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Abstract In this study, on the basis of the various contact angles and the hybrid theory, a
new mathematic model without the raceway control hypothesis is proposed for the analysis of
ball bearing under the combined axial, radial and moment loads. Instead of the orthogonal de-
composition method, the triangular geometric theorem and vector diagram method have been
used in the force analysis of local ball to improve the computation efficiency of bearing analysis.
For validation purpose, the comparative analysis of the ball-raceway contact angles and loads
of ball bearing under different operation conditions obtained by the proposed model and the
Jones’ model with different raceway control hypotheses has been conducted. The results show
that the proposed model has a higher applicability and rationality compared to the Jones’
model, and a proper moment load can be used to improve the load distribution and service
performance of ball bearing subjected to the radial load.

1. Introduction

Ball bearings as the core supporting and motion transmission components, are widely used
in numerous rotating machinery. The dynamic behaviors of ball bearings have a significant
effect on the service performance of the rotor-bearing system.

In order to accurately predict the dynamic behaviors of ball bearing, a large number of studies
on ball bearing modeling have been presented in the past decades. In the earlier researches
conducted by Stribeck [1], Sjovall [2], Lundberg and Palmgren [3, 4], the load distribution, de-
formation and various service parameters of ball bearing under different load conditions are
determined by some empirical formulations. However, due to the ignorance of the inertia forces
of balls, these models cannot be used in the accurate calculation of ball bearing at high speed
range. Based on the raceway control hypothesis, Jones [5] firstly proposed a theoretical model
for high-speed ball bearing under the combined axial, radial and moment loads, and the effect
of ball centrifugal force and gyroscopic moment has been fully considered. As the most classi-
cal theoretical model of ball bearing, Jones’ model provided important guidance for the presen-
tation and improvement of the subsequent models. Based on the results of ball bearing under
different operation conditions calculated by the Jones’ model, Harris [6] found that the raceway
control hypothesis has many limitations and is only suitable for a few working conditions of ball
bearing. To overcome the defects of the raceway control hypothesis, several improved models
of ball bearing without raceway control hypothesis have been proposed in recent years [7-9]. In
addition, Harris [10] proposed a new analytical model based on the lubrication analysis of ball-
raceway contacts to investigate the skidding behaviors of the axially loaded ball bearing at high
speed range. Above all, an effective and accurate mathematic model is the foundation for the
preformation prediction and analysis of ball bearing.

Based on the summary of literatures for ball bearing modeling, it can be found that the dy-
namic parameters of ball bearing including the ball-raceway contact angles and contact loads
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et al. can be obtained by solving the nonlinear equations, and
the nonlinear equations in ball bearing modeling can be divided
into two categories: The local equilibrium equations of balls and
the global equilibrium equations of ring. For example, in the
Jones’ model, 4*Z local variables of balls (Z denotes the num-
ber of balls) and 3 or 5 global variables of ring have been used
in the bearing modeling. It means that the number of nonlinear
equations increases rapidly with the increase of ball number Z,
and it also causes a sharply increase in the computation load
and time consuming for ball bearing analysis. In order to im-
prove the computational efficiency of ball bearing, Liao and Lin
[11-13] developed a new method for analyzing the deforma-
tions and loads of ball bearing with variable contact angles.
However, this model not only neglected the effect of the gyro-
scopic moment of ball, but also adopt the assumption that the
osculation of the inner and outer raceways are the same, it
may cause a large error for ball bearing under some specific
conditions [14]. Based on the Jones model and outer raceway
control hypothesis, Antoine [15] presented a new method for
the explicit contact angle calculation for ball bearing under the
pure axial load, and then the model has been further extended
to deal with ball bearing under the combined loads [16]. Above
all, the above simplified models were mostly based on some
certain assumptions. Although the calculation of the bearing
model can be reduced to some extent, the calculation error of
the bearing analysis is more or less increased. In addition,
compared to the Jones’ model, the use of variable contact
angles in the local analysis of balls is more conducive to the
selection of the initial value in the iterative calculation of ball
bearing.

In this paper, in order to improve the calculation accuracy
and efficiency of ball bearing analysis, a novel model for high-
speed ball bearing under the combined axial, radial and mo-
ment loads is presented based on the various contact angles
and the hybrid theory without raceway control hypothesis. In-
stead of the orthogonal decomposition method, the triangular
geometric theorem and vector diagram method have been
used in the local force analysis of ball to improve the computa-
tion efficiency of the proposed model. On this basis, the contact
angles, contact loads and displacements of ball bearing under
different working conditions are calculated and discussed. Be-
sides, the results are compared with those from Jones’ model
with different raceway control hypotheses to verify the correct-
ness of the proposed model.

2. Theoretical analysis

As shown in Fig. 1(a), in order to study the dynamic per-
formance of ball bearing under the combined axial, radial and
moment loads. It is assumed that the outer ring is fixed and
and the inner ring rotates with the shaft, and the relative dis-
placement vector of the inner ring with respect to outer ring of
ball bearing is d = {5, ,4,,4.,0,,6.} under the action of the
external load vector F = {FX, F ‘Fz, M,, M}. On this basis, for
the ball at any position angular y, , the geometry and me-

Fig. 1. The geometry and mechanical relations of ball and rings: (a) The
mechanical state; (b) the geometry state.

chanical relations among the ball and rings are presented in
Fig. 1, with the increase of rotating speed, the center of ball
moves upward from the point O, to point O; under the action of
centrifugal force, and the curvature center of inner raceway
also shifts from the point O, to point O/ under the action of ex-
ternal loads. Therefore, the ball-inner raceway contact an-
gle a, increases, while the ball-outer raceway contact angle
a,, decreases.

As shown in Fig. 1(b), the final distances between the curva-
ture centers of inner and outer raceways in the horizon and
vertical directions can be expressed as:

1
A, =(r,+r,—D)cosa’ +7, ()

i

{A,k =(r,+r,—D)sina’ +46,,

where r; and r, are the curvature radii of inner and outer race-
ways, D is the diameter of ball, and «° is the initial contact
angle of ball bearing. In addition, J,, and &, are the relative
displacements of inner ring with respect to outer ring at any
angular position , :

@

0,=0,+0.5d, siny,6 —0.5d, cosy,6.

{5% =cosy,J, +siny,é.
where d,,, denotes the pitch diameter of ball bearing.

As shown in Fig. 1(b), the final distances between the curva-
ture centers of inner and outer raceways 4,, and 4,, can also
be expressed by the final contact angles o, , o, and the final
distances between the centers of ball and inner/outer raceway
curvature A, , A, :

{ A,sina, + A sina, — A4, =0 3)

A, cosa, +A , cosa, — A, =0
where A, and A, can be written as:

A, =r—05D+5,
A, =r,—0.5D+5,
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Fig. 2. The force vector diagrams of ball: (a) Without the gyroscopic mo-
ment of ball; (b) with the gyroscopic moment of ball.

where J, and §,, are the contact deformations of ball-inner
raceway and ball-outer raceway, respectively. According to the
Hertz theory of point contact, ¢, and J,, can be expressed as:

23
5 _ [ Qik ]
ik
Kik

23
Oy = &
Ky

where Q; and Q,, denote the contact loads of ball-inner race-
way and ball-outer raceway, respectively, and the Kj and Ky
are the load-deformation coefficients of ball-inner raceway and
ball-outer raceway, respectively.

In order to obtain the explicit expressions of contact loads Qj
and Qy, the vector diagram method is applied in the force
analysis of ball instead of the orthogonal decomposition
method. For comparison, the mechanical state of ball without
considering the gyroscopic moment is given first. As shown in
Fig. 2(a), the vector equilibrium equation of ball can be written
as:

Fy+0,+0, =0 6)

where F, is the vector of ball centrifugal force, according to the
sine theorem of plane triangle, one can obtain:

Q!k — on — F:‘k (7)
sina,,  sina,  sin(o, —a,,)
sina
si’ri a ’ ®)
— ik F

ok sin(alk —ocuA) *

When the gyroscopic moment of ball is taken into account,
as shown in Fig. 2(b), the vector equilibrium equation of ball

can be rewritten as:
+T—1A+on+T>k:0 (9)

where T, and T, are the friction forces in ball-inner race-
way and ball-outer raceway contacts, respectively. Since the
friction forces are used to offset the action of ball gyroscopic
moment, the follow expressions can be obtained:

oM,
7:1( = )“ik £
b (10)
2M,,
T;k = ;“ok D

where My is the gyroscopic moment of ball.

A

i o =1 ()I 1)
In order to further determine the sizes of T and T, several
different allocation schemes of the frictions were given in previ-
ous literatures, and the most representative allocation methods
are given by Jones based on the Raceway Control Hypothesis:
Inner Raceway Control Hypothesis: 4, =0.5and 4, =0.5;
Outer Raceway Control Hypothesis: 4, =0and /1, =1.
However, the follow up studies showed that the above allo-
cation schemes based on the raceway control hypothesis pre-
sented an obvious speed-discontinuity. To overcome this defect,
an improve allocation scheme of the frictions in ball-raceway
contacts was given based on the equal friction coefficient as-
sumption [8].

pele L 1 2M, (12)
ka Qu/c Qik + Qol: D
Qk 2M gk
ik . D
sz + Quk (1 3)
— an M gk
" 0,+0, D
thus
_ o
ik
Qil: + Qak (1 4)
__ 0,
* Qik + ok

Based on the above analysis, the vector equilibrium equation
of ball can be further simplified as:

Fy+F,+F,=0 (15)
F,=0,+T,
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As shown in Fig. 2(b), according to the sine theorem of plane
triangle:

.F;k — 'F:)k =— F;k (17)
sinf, sinf, sin(0, -6,,)
{ gxk = ark - Aaxk (18)
0, =0, —Aa,
According to Egs. (12) and (13), one can obtain:
2M
Ao =Aa, =Ao,, = arctan[ ! 2 j (19)
Q/k + an D
Oy — O =a, —a, (20)
therefore
F - si‘n((xok - Aa) F,
sin(ay, —a,, )
. (21)
sin(a, —Aa)
Fy== Fy
sin(a, —a,,)

In addition, the ball-raceway contact loads Q4 and Q can
be written as:
{Q{A =k, cosAa (22)
Quk =F, cosAa
Besides, the centrifugal force and gyroscopic moment of ball
can be expressed:

e (23)

F,=0.5md o’
M o = Jo,,o, sin ﬂk

where the angular speeds w,, and w,, denote the revolution
speed and spinning speed of ball, respectively. m and J denote
the mass and mass moment of ball. And the angular
speeds w,, and w,, can be obtained according to the assump-
tion that no macroscopic sliding phenomenon occurs in ball-
raceway contact zones:

w = a)z(l_yfk)cos(aaA_ﬁk)
" (1+yok)cos(aik _ﬂk)+(1_yi/c)cos(auk _:8/:)

(24)
W, = dm a)i(l_ytk)(1+yaA)
“D (147, )cos(a, =B, )+ (1=, )cos(a,, — B,)
v, =Dcosa, /d, (25)
Yo = Dcosa, / d,

Usually, the ball pitch angle g, is also calculated by the
raceway control hypothesis that the ball has no spinning mo-
tion on the “control raceway”. However, it has been proved that

the spinning speed between ball and outer raceway tends to-
ward zero only when ball bearing is operated at high-speed
and light load conditions. In order to overcome the limitations of
the raceway control hypothesis, the d’Alembert principle with-
out raceway control hypothesis is used for ball pitch angle cal-
culation [7]:

C(S+1)sina, +2sina,,

tan 8, = 26
g C(S+1)cosa, +2(cosa, +D/d,)+G (26)
_ O, Ly
QukankLak
D
G:d—C[cos(a,k—ank)—S] (27)
g1+ D/d, cosa,
1—-cosa,

where a;, and a, the semi-major axis of ball-inner raceway and
ball-outer raceway contacts, respectively, and Ly and L, are
the second kind elliptic integral of ball-inner raceway and ball-
outer raceway contacts, respectively.

Through the above analysis of local ball, it can be found that
only two unknown variables o,, and «,, have appeared in the
ball modeling, and other intermediate variables can be explicitly
expressed by the variables o, and , . Therefore, for a given
global displacement vector d = {4, ,4,,4.,6,,6.}, the un-
known variables «, and a,, can be obtained by solving the
implicit Eq. (3) based on the Newton-Raphson method. Com-
pared to the classical Jones’ model of ball bearing, the im-
proved model has three obvious advantages: (1) The number
of unknown variables for single ball reduces from four to two,
thus greatly reduces the computation load in the single iterative
calculation; (2) using the ball-raceway contact angles with clear
physical meaning as the iterative variables can facilitate the
selection of the iterative initial values; (3) due to the abandon-
ment of raceway control hypothesis, the applicability and accu-
racy of the model are improved.

On the basis of local ball analysis, the global equilibrium
equations of inner ring can be written as:

F = ZIAEA sind,,
F,= Zf F, cos0, cosy,

F. = Z‘HZF,A cosd, siny, (28)

d . .
M, = 2"’ zzFikstksml//A

y 1

d .
M, =- 2”’ ZIZE.k sin@, cosy,

z

In order to solve the above global equilibrium equations of
ring and local equilibrium equations of balls, a nested-loop
iteration algorithm is given in Fig. 3. Firstly, input the basic
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Input the bearing structure parameters and
external load conditions

v

[nitialize the global displacement d and ball-
raceway contact angles e, e,

Calculate the intermediate variables:
A?A 2 Am‘n » Alk ’AZk

Solve the equilibrium equations of @, by the
Newton-Raphson iteration method

v
Oulput the ball-raceway contact loads and
contact angles

v
Update global displacement d by the Newton-

Raphson ileration method

Determine if the error of global equilibrium | N
equations is less than the set threshold
Yy
Qutput the ring global displacement, ball-
raceway contact angles, contact detormation
and contact loads

Fig. 3. The detailed calculation flow of the proposed model.

structural parameters and operation condition of ball bearing
and give the proper iterative initial values of the global dis-
placement vector d = {5, ,4d,,4,,6,,6,} and ball-raceway
contact angles o, ando,, ; secondly, solve the local equilib-
rium equations of ball and update the values of ball-raceway
contact angles «, and a,, ; then, substitute the new local vari-
ables into the global equilibrium equations of ring and update
the values of the global displacement vector d =
{o,.0,,0.,0,,0.}, repeat the above iteration until the calcula-
tion error is less than the set threshold; finally, output the final
values of global displacement vector d and ball-raceway con-
tactangles «, anda,, .

3. Results and discussion

Based on the model proposed above, the angular contact
ball bearing B218 under different operation conditions was
studied and analyzed, and the detailed structural parameters of
B218 are listed in Table 1. To validate the correctness of the
proposed model, the comparison results of ball-raceway con-
tact angles calculated by the proposed model and Jones’

Table 1. The structural parameters of B218.

Parameters B218
Bearing inner raceway curvature radius r;(mm) 11.6281
Bearing outer raceway curvature radius r, (mm) 11.6281
Bearing inner raceway contact diameter dj;(mm) 102.7938
Bearing outer raceway contact diameter d, (mm) 147.7264
Number of balls Z 16
Ball diameter D (mm) 22.225
Pitch diameter dr, (mm) 125.26
[=1}]
g o0 q‘_' e -0
£ 50 e
h e The proposed n‘mdc]
g 4()5%;: ‘ (] .:Oncs moc:cl oli(lii_(
3 s #* Jones model o ;
20t @ TRy TO-vie.g.n.g
z gy
g 1o} \K\KM—’—*-#;_‘;G
2 % 3 10 5

Bearing rotating speed (krpm)

Fig. 4. The comparison curves of speed-varying contact angles between
the proposed model and the Jones’ model.

s(N)
>

— The pmposca maodel
L O Jones model ol IRC
#* Jones model of ORC

1500¢

L 1000

3001

Ball-raceway contact loads

0 i = —
0 g 10 15
Bearing rotating speed (kepm)

Fig. 5. The comparison curves of speed-varying contact loads between the
proposed model and the Jones’ model.

model with two different raceway control hypotheses are given
in Figs. 4-8.

As shown in Fig. 4, the results of the speed-varying contact
angles of ball bearing under a constant axial load (F, = 2000 N)
obtained by the proposed model and Jones’ model with the
Inner and outer raceway control hypotheses (I/ORC Hypothe-
sis) are presented. It can be found that, the change curves of
ball-raceway contact angles obtained by three different meth-
ods have a similar law. By further comparing the three result
curves, it also can be found that, the result curve by the pro-
posed model is relatively close to that obtained by Jones’
model with IRC hypothesis at low speed range and relatively
close to that of Jones’ model with ORC hypothesis at high
speed range. Meanwhile, the similar law can also been found
in the results of speed-varying ball-raceway contact loads and
ball pitch angle as shown in Figs. 5 and 6. By reviewing the
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Fig. 6. The comparison curves of speed-varying pitch angle between the
proposed model and the Jones’ model.
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Fig. 7. The comparison results of the ball-raceway contact angles under the
given displacement vector d = {10 um, 15um, 0, 0, 0}.
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Fig. 8. The comparison results of the ball-raceway contact loads under the
given displacement vector d = {10 um, 15um, 0, 0, 0}.

application conditions and scopes of two different raceway
control hypotheses: The IRC Hypothesis is more applicable for
ball bearing at low speed range and ORC hypothesis is more
applicable for ball bearing at high speed range. It is indicated
that the proposed model without raceway control hypothesis
has a higher applicability and rationality compared to Jones’
model with different raceway control hypotheses.

In order to further validate the correctness of the proposed
model, the results of ball-raceway contact angles and loads of
ball bearing under the given displacement vector d = {10 um,
15 um, 0, 0, 0} are shown in Figs. 7 and 8. It can be found that
the results of the proposed model show a good agreement with
those of Jones’ model with two different raceway control hy-
potheses.

Based on the proposed model, the results of the ball-

60 . R I T T

~ Sy

50_ ? \_“- "_’__;

R L

; -’."-O.qmln ______________________
Static """ """---emsmmcacacaaa.o-

40

30f

Ball-raceway contact angles (deg)

1 1
0 3 L0 15 20
Rearing axial load (kN)

Fig. 9. The results of the ball-raceway contact angles against the axial
loads of ball bearing under different speeds.

1500F

1000F -

Ball-raceway contact loads (N)
I

tn
<
[}

1 1 1
U9 5 10 15 70

Bearing axial load (kN)

Fig. 10. The results of the ball-raceway contact loads against the axial
loads of ball bearing under different speeds.

raceway contact angles and loads varying with the axial loads
for ball bearing under different speeds are given in Figs. 9 and
10. As shown in Fig. 9, for ball bearing under the constant axial
load, with the increase of rotating speed, the ball-inner raceway
contact angle ¢, increases and ball-outer raceway contact an-
gle a, decreases. In addition, for ball bearing under the con-
stant rotating speed, with the increase of axial load, the ball-
inner raceway contact angle a, decreases and ball-outer race-
way contact angle o, increases. It means that axial load can
effectively reduce the difference between contact angles «,
and o, caused by the ball inertia forces.

Besides, it can be seen from Fig. 10, for ball bearing under
the constant axial load, with the increase of rotating speed, the
ball-outer raceway contact load Q, increases and ball-inner
raceway contact load Q; basically remains unchanged. In addi-
tion, for ball bearing at the high speed range, with the increase
of axial load, the ball-outer raceway contact load Q, first de-
creases and then increases and ball-outer raceway contact
load Q;increases linearly.
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Fig. 11. The contact angles distribution of ball bearing under different com-
bined loads conditions.
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Fig. 12. The contact loads distribution of ball bearing under different com-
bined loads conditions.

Different from the above analysis of ball bearing under the
pure axial load, the studies of ball bearing under different com-
bined load conditions and 10000 rpm have been conducted
and the relevant results have been presented in Figs. 11 and
12. Without loss of generality, it is assumed that ball bearing is
subjected to the constant axial load (F, = 2000 N) and radial
load (F, = 500 N), then the coupling mechanism of radial and
moment loads is studied by changing the size of moment load
M,. 1t can be seen from Figs. 11 and 12, when the moment
load is equal to zero, the ball-raceway contact angles and
loads at different angular positions present a distinct uneven
distribution that is harmful for the fatigue life and dynamic per-
formance of ball bearing. As a certain amount of reverse mo-
ment load (M, = -30 Nm) applied, the ball-raceway contact
angles and loads at different angular positions tend to be equal,
it indicates that the uneven load distribution caused by the
radial load can be improved by the moment load with a certain
direction and size. However, as the moment load further in-
creases (M, = -50 Nm), the distribution states of ball-raceway
contact angles and loads are deteriorated again. Above all, for
ball bearing subjected to the radial load, a proper moment load
with the certain direction and size can be used to improve the
load distribution and service performance of ball bearing.
Meanwhile, the above analysis also gives a good explanation

of the action mechanism for the non-uniform preload mecha-
nism and provides a theoretical guidance for the selection of
the size and distribution scheme of non-uniform preload [17-19].

4. Conclusions

Based on the various contact angles and the hybrid theory
without the raceway control hypothesis, this paper presents a
new efficient and accurate algorithm for the performance pre-
diction of ball bearing under the combined axial, radial and
moment loads. In the proposed model, the triangular geometric
theorem and vector diagram method are used in the force
analysis of local ball instead of the orthogonal decomposition
method, thus effectively reducing the computation load of bear-
ing model. Then, the contact angles and loads of ball bearing
under different operation conditions are calculated, and partial
results are compared with the Jones’ model with two different
raceway control hypotheses (IRC/ORC) to verify the correct-
ness of the present model. Besides, the results show that the
axial load can effectively reduce the difference between ball-
raceway contact angles ¢, and «,, and a proper moment
load can be used to improve the load distribution and service
performance of ball bearing under the action radial load.
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