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Abstract  Stick-slip of the drill string, as one of the critical factors affecting drilling effi-
ciency, has always been a hot topic for experts and scholars in related fields. Serious stick-slip 
vibration affects the well construction efficiency, drilling cost and even lead to a downhole acci-
dent. Therefore, based on the current research, this paper takes a new type of composite vibra-
tion tool as the research object, studies the working mechanism of the tool and analyzes the 
effect of stick-slip reduction. After establishing the multi-degree-of-freedom torsional dynamics 
model, we obtained the results of torsional vibration dynamics by cases analysis based on 
working conditions and related mechanical parameters. In addition, the results of the examples,
compared with the field experimental data, verify that the vibration shock generated by the new 
composite tool can effectively reduce the torque fluctuation range of the system, avoid the oc-
currence of stick-slip phenomenon, improve the ROP (rate of penetration), and make drilling 
process more stable. This paper can provide reference for the optimization and development of 
stick-slip technology in drilling engineering, and the theoretical methods can also be developed 
to study the dynamics of drill string.  

 
1. Introduction   

The oil and gas resources play an important role in the development of society, which has 
both a direct and indirect impact on the economy or industry [1-4]. The drilling of oil and gas, 
however, faces more and more challenges since modern drilling has gradually developed into 
special process wells such as large displacement wells and ultra-deep wells [5-8]. During the 
drilling of these complex process wells, stick-slip phenomenon occurs frequently. Severe stick-
slip phenomenon can lead to premature failure of the BHA (bottom hole assembly) and even 
cause downhole safety accidents, affecting the drilling rate and drilling efficiency, causing se-
vere economic losses [9-12]. Therefore, the study of the stick-slip theory of the drill string and 
the research of reducing stick-slip technology are of great significance for improving the drilling 
speed and production efficiency. Experts and scholars in related fields have done a lot of re-
search on the stick-slip and achieved corresponding results [13-15]. In the 1980s, Kyllingstad et 
al. proposed a mathematical model of stick-slip vibration [16, 17], found that when the stick-slip 
vibration occurred, the drilling performance was worse than that of conventional drilling. Cull et 
al. in 1999 showed that the main cause of stick-slip phenomenon in the downhole drill string 
system is the mutual friction between the drill bit and the bottom of the well [18, 19]. The physi-
cal and mathematical model is established to analyze the downhole friction into two types: Con-
tinuous friction and discontinuous friction forms. Navarro-Lopez and Suarez modeled the tor-
sional behavior of the drill string and proposed a control scheme to help reduce stick-slip in 
2004 [20, 21]. The control method is a decentralized control method, that is, the angular veloc-
ity of the top end of the drill string and the bit speed are separately controlled. Eva et al. in 2009 
proposed an alternative method to characterize the stick-slip vibration and other bit   
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viscous problems in drilling systems and designed a propor-
tional-integral controller to reduce the stick-slip of the drill string 
[22]. In 2014, Kovalyshen et al. studied the causes of stick-slip 
vibration and performed linear stability analysis of coupled axial 
torsional vibrations. In 2018, Tian et al. used a constant torque 
tool as the carrier to establish a longitudinal-torsion coupled 
stick-slip dynamics model and obtained the longitudinal and 
torsional dynamics of the drill bit [23-25]. Although these stud-
ies are of the important reference value for further research on 
related technologies or optimization design, most of the previ-
ous studies are only for theoretical research, lack of experi-
mental verification, which becomes a factor restricting the 
technological applications. And the current research method 
does not combine the drill string with the drill bit for analysis. 

Based on the theory research of drill string dynamics, we de-
signed a new type of composite vibration tool combined with 
design parameters, working parameters and related mechani-
cal calculations, then established the torsional vibration of the 
drill string model based on the actual working conditions [26, 
27]. Through the developed model, combined with the specific 
parameters of the tool, we can get the angular velocity and 
displacement results, torque results of the system and phase 
diagram of drill bit. Then the field test was used to verify the 
feasibility of the theoretical model and the correctness of the 
example. In addition, we compare the obtained field experi-
mental data with the results of the example to analyze the ef-
fect of stick-slip reduction and speed increasing. The results 
show that the composite vibration tool can effectively reduce 
the stick-slip and improve the ROP, and the research method 
can provide a reference for the in-depth study of similar drill 
string dynamics, bit rock breaking, and friction reduction. 

 
2. Theoretical model 

Fig. 1 shows the structure of the new composite vibration 
tool, which consists mainly of the upper joint, the upper radial 
bearing, the turbine stator the rotor system, the turbine housing, 
the turbine drive shaft, the lower radial bearing, and the disc-
valve impact system. Fig. 2 shows disk-valve impact system 
which is the core part of the tool. The working principle is as 
follows: high-pressure drilling fluid flows into the inside of the 
tool, then passes through the turbine stator the rotor system, 
driving the turbine drive shaft to rotate, then the turbine drive 
shaft drives the disc valve to rotate continuously periodically. 
Due to the structural characteristics of the moving and static 
disc valve, the overcurrent area of the drilling fluid changes 
regularly during the rotation, thereby generating a periodic axial 
force. Then, high-pressure drilling fluid flows from the overflow 
passage into the impact chamber to impact the hammer so that 
the hammer rotates against the impact seat to generate a tor-
sional impact force inside of the tool. The high and low pres-
sure changes inside the chamber cause the device to make a 
periodic circumferential impact. 

To study the dynamic characteristics of the new tool and the 
mechanism of reducing stick-slip, we make the following as-

sumptions based on actual working conditions, elastic mechan-
ics, linear and nonlinear dynamics, etc. to establish a multi-
degree-of-freedom torsional vibration model of the drill string 
[28-31], as shown in Fig. 3. 

(1) It is assumed that the drill pipe, drill collar, drill bit, etc. be-
long to the drill string system, the whole system and the new 
composite vibration tool are small elastic deformed bodies with 
uniform mass distribution. 

(2) Assuming that the studied horizontal well section is long 
enough to ignore the influence of the upper boundary condi-
tions on vibration transmission. 

(3) Assuming that the drill string system is in regular contact 
with the wellbore, the positive pressure generated by the drill 
string system, the gravity, frictional forces, and frictional torque 
evenly distributed while ignoring the process of mutual trans-
formation of static and dynamic friction of each node during 
drilling. 

(4) Ignoring the effects of temperature changes caused by 
lateral vibration of the drill string system and changes in the 
buoyancy of the drilling fluid.  

Discretizing the torsional vibration model based on the model 
of Fig. 3 and dividing the drill string into n nodes, each drill 
string unit has a moment of inertia Ji (i = 1,2,…,n,c,T,b; c = n + 
1, T = n + 2, b = n+3). The equivalent moment of inertia of the 
drill collar is Jc; the vibrating tool is JT, the drill bit is Jb, and the 
spring having a torsional stiffness Kri and a torsional damping 
Cri connects the mass units. The input torque of the entire drill 
string system is Tm, Tab to the viscous torque of the drill bit, Tfb 
to the friction torque, TT to the impact torque generated by the 
tool in the drill string system, and Tf  to the bottom hole friction 
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Fig. 1. Schematic diagram of the new composite vibration tool (1. Upper 
joint, 2. Upper radial bearing, 3. Turbo stator and rotor system, 4. Turbine 
housing, 5. Turbine drive shaft, 6. Lower radial bearing, 7. Disc-valve im-
pact system). 
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Fig. 2. Disk-valve impact system (1. Lower radial bearing, 2. Moving disc 
valve, 3. Static disc valve, 4. Impact hammer, 5. Impact seat). 
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Fig. 3. Torsional vibration model of the drill string system. 
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torque. For the drilling fluid is hugely complicated in the circula-
tion of the wellbore, this paper mainly analyzes the torsional 
stick-slip phenomenon at the drill bit and ignores the influence 
of the drilling fluid's viscous torque on the drill pipe. 

Selecting the appropriate coordinate system and using φi (t) 
to indicate the position coordinates of the i-th node from the 
equilibrium position. Selecting the node Ji for stress analysis 
(Fig. 4) and the differential equation of motion can be derived 
for the node model. 
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When i = 1, φ0 = 0 and i = b, φb+1 = 0, according to Eq. (1), 

differential equations of motion can be derived respectively, 
according to Eq. (1). 
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The differential equations of the drill string system with or 

without tool are respectively established to compare and ana-
lyze the stick-slip effect of the composite vibration tool. How-
ever, since the difference between the dynamic model with and 
without tool lies in the tool mass block Jz, the tool part is re-
moved from the dynamic model of the drill string system with 
tool, that is, the dynamic equation without tool is obtained, and 
the drill string system equation with tool is analyzed here. By 
combining Eqs. (1)-(3) and the torsion motion model in Fig. 4, 
we can obtain the general motion differential equation ex-
pressed by the tool in matrix form: 

 
( ) ( ) ( ) ( )+ + =&& &r rφ φ φt t t tJ TC K  (4) 

 
where the moment of inertia matrix, torsional damping matrix, 
and torsional stiffness matrix respectively show as following: 
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The initial condition for the torsional vibration of the drill string 

system is 
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The boundary conditions of the drill string system are known 

from the torsional vibration model. For the left boundary, since 
the upper boundaries conditions are simplified, the external 
torques at the first node are the system input torque Tm and the 
friction torque Tf1: 
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Friction torque is: 
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According to the boundary conditions, the vector ( )tj , vec-

tor ( )&φ t , vector ( )&&φ t  and moment vector T(t) in Eq. (4) are 
expressed as: 
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Fig. 4. Single mass torsion motion model. 
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The equivalent moment of inertia of the mass of the torsional 
vibration drill string system is expressed as: 

 
2 2( )

32
= -i

i i i

πlJ ρ D d  (12) 

 
where ρ is the density of the drill string material, kg/m3; Di is the 
outer diameter of the drill pipe, mm; di is the inner diameter of 
the drill pipe, mm; li is the length of the i-th node, mm. 

The torsional stiffness Kri between the masses of the tor-
sional vibration drill string system can be expressed: 

 
4 4( )

32
-

= i i i
ri

i

πG D dk
l

 (13) 

 
where Gi is the material shear modulus of the drill string system, 
Mpa. 

The torsional damping Cri between the masses of the drill 
string system is expressed as: 

 

3
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where riξ  is the torsional damping coefficient per unit length 
of the drill string, Ns/rad·. 

Defining system state vector 'z : 
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where m = 2n is the system state order. Since the drill collar, 
the vibration tool, and the drill bit mass exist, the state order 
vector of the tool-less system is m+6. 

According to Eq. (14), the dynamic Eq. (4) of the drill string 
system is reduced to obtain the state space equations of the 
drill string system. 

 

 
  
Simplify it into a matrix form: 
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where w = Tm is the torsion input of the system, and the state 
matrices X', Y' and T' are respectively expressed as follows: 
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Furthermore, Karnopp friction model between dynamic and 

static models is adopted for the friction at the bit [32], and the 
friction torque is: 
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where Tmb is the driving torque of the drill string system, Nm; ω0 
is the critical speed of dynamic and static friction, ω0 > 0; ωb is 
the angular velocity of the drill bit, rad/s; sgn(ωb) is the judg-
ment function, and the bit is rotated clockwise to be positive. 

Drill drive torque is: 

 
c c +1= ( ) ( )- + - -& & &mb rb b rb b br bT c φ φ k φ φ c φ

（ ）
 (22) 

 
3. Analysis of example 

According to the torsional vibration model of the drill string 
system established above, combined with the specific parame-
ters listed in Table 1, the torsional stick-slip vibration results of 
the drilling system with or without the new type of composite 
vibration tool are obtained, and the specific example results are 
as follows. 

 
3.1 Angular velocity and displacement results  

Fig. 5 shows the angular velocity and angular displacement 
of stick-slip vibration of each component in the drill string sys-
tem without the new composite vibration tool. As can be seen 
from Fig. 5(a), within t = 7.3 s, the drill pipe rotates normally, 
and its maximum angular velocity reaches 7.4 rad/s. Since the 
driving torque received at the initial moment of the drill bit is 
insufficient to overcome the friction torque at the bottom of the 
well, the angular velocity of the drill bit is 0 in 7.3 s, at a viscous 
state. The drill string system begins to twist and accumulate 
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energy at t = 0. When the driving torque on the drill bit is higher 
than the bottom hole friction torque, the angular velocity of the 
drill bit increases rapidly from 0 to 10.17 rad/s. Since then, due 
to the release of energy, the driving torque on the bit gradually 
decreases, and the angular velocity of the bit gradually de-
creases under the action of friction torque, fluctuating between 
0 and the maximum value, which is called slip state, and the 

whole viscous slip state is a stick-slip process. The movement 
rule of drill collar and drill pipe under the influence of stick-slip 
is shown in Fig. 5. 

Fig. 5(b) shows the angular displacement of the drill string 
system. Bit also exhibits a stick-slip phenomenon at t = 7.3 s, 
and it can be seen that the angular displacement of the drill bit 
always lags behind that of the drill pipe.  

For comparison, Fig. 6 shows the motion results of the com-
ponents of the drill string system after the addition of the new 
composite vibration tool. Comparing Figs. 6(a) and 5(a), it can 
be found that the angular velocity is almost the same in t = 7.3 
s, the angular velocity of the drill pipe, drill collar and drill string 
increases from 0, and the maximum angular velocity of the drill 
pipe reaches 7.7 rad/s. The drill bit rotated from 5.5 s due to 
the friction torque of the bottom hole, and the angular velocity 
increased from 0 to a maximum angular velocity of 9.2 rad/s, 
and then gradually decreased to the minimum angular velocity 
of 1.44 rad/s under the action of bottom hole friction torque. 
Also, the amplitude of angular velocity fluctuation decreased 
significantly, and no stick-slip phenomenon occurs in the sys-
tem. Finally, the angular velocity fluctuations of various compo-
nents of the drill string system gradually become stable over 
time. Moreover, the angular displacement of the drill bit gradu-
ally increases with time, and there is no case where the angu-
lar displacement remains unchanged, meaning that there is no 
stick-slip phenomenon. 

It can be seen from Figs. 6 and 7, that the drill string system 
with the new composite vibration tool has no stick-slip phe-
nomenon during the drilling process, which reduces the fluctua-
tion amplitude of the bit angular velocity so that the drilling 
process can run smoothly. 

Table 1. Example parameters of drill string system. 
 

Parameter name Values 
Input static drilling pressure Wob (KN) 100 

Input torque Tm (Nm) 10000 
Drill pipe outer diameter Di (mm) 114.3 
Drill pipe inner diameter di (m) 97.18 
Unit drill pipe length li （m） 10 

Drill pipe material density ρ (kg/m3) 7850 
Moment of inertia of the drill pipe Ji (kg ×m2) 2465.2 

Shear modulus of drill string G (Pa) 8.6e10 
Torsional damping factor per unit length of drill string ξri 0.2 

Torsional stiffness between drill pipe and drill collar kci (Nm/rad) 980 
Torsional stiffness between drill collar and tool kcT (Nm/rad) 865 

Torsional stiffness between tool and drill bit kcb (Nm/rad) 830 
Torsional stiffness between drill bit and rock kc(b+1)  (Nm/rad) 224 

Torsional damping between drill pipe joints cri (Nms/rad) 135.6 
Torsional damping between drill pipe and drill collar crc (Nms/rad) 185 

Torsional damping between drill collar and tool crT (Nms/rad) 146 
Torsional damping between drill collar and drill bit crb (Nms/rad) 168 
Torsional damping between drill bit and rock Cr(b+1) (Nms/rad) 76 
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(a) Angular velocity results  
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(b) Angular displacement results  

 
Fig. 5. Results of stick-slip vibration of various components of drill string 
system without tool. 
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(b) Angular displacement results 

 
Fig. 6. Results of stick-slip vibration of various components of drill string 
system with tool. 
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3.2 Phase diagram analysis 

According to the variation law of the angular velocity and an-
gular displacement of the drill string system, we obtained the 
phase diagram of the drill bit with/without the tool (Figs. 7 and 
8) to reflect the stability of the drill string system. In Fig. 7(a), 
the trajectory of the relative motion phase of the bit converges 
to the stability limit cycle in the phase plane, indicating that 
stick-slip vibration occurs in the drill string system. At the initial 
moment, both the drill bit and the drill pipe are stationary, and 
the relative angular displacement and relative angular velocity 
of the drill bit are 0. As the movement of the drill bit lags behind 
that of the drill pipe, relative movement occurs between the drill 
bit and the drill pipe. When the drill bit enters the slip state from 
the viscous state (point A in Fig. 7(a)), the relative angular ve-
locity of the drill bit decreases to 0, and the relative angular 
displacement reaches the maximum value (point B in the Fig. 
7(a)). After that, from point B to point C, the angular velocity of 
the bit alternates with the angular velocity of the drill pipe until it 
moves to point D, and the bit enters the viscous state again. 
From point D to point A, the angular velocity of the bit is 0, and 
the bit remains viscous until point A is broken through and 
enters the next slip state. The entire stick-slip process presents 
a closed limit cycle in the relative motion phase diagram of the 
drill bit, and the bit has periodic stick-slip vibration. 

In Fig. 7(b), when there is no tool, the angular velocity of the 
bit gradually increases from 0 to the maximum value and then 
drops to the minimum value 0. When the absolute angular 
velocity of the drill bit is 0, the drill bit is in a viscous state during 
this process. 

When the angular velocity of the bit is greater than 0, the bit 

is in the slip stage. As the drill bit rotates, the angular dis-
placement gradually increases, and the bit phase trajectory 
gradually moves to the right. At the same time, the absolute 
angular velocity of the drill bit presents a periodic change, and 
the vibration has no attenuation trend. 

When there is a tool (Fig. 8), the relative motion phase trajec-
tory of the drill bit is a spiral curve that gradually converges, 
and the final relative angular velocity of the movement tends to 
0. That is, the angular velocity of the drill bit increasingly tends 
to be equal to that of the drill pipe, maintains a steady move-
ment. In the process, there is no stick-slip vibration occurs. The 
trajectory curve of the absolute phase of the drill is attenuated 
and eventually tends to be stable, which means that the abso-
lute angular velocity of the drill bit is a stable value, no stick-slip 
phenomenon occurs. 

It can be seen from the comparison of Figs. 7 and 8 that 
when there is no new composite vibration tool in the drill string 
system, the relative motion phase diagram of the drill bit is a 
periodic limit cycle, and the absolute angular displacement of 
the drill bit changes periodically, resulting in stick-slip vibration. 
When the new composite vibration tool is added to the drill 
string system, the relative motion phase diagram of the drill bit 
is spiral and eventually stabilizes. The amplitude of the abso-
lute angular velocity fluctuation of the drill bit gradually attenu-
ates and tends to be stable, and no stick-slip phenomenon 
occurs. 

 
3.3 Torque results analysis 

Comparing Figs. 9(a) and (b), it is found that when there is 
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Fig. 7. Phase diagram of drill bit movement without tool. 
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Fig. 8. Phase diagram of drill bit movement with tool. 
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no new composite vibration tool, the torque of the whole drill 
string system increases significantly during the viscous slip 
process, and the range of torque fluctuation is extensive, the bit 
drive torque and the bit friction torque finally failed to stabilize. 
When there is a new composite vibration tool, however, the 
torque system has a small range of torque fluctuation and no 
stick-slip phenomenon throughout the drilling process. The 
friction torque of the drill bit is always sliding friction torque, and 
the driving torque, friction torque eventually tend to be stable.  

 
4. Field test and analysis 

To verify the feasibility and accuracy of the theoretical model 
and the results of the calculation example, we carried out the 
field experiment on the new composite vibration tool and com-
pared the experimental field data with the results of the calcula-

tion example. 
A well was drilled by the field drilling team with PDC+ the 

new composite vibration tool, and a total of four times were 
drilled. The well section was 2318.10-3080.94 m, the total pure 
drilling time was 301 h, and the average mechanical drilling 
speed was 2.02 m/h. Table 2 shows the main parameters of 
the composite tool. Table 3 shows the specific application sta-
tistics of the tool and Fig. 11 shows the field test. 

During the drilling process, the sections with/without a new 
composite vibration tool were compared (Figs. 12 and 13). 
When drilling to 3080.94 m, continue to drill after removing the 
new composite vibration tool. The torque fluctuation range 

Table 2. Main structural parameters of the tool. 
 

Parameters Values 
Tool type (mm) 172 

Total length of tool (mm) 2100 
Disc valve hole outer diameter (mm) 60 

Disc valve bore diameter (mm) 35 
Total length of impact hammer (mm) 120 
Impact hammer outer diameter (mm) 135 
Impact hammer inner diameter (mm) 65 
Total length of the impact seat (mm) 265 

Impact seat outer diameter (mm) 135 
Impact seat inner diameter (mm) 95 
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Fig. 9. Torque results of drill string system with/without tool. 

 

Table 3. Application statistics of the composite vibration tool on the well 
section. 
 

Drilling interval (m) 
No. Bit size (mm)

From To 

Drilling 
footage 

(m) 

Pure drilling 
time (h) 

ROP 
(m/h) 

1 216 2318.10 2707.31 389.21 204 1.91 
2 216 2707.31 2727.63 20.32 17 1.20 
3 216 2727.63 2909.30 181.67 59 3.08 
4 216 3065.00 3080.94 15.94 21 0.76 

 

 
 
Fig. 10. Schematic diagram of the drilling system. 

 

 
 
Fig. 11. The field test. 
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seen from Fig. 12(a) is small in the drilling section using the 
tool, which is 4.0537~9.9914 KNm, and the average torque is 
7.4008 KNm. The value is close to the theoretical calculation 
value and within the error range. On the contrast, the torque 
fluctuation range of the non-tool segment is extensive, ranging 
from 3.5773 to 13.0132 KNm, and the average torque is 
9.4914 KNm. The comparison found that the scope of torque 

fluctuations of the well section using the new composite vibra-
tion tool is small, the work process is stable, and the stick-slip 
vibration is weakened, which is consistent with the theoretical 
results in the overall trend. Moreover, Fig. 13 shows the angu-
lar velocity of drill bit in the field test when the new composite 
vibration tool is/is not available. We can see from the Fig. 13(a) 
that the velocity of the drill bit does not appear to be 0 when the 
bit starts to rotate, and the amplitude of the fluctuation gradu-
ally decreases and eventually stabilizes. We can see that the 
results of the angular velocity of the drill bit in Fig. 6(a) and the 
result of the angular velocity of the bit in Fig. 13(a) are consis-
tent with the overall trend. Both the angular velocity at the initial 
moment appears as 0 and eventually stabilizes after the fluc-
tuation. However, the velocity of the drill bit in Fig. 13(b) fluctu-
ates greatly, and there are many stick-slip phenomena when 
there is no composite vibration tool in BHA. Both test results 
show that the new composite vibration tool can significantly 
reduce the stick-slip phenomenon and comparisons between 
the theoretical results and the experimental results further ver-
ify the correctness of the theoretical model and the example. 

 
5. Conclusions  

This paper presents a new composite tool that can generate 
periodic torsional vibration, then establishes torsional vibration 
model of drill string system including the new composite vibra-
tion tool. Based on the presented model, the dynamic charac-
teristics of drill string are analyzed taking into account the spe-
cific downhole working conditions. By comparing the numerical 
analysis with field test results, it is found that the tool can sig-
nificantly reduce the fluctuation range of the torque of the drill 
string system, improve the working stability of the drill bit and 
the ROP, effectively protect the BHA and prolong the service 
life of the drilling tool. 

Based on the established torsional vibration model, we can 
obtain the multi-degree-of-freedom motion differential equation 
of the drill string system. Combining calculation parameters, 
the results of the angular velocity, angular displacement, phase 
diagram and torque with/without the new composite vibration 
tool are obtained. The results show that the new composite 
vibration tool can effectively reduce the stick-slip vibration of 
the drill string system. 

The field experiment results verified the feasibility and accu-
racy of the torsional vibration model of the drill string system. 
The new composite vibration tool reduces the range of torque 
fluctuation through its circumferential vibration shock, which 
makes the drilling process more stable, reduces stick-slip, re-
duces oil exploration and mining costs, and improves eco-
nomic benefits. 

The detailed structural design of the new composite impactor 
has been completed in this paper, but the service life of the tool 
will affect its use value. Next, we will study the erosion, wear 
and fatigue failure analysis of the vulnerable parts, and the 
failure analysis of the powertrain as the key content to improve 
the engineering practical value of the tool. 
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Fig. 12. Torque varies with well depth with/without tool. 
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Fig. 13. Angular velocity of the drill bit with/without tool. 
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Nomenclature----------------------------------------------------------------------------------- 

ROP : Rate of penetration 
BHA : Bottom hole assembly 
Wob : Input static drilling pressure 
Tm : Input torque 
Di : Drill pipe outer diameter 
di : Drill pipe inner diameter 
li : Unit drill pipe length 
ρ : Density of drill pipe material 
Ji : Moment of inertia of i-th node 
G : Shear modulus of drill string 

riξ  : Torsional damping coefficient per unit length 
kci : Torsional stiffness between drill pipe and drill collar 
kcT : Torsional stiffness between drill collar and tool 
kcb : Torsional stiffness between tool and drill bit 
kc(b+1) : Torsional stiffness between drill bit and rock 
cri : Torsional damping between drill pipe joints 
Kri : Torsional stiffness between drill pipe joints 
crc : Torsional damping between drill pipe and drill collar 
crT : Torsional damping between drill collar and tool 
crb : Torsional damping between drill collar and drill bit 
cr(b+1)  : Torsional damping between drill bit and rock 
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