‘4,
are the matrix obtained under the ideal condition and the condi-

tion of taking the joint clearance into consideration, respectively.

AT:' — AT; l]’:'
AA4 = AAI lAA : (33)
st. P, p; €0,

The frame of loop Il is the shared link with loop I (i.e., the link
AC and link 14). Hence, the homogeneous transformation ma-
trix from the fixed reference frame to joint 7 can be obtained
from Eq. (34) as follows:

A7w7 — A]z‘ 47; 51*() 6717
4,="4,"4.°A°T, . (34)
st. P g, €O,

The frame of loop Il is the shared link with loop Il (i.e., the
link AC and link 67). Thus, the homogeneous transformation
matrix from the fixed reference frame to point B can be ob-
tained from Eq. (35) as follows:

ATB — AL 7TD DTB
4,="4,"4,"A4, . (35)
st. P, €0,

Link 14 Limit surface

Fig. 15. Mechanical limiting structure at joint 4.

Similarly, in ABUG, according to the relationships between
moving reference frame and O, —x.y.z., the homogeneous
transformation matrix from the fixed reference frame
O. - x.y.z. to point D can be obtained, as denoted by 7,
and “4, . The parameters in “T,, “4,, °T,, and 4,
are substituted into Egs. (25), (26) and (28). Then, the devia-
tion of the basic unit can be obtained.

The deployment ending position of the basic unit is deter-
mined by the mechanical limiting point H. link 45 will always be
in contact with point H in the deployed state. When the clear-
ance exists in joint 4, the relative pose between link 45 and link
14 may deviate from the design state. According to the
mechanism-limiting structure (Fig. 15), the projection point of
point H on the axis of joint 4 is located between the two support
bearings, and the limit surface is always perpendicular to the
plane O, -x,y,. Therefore, when the constraints introduced
by factors such as friction and deformation, among others, are
considered, the support reaction of point H to link 45 must be
parallel to the plane O, —x,y, and is located between the two
support bearings. According to the force-balance principle of
the rigid body, the direction of support reaction provided by the
outer ring of two support bearings must be the same. Thus, the
joint shaft cannot be deflected, and joint 4 should only be in the
offset static. In addition, because link 45 should still be in con-
tact with point H after deviation, as shown in Fig. 16, the joint
shaft will rotate around its own axis, which will make link 45
rotate an angle of 6, around z, . According to the sine theo-
rem, the following relationship can be obtained:

sin[ﬁ -0, +‘0£4H _ sind, (36)

x

7

r o

0,1

From Eq. (36), 6, can be solved and described as
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Link /14

Fig. 16. Clearance model of joint 4 (ABUG).

];9,4 c [ogj . (37)

The z direction of the reference frames in BUD and MBUG
is opposite to the reference frames in ABUG. Thus, when cor-
responding to the different basic unit, the value of parameter
0,, in Eq. (34) is different and can be obtained by Eq. (38).

y
sl

0, = arctan[

B
"'aw‘ - ropcos\oc4

9 - 6,-a,; a, 6[—71',0], ABUG (38)
o -0,-a,; a,c [O,ﬂ'], BUD and MBUG

(2) Deviation transmission law between basic units

The relative pose error between O,-x,y,z, and
0, —x,y,z, Characterizes the deviations of BUD and MBUG,
and the relative pose error between O,.-x.y.z. and
O, —x,y,z, Characterizes the deviations of ABUG. Therefore,
the above reference frames can be regarded as the character-
istic reference frames (CRFs) of the basic unit. The relations
between CRFs can be equivalent to a characteristic link. From
the characteristic link, the deviation characteristics of the basic
unit can be obtained. The relations between basic units can be
easily described.

The equivalent model of the basic loop mechanism de-
scribed by characteristic links is shown in Fig. 17, where L’ ,
LY ,and L, denote the characteristic links of BUD, MBUG,
and ABUG, respectively. According to the structural character-
istics shown in Fig. 12, when the link AC at point | in the
equivalent model is selected as the frame of the basic loop
mechanism, the single loops will be assigned into three ranks.
Among these single loops, those in the basic units containing
point IV will be assigned into the highest rank. The deviation of
each basic unit will be transmitted by two paths to point IV (i.e.,
by I-lI-lI-IV and |-VI-V-IV).

The CRFs at the beginning of each characteristic link defined
clockwise as the pose characterization reference frame (PCRF)
O, —x,y,z, (i=1-VI) of each point is used to uniquely de-
scribe the state of each point, as shown in Fig. 17(b). Accord-
ing to the structural characteristics of the basic loop mecha-
nism, the homogeneous transformation matrix between adja-

Table 1. Homogeneous transformation matrix between each PCRF*.

Index Ideal state Deviated state
B(I1) 'T, = iT,Rot (x,7) 'A, = /A,Rot(x,7)
_ 7 e 7T
B(IH) HTIU = .;TBIR“{X’_E] HAm = M‘AB‘ROt[“X’_Ej
4 V4
B(IV) T, = Rot[x,zj oT, ', = Rot(x,zj aA,
7\ T
B(V) T, =Rot(x,—5) T, Y4, =Rot(x,—5j <4,
B(VI) T, = Rot (x,7) T, YAy = Rot(x,7) (A

*! InTable1, T, and /A4, denote 'T, and ‘A, ,which are calculated
by substituting the geometrical parameters of basic unit %, where
k=D,M,A represent BUD, MBUG, and ABUG, respectively.

Y, ‘ 5 l Ve i .Vn:
L, ) £
Yo 1 4B Ym IO, 2
C e IV = L V(©Op)
B
L_:‘:; ‘—Vﬁ 'J"'I l-(jg L:VR '1‘11 1‘:'!:')
1Ie Vv ©Omll ¢ oV (Oy)
L,;L; V7% Wi L;jﬂ L: :? ) Wy L}fn
Yy ¥ J'\.]
— l'—-—l VI (O|)I i Vf (O\-ﬂ
i ) Ly
J’EA‘ ‘ Ye ) 1 Y
(a) Distribution of CRFs (b) Distribution of PCRFs

Fig. 17. Equivalent model of basic loop mechanism.

cent PCRFs can be directly determined from Table 1.

According to the deviation transmission path, the homoge-
neous transformation matrix from the PCRF at point | to the
rest PCRFs can be obtained by

HB(j); i=1L10

j=I
X—i

'T or'A = HB(j); i=1V,V,VI, (39)
[y

¢ e
st. By, ¢, €0,
‘AB

where 'T, and '4, denote the homogeneous transformation
matrix calculated by substituting the corresponding elements in
the ideal state column and deviated state column into B( ),
respectively. P; is obtained by Eq. (40) directly, ¢y is ob-
tained by substituting “R, in Eq. (40) into Eq. (28). ©,
denote the error space of the characteristic link L7, . "

B e
|: ﬁl\ II\i| _ gT,;l |:mA“‘Rot(x,—72[j:| s (40)

il I ¢-11
where "4, ="'4; '4,, .
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Table 2. Parameters of the basic loop mechanism.

PBS-joint Joint Theoretical position (mm)
Parameter | Value | /Point BUD(n O,-x,z,) MBUG(In O0,-x,y,z,) ABUG (In O, —x.y.z.)
G. (um) 2~13 1 (-22.0000, -35.0000) (-22.0000, -35.0000) (-433.0000, -35.0000)
D,, (mm) 95 2 (-47.8002, -141.9314) (-57.6081, -144.4535) (-401.1077, -143.7217)
D, (mm) 2.381 3 (-154.0000, -35.0000) (-154.0000, -35.0000) (-301.0000, -35.0000)
R, (mm) 1226 | 4 (-90.8476, -320.3417) (-118.6617, -332.1221) (-353.3192, -306.6269)
R (mm) 1238 | 5 (-388.4660, -1468.5658) (-500.0000, -1440.0000) (0.0000, -1440.0000)
by (o) 6 (-500.0000, -102.0000) (-500.0000, -102.0000) (0.0000, -102.0000)
(j=19) 31 7 (-386.4324, -1493.4832) (-500.0000, -1465.0000) (0.0000, -1465.0000)
8 (60.3533, -1384.7622) (0.0000, -1398.0000) (-455.0000, -1398.0000)
9 (0.0000, -35.0000) (0.0000, -35.0000) (-455.0000, -35.0000)
D/ (mm) 17 H (-107.7493, -343.4932) (-137.6426, -354.9183) (-335.1834, -329.3716)
(j=2~8) B (69.8458, -1485.7462) (0.0000, -1500.0000) (-455.0000, -1500.0000)
D (-383.1568, -1528.3297) (-500.0000, -1500.0000) (0.0000, -1500.0000)
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Fig. 19. Probability density distribution laws of composition error.
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4.3 Analysis and discussion of results

In the basic loop mechanism, the type of all bearings is met-
ric 628/6, and the parameters are shown in Table 2.

The deviation static selection probability of the clearance
joint can be simulated and the deviation static type of each joint
will be determined. Next, the parameters in the deviation calcu-
lation model of the base loop mechanism will be determined.
As a result, the positional error distribution laws of the key
points in mechanism can be obtained. Fig. 18 shows the posi-
tional error distribution indicators of each point obtained by
simulating 10* times, where point | is the origin and the refer-
ence frame O, -xyz as the fixed reference frame
O - XYZ of the basic loop mechanism. From the indicators,
significant differences exist between the positional errors ob-
tained using the PBS-joint clearance model and the plane-joint
clearance model. According to the calculated result based on
the two clearance models, the maximum difference of compo-
sition error (the distance error from the point to origin) appears
at point IV, and the mean error, standard deviation, and maxi-
mum error calculated based on PBS-joint clearance model are
1.7, 14, and 32.3 times as much as the values calculated
based on the plane-joint, respectively. Meanwhile, from the
mean values of composition error, the difference between the
calculated results based on the two models increases with the
increase of the deviation transmission chain length.

However, although the deviation transmission chain length of
points lll and V are similar, from the composition errors of two
models, the differences of standard deviation and maximum
error at point V are 78 and 118.5 times as much as the differ-
ences at point Ill. Moreover, from the standard deviations and
maximum errors in each direction component, the calculated
results based on the two clearance models are significantly
different at the Y direction of points IV, V, VI, and the Z direc-
tion of points Il, Ill, and IV. However, the standard deviations
and maximum errors of composition error only at points [V and
V have significant differences.

According to the axial direction of each joint, as shown in
Figs. 12 and 17, the deviation transmission paths from origin to
points II, lll, and VI are in plane, but the deviation transmission
paths to points IV and V are in the 3D space. Therefore, the
PBS-joint clearance will make the positional error of the point
with a 3D deviation transmission path more widely distributed
and more scattered.

Fig. 19 shows the probability density distribution of composi-
tion error. The figure also shows that the error distributions of
points IV and V obtained by the two clearance models are
quite different. However, for the other points, the error distribu-
tions are similar and follow the normal distribution. Therefore,
for the plane mechanism, the plane-joint clearance model can
be used in the analysis of the positional error. For the spatial
mechanism, this model may be unsuitable. From the error
distributions of points IV and V obtained by the PBS-joint
clearance model, they are deviated seriously from the normal
distribution law where the distributions obtained by the plane-

joint clearance model still follow the normal distribution. Thus,
using the plane-joint clearance model to estimate the accu-
racy of spatial mechanism with the PBS-joint may be mean-
ingless.

In conclusion, for mechanisms with PBS-joint clearance, the
accuracy analysis result obtained using the plane-joint clear-
ance model may deviate from the actual situation to some ex-
tent. The longer the deviation transmission chain is, the greater
the difference between the simulation results and the actual
situation will be. For the spatial mechanism, the simulation
results may seriously deviate from the actual situation, and the
accuracy of the mechanism cannot be evaluated. Therefore, in
practical engineering applications, adopting the PBS-joint
clearance model, which is closer to the actual situation, is nec-
essary in the analysis of mechanism accuracy.

5. Conclusions

A 3D clearance model of the PBS-joint was presented in this
paper according to the geometric structure characteristics of
the joint. With the spatial virtual link used to describe the PBS-
joint clearance, the error space solution model of the serial
mechanism with joint clearance on the basis of the D-H method
was presented. The error space solution model of the single-
loop mechanism was also obtained according to the geometric
closure condition. Then, the low-layer loop sequence descrip-
tion method of the topological structure relations was improved,
and the error space standardization solution model of the multi-
loop mechanism was presented. Finally, the accuracy of the
basic loop mechanism was analyzed using the plane-joint and
PBS-joint clearance models. The differences of the results
were addressed. The PBS-joint clearance model is helpful in
analyzing the accuracy of the mechanism.
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Nomenclature

PBS-joint : Paired bearings support joint
Plane-Joint : Plane revolute joint

3D : Three-dimensional

BUD : Basic unit on the directrix

MBUG : Main basic unit on the generatrix
ABUG . Assistant basic unit on the generatrix
CRF : Characteristic reference frames
PCRF : Pose characterization reference frame
G, : Radial clearance of bearing

r, :Vectorfrom a to b in O, -xyz
rk : The k direction componentof r,
u : Mean value
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o : Standard deviation

T, - Homogeneous transformation matrix from O, -
x,y;z; to O,-xyz

‘A, : Homogeneous transformation matrix from O, -
x,y,z, 1o O -xyz after O -xyz being devi-
ated

Rot : Rotation operators

Trans : Translation operators

R : Rotation matrix

P : Position vector

P° : Position deviation

@° : Attitude deviation

(0] : Error space

r : Error space set

m : Rank of single loop
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