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Abstract  There have been many researches concerning the motion errors of hydrostatic 
guideways because they directly affect the accuracy of machined parts. Actually, each paired 
guide rail has its own profile feature, and the position error also cannot be zero, so the relative 
difference between guide rails should not be neglected. In this paper, a typical closed 
hydrostatic guideway with four pads is taken as the sample, and the quasi-static analysis model 
is directly developed by incorporating the concept of pose, which is then employed to study the 
effect of relative difference on motion accuracy in the field of hydrostatic guideways. The 
numerical results demonstrate that, the greater the amplitude deviation, the larger the motion 
errors, while the influence of the wavelength deviation on motion accuracy exhibits regularity 
only within some intervals, the phase deviation mainly affects the angular but not the linear 
motion error, the influence from the parallelism error is not significant. Moreover, it is figured out 
that the fluctuation of the difference between the average film thicknesses of two adjacent pads 
does result in the variation of the motion errors, the greater the fluctuation, the larger the motion 
errors. The revealed mechanisms are expected to be valuable for designers.  

 
1. Introduction   

Hydrostatic guideways are widely applied as the vital functional unit in precision and ultra-
precision machine tools for their low running friction, high stiffness, high motion accuracy, supe-
rior vibration-resistance, excellent adaptability, virtually no wear, long service life, etc [1-6]. 
Since the motion errors of hydrostatic guideways directly affect the accuracy of the machined 
parts [5, 7], the research efforts of many scholars have been focused on the motion accuracy of 
hydrostatic guideways. Refs. [2, 8, 9] have suggested that the motion errors of hydrostatic 
guideways are relevant to the profile errors of guide rails tightly. Zha et al. [10] established a 
static analysis model of open hydrostatic guideways with four pads, and the effect of the ratio of 
pad center spacing to guide rail profile error wavelength on motion accuracy was the primary 
focus, but the influence of relative difference between guide rails on motion accuracy seemed 
not to be involved. Although the research conducted by Zha et al. [5] presented an approach to 
model and compensate the vertical straightness error of gantry type open hydrostatic guide-
ways with four pads, the profile errors of two guide rails were assumed to be the same with 
each other in the simulation, that is, the three main parameters (wavelength, amplitude and 
phase) of one guide rail’s profile error were considered to be consistent with those of the other 
rail’s, respectively. Xue et al. [6, 11] investigated the error averaging effect of the typical closed 
hydrostatic guideway with four pads theoretically by averaging the oil film thickness on a pad, 
and proposed some suggestions to improve the motion accuracy, nevertheless, the difference 
of profile errors between the paired guide rails were also not taken into account. Wang et al. [8] 
studied the effect of speed on motion errors in the closed hydrostatic guideway with four pads, 
but it was still based on the assumption that the three main parameters of one guide rail’s pro-
file error were equal to those of the other paired rail’s, respectively. Shamoto et al. [12] ana-
lyzed the relationship between the film reaction force in a single pad and the profile error of a  
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guide rail at various spatial frequencies by FEM, and devel-
oped the analysis model for motion errors based on the trans-
fer function method (TFM), even so, the difference of profile 
errors between guide rails were not reported thoroughly. In 
practice, each guide rail does have its own profile feature, and 
the profile errors of these rails are not the same with each other 
exactly [5]. Additionally, there is very little information available 
in literature about the influence of the relative geometry posi-
tion error between guide rails on motion accuracy. It is the 
manufacture and assembly of hydrostatic guideways that 
cause the profile error and position error, respectively. Both of 
the two errors are determined as the relative difference be-
tween guide rails in this study. 

Among the aforementioned researches, TFM and the simpli-
fication of oil film as the linear spring element are known as the 
main analysis methods. However, the former corresponds to 
that the hydrostatic guideways are considered as the linear 
system, actually, they are supposed to be nonlinear. Also, this 
method itself is complex and not convenient to be used in prac-
tical application [9]. The latter takes the oil film stiffness of pads 
into account only, according to Refs. [13, 14], the damping 
term could not be neglected. Despite the motion errors can be 
analyzed by applying FEA to the entire hydrostatic table under 
equilibrium conditions, the model may become quite cumber-
some and complex, and is difficult to apply to various types of 
tables [15]. The pose description is commonly known such as 
in robot kinematics, but rarely adopted for the research of mo-
tion accuracy in hydrostatic guideways. Accordingly, by intro-
ducing the concept of pose, one analysis model with less sim-
plification directly calculating and studying the motion errors of 
hydrostatic guideways is deserved to be developed as soon as 
possible.  

Hydrostatic guideways do play an important role in deter-
mining the accuracy of precision and ultra-precision machine 
tools. The design of hydrostatic guideways extensively de-
pends on the knowledge and experience of the designer [16]. 
However, the designer does not have the theoretical analysis 
tools to calculate the accuracy quantitatively, so the accuracy 
is usually estimated empirically or experimentally in the de-
sign process, therefore, a theoretical and quantitative as-
sessment of the accuracy before fabrication could be very 
effective [15, 17, 18]. Kim et al. [19] also have pointed out 
that, in order to reduce time and cost, the theoretical analysis 
tools to predict the accuracy of these machine tools in the 
design process are necessary. Besides, if the motion errors 
can be predicted from the rail profile in the design step, the 
allowable tolerance of the rail profile error could be assessed 
before fabrication, and the time for finishing process could be 
reduced greatly [15]. For example, aiming to optimize the 
structural and accuracy design of hydrostatic guideways, the 
theoretical researches on the error averaging effect of hydro-
static guideways were carried out by Xue et al. [6, 11], but 
these theoretical analyses failed to take the relative differ-
ence between paired guide rails into account, and the oil film 
also was directly simplified as the linear spring element. 

Hence, the related theoretical researches are essential and 
still desired to be done further.  

Large optical ultra-precision grinding machine is usually seen 
as the core equipment for astronomical mirror machining due 
to that it determines the efficiency of the whole process [16]. An 
ultra-precision grinding machine UPG 80 for large scale optical 
aspheric lens is being developed by our assignment group, the 
maximum size of the machined workpiece can be 1300 
mm×750 mm×550 mm, and the surface figure of 530 mm×530 
mm aspheric workpiece is required as PV (peak-to-valley) ≤ 
5 μm. Among all the parts of a large optical ultra-precision 
grinding machine, the performances of the guideways do play 
a significant role, because it influences the axial accuracy di-
rectly [16, 20]. In UPG 80, the closed hydrostatic guideways 
are adopted, and the accuracy of the machined workpieces are 
directly affected by the motion errors of these hydrostatic 
guideways, accordingly, a typical closed hydrostatic guideway 
with four pads is taken as the sample in our study. By introduc-
ing the concept of pose commonly known in robot kinematics, 
the pose of moving hydrostatic table can be described, and the 
quasi-static analysis model is developed directly, which is then 
employed to study the effect of relative difference between 
paired guide rails on motion accuracy of hydrostatic guideways. 
The findings and mechanisms presented in this paper are ex-
pected to provide theoretical references for precision design of 
hydrostatic guideways including UPG 80. 

 
2. Modeling  

The configuration of UPG 80 can be seen from Fig. 1, and 
each of the three linear axes in UPG 80 uses the closed hydro-
static guideways. Take the X axis as the instance, the table 
and those hydrostatic guide shoes (HGSs) shown in Fig. 1(c) 
are connected by bolts, which forms the hydrostatic table, and 
it can be driven by ballscrew. The structure of X axis depicted 
simplistically in Fig. 2 is a typical closed hydrostatic guideway 
with four pads. Note that, this structure also is commonly 
adopted in other researches [6, 8, 9, 11]. In this paper, the 
typical closed hydrostatic guideway with four pads shown in Fig. 
2 will be taken as the sample, and the corresponding quasi-
static analysis model is established to study the influence of 
relative difference between paired rails on motion accuracy 
further. 

 
2.1 Closed hydrostatic guideway with four 

pads 

Fig. 2(a) shows the structure of hydrostatic table, and its 
length, width and height are denoted by L, H and B, respec-
tively. The four rectangular pads are distributed symmetrically, 
and both the size and structure of these pads are the same 
with each other. The center spacing between two adjacent 
pads is denoted by l. Fig. 2(b) shows one of the four rectangu-
lar pads alone the negative direction of ZA axis, the length and 
width of pad are M and W, while those of recess are M-2m and  
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Fig. 1. Configuration of UPG 80: (a) With the shield; (b) without the shield; (c) bed and hydrostatic table of X axis; (d) without keepers C and E; (e) closed 
hydrostatic guideways of X axis.  

 
 

 
 
Fig. 2. Typical closed hydrostatic guideway with four pads: (a) Structure of hydrostatic table; (b) rectangular pad; (c) force analysis of general equilibrium 
state; (d) pose of hydrostatic table. 
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W-2w, respectively. Point 0 to point 8 are the nine points all 
located in the pad plane.  

As shown in Fig. 2(d), due to the manufacturing error, the 
profiles of the paired rails in actual engineering cannot be flat 
but curved. Same to Refs. [6, 8, 10, 11], it is also considered 
here that the profile error of guide rail does not change along 
the width direction (the direction of YA axis), and the profile 
error function of rail 1 can be mathematically described as 

 

1 1 1
1

2πsin
æ ö

= × +ç ÷ç ÷
è ø

Z E X
λ

j   (1) 

 
where E1, λ1, φ1 denote the amplitude, wavelength, and phase, 
respectively. Similarly, that of rail 2 is given as 
 

2 2 2
2

2πsin
æ ö

= × +ç ÷ç ÷
è ø

Z E X
λ

j   (2) 

 
It is rail 1 and rail 2 that are paired. Eqs. (1) and (2) has not 

taken the relative geometry position error between the paired 
rails into account yet, however, the position error induced by 
the assembly error does exist in actual engineering. Therefore, 
the parallelism error between rail 1 and rail 2 representing the 
position error must to be considered in order to obtain the gen-
eral functions of the actual paired guide rails with profile errors. 

As shown in Fig. 2(d), the profiles of both rail 1’ and rail 2’ are 
flat, and the relative geometry position error between them also 
is zero, so they two are named as ideal rails. However, there 
exists a nonzero angle between the neutral plane of the actual 
rail’s profile and that of the ideal rail’s. It is this nonzero angle 
that results in the parallelism error. Here, the space rectangular 
coordinate systems {A}, {B}, {C} and {D} are introduced as the 
reference coordinate system, the hydrostatic table coordinate 
system, the neutral plane coordinate systems of rail 1 and rail 2, 
respectively. Points OA, OC and OD are all located on ZA axis. 
The distance of rail 1’ from the plane OAXAYA is h0/2, and so is 
rail 2’. Take rail 2 as the example, the neutral plane of its profile 
just is the plane ODXDYD, the descriptions of point p on the 
curved profile in {A} and {D} are different and denoted by Ap 
and Dp, respectively. Based on the concept of pose commonly 
known such as in robot kinematics [21], then the relationship 
between Ap and Dp can be expressed as 

 
A A D A

D Do= +p R p p   (3) 
 

where A
DR  is the rotation matrix and represents the orientation 

of {D} relative to {A}, ApDo is the translation vector of {D} relative 
to {A}. The expressions of ,A A

D DoR p  and Dp are 
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Substituting Eqs. (4)-(6) into Eq. (3), then Ap can be solved 

as 
 

2

2 2
2

0
2 2

2

2cos sin sin

0

2sin cos sin
2

é ù
ê ú

= ê ú
ê ú
ë û
é ùæ ö×

× + × +ê úç ÷ç ÷ê úè ø
ê ú= ê ú
ê úæ ö×ê ú- × + × + +ç ÷ç ÷ê úè øë û

A

A A

A

D
D

D
D

X
Y
Z

XX E

hXX E

pb b j
l

pb b j
l

p

  (7) 

 
Eq. (7) is the general mathematical description of rail 2 in {A}. 

Here, DX can be seen as the intermediate variable. By eliminat-
ing DX, Eq. (7) also can be expressed as 
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  (8) 

 
Similarly, that of rail 1 in {A} is written as 
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  (9) 

 
Eqs. (8) and (9) are implicit functions. Especially, if both the 

angles β and γ shown in Fig. 2(d) are set as zero, then the 
parallelism error is eliminated, and the explicit expressions of 
rail 1 and rail 2 are obtained as 

 

0
1 1 1

1

2sin
2

é ù
= × + -ê ú

ë û

A A h
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  (10) 
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It should be pointed out that the space rectangular coordi-
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nate system of UPG 80 shown in Fig. 1 is different with those 
depicted in Fig. 2. 

 
2.2 Quasi-static motion analysis 

Same to Refs. [6, 9], the hydrostatic table in this paper also 
is under quasi-static condition which means the moving speed 
is quite slow. As shown in Figs. 2(c) and (d), when the external 
force F0 acting on the hydrostatic table is constant and the 
paired rails both are ideal, the four oil film reaction forces F1 to 
F4 are all invariant, and the resultant force and resultant mo-
ment applied to the table equal to zero, so the motion errors 
are non-existent. Furthermore, if F0 is set as zero and those 
restrictors corresponding to the four pads are also the same 
with each other, then the clearance between any pad and its 
matched ideal rail is always (h0-H)/2, in other words, no matter 
where the table moves to along the direction of XA axis, h01 = 
h02 = (h0-H)/2, and the table is defined to be in special equilib-
rium state. In engineering, the profile errors and relative posi-
tion error of one paired guide rails in closed hydrostatic guide-
ways cannot be zero, so the hydrostatic table moves and 
swings simultaneously, which correspond to the linear motion 
error zA and the angular motion error θ, respectively. In this 
situation, the table is defined to be in general equilibrium state. 
No matter which equilibrium state it is, both of the resultant 
force and resultant moment on the hydrostatic table are zero. 

Fig. 3 depicts three cases of the relative position between 
the ideal paired rails, they are named as rectilinear shape 
shown in Fig. 3(a), positive flared shape shown in Fig. 3(b) and 

negative flared shape shown in Fig. 3(c), respectively. As 
shown in Fig. 3(a), the paired guide rails without profile errors 
are parallel to each other, and the hydrostatic table is consid-
ered to be in special equilibrium state. When this same table 
performs in the positive flare shaped closed hydrostatic guide-
way shown in Fig. 3(b), the oil film thicknesses of two opposed 
oil pads always equal to each other, and the value can be cal-
culated as [ht (Api0x)-H]/2, where ht (Api0x) changes with the mov-
ing of the hydrostatic table, and Api0x denotes x coordinate of 
point 0 in the ith pad plane. Here, the hydrostatic table is de-
fined to be in intermediate equilibrium state, so is the hydro-
static table shown in Fig. 3(c). The XA axis is taken as the ref-
erence, so the motion errors of hydrostatic table in intermediate 
and special equilibrium state both are zero. Note that, the an-
gles β in Eq. (8) and γ in Eq. (9) are supposed to change 
equally but reversely, then the XA axis is determined as the 
reference. In our research, aiming to study the influence of the 
parallelism error between paired rails on motion accuracy in 
closed hydrostatic guideway, the values of β and γ are set as 
α/2 and -α/2, respectively. Thus, when α<0, it is positive flared 
shape, and ht increases linearly from ht (AX = 0) = h0 along the 
positive direction of XA axis. But when α>0, it is negative flared 
shape, and ht decreases linearly from ht (AX = 0) = h0 along the 
positive direction of XA axis. When α = 0, ht always equals to h0 
at any AX coordinate. 

The space rectangular coordinate systems {B} is established 
for the hydrostatic table in general equilibrium state, as shown 
in Fig. 2(d), and the origin OB is fixed at the center of the table. 
Still take {A} as the reference, based on the concept of pose 
[21] again, then the pose of hydrostatic table can be described 
directly. The descriptions of point q on the hydrostatic table in 
{A} and {B} are different and denoted by Aq and Bq, respec-
tively. The relationship between them can be given as 

 
A A B A

B BoR= +q q q   (12) 

 
where A

BR  is the rotation matrix and represents the orientation 
of {B} relative to {A}, AqBo is the translation vector of {B} relative 
to {A}. So the mathematical expressions of A

BR  and AqBo are 
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Here, i denotes the number of pad, whereas j denotes the 

number of point in one pad plane. So there have i = 1~4 and j = 
0~8. Aqij and Bqij are the coordinates of the jth point in the ith 
pad plane in {A} and {B}, respectively. For instance, Bq10 can 
be expressed as 

 
 
Fig. 3. Three cases of the relative position between the ideal paired rails: 
(a) Rectilinear shape; (b) positive flared shape; (c) negative flared shape. 
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Then, according to Eqs. (12)-(14), there has 
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The corresponding relationship between Bqij and Aqij has 

been given in Appendix A.1. In addition, pad 1 and pad 3 are in 
the same plane, and the corresponding mathematical equation 
can be denoted by AZ13, similarly, AZ24 is obtained. Therefore, 
they two can be written as 

 
13 10 10tan tanA A A A

x zZ θ X θ p p= - × + × +   (17) 

24 20 20tan tanA A A A
x zZ θ X θ p p= - × + × +   (18) 

 
What should be pointed out further is that, if Eqs. (17) and 

(18) are considered as the two-dimensional linear equations in 
plane OAXAZA equivalently, then the slopes of those two 
straight lines both are -tan θ, and its value is negative when 
θ > 0, but positive when θ < 0. 

 
2.3 Static equilibrium 

Both the resultant force and resultant moment of the hydro-
static table must equal to zero wherever it moves [5, 6, 10], 
which is called as static equilibrium in this paper. As shown in 
Figs. 2(c) and (d), the force equilibrium equation and the mo-
ment equilibrium equation are expressed as 

 
4v 2v 0 1v 3v

4 2 0 1 3cos cos cos cos
F F F F F
F F F F Fq q q q

+ + = + Þ

+ + = +
  (19) 

B B
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0
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O YM

l l l lF e F F F F
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× + × + × = × + ×
  (20) 

 
where Fi (i = 1~4) is the oil film reaction force on the ith pad, F0 
is the external force always parallel to ZA axis, e is the arm of 
F0. By solving the nonlinear equations consisting of Eqs. (19) 
and (20), the two motion errors at AX = xA can be obtained, and 
the corresponding variation trends also can be drawn. The 

solution of Fi is essential. Based on Refs. [4, 10, 22, 23], the oil 
film reaction force on the pad can be obtained as the product of 
the hydrostatic pressure in the recess Pr and the effective bear-
ing area of the rectangle pad Ae. 

Solving Pr is the first step. As shown in Fig. 1(c), the pro-
gressive mengen (PM) flow controllers are adopted in closed 
hydrostatic guideways of UPG 80. PM controller is the product 
of Hyprostatik Company in Germany and belongs to the mem-
brane-type restrictor, which has been widely used as the key 
component in other precision machine tools [23-25]. Its struc-
ture and working principle can be easily found in Refs. [22, 23]. 
Here, just give the flow equation of the PM controller as follow-
ing 

 
r

r0
s

11 KQ Q P
P

æ ö-
= + ×ç ÷

è ø
  (21) 

 
where Q is the flow rate corresponding to Pr, Q0 is the flow rate 
for Pr = 0, Kr is a characteristic parameter of PM controller and 
named as flow ratio, Ps is the supply pressure. There are three 
constraints should be concerned, the first is Kr>1.2, the second 
is 0.9Ps-Pr>0, and the last is Pr>0. The former two guarantee 
the normal performance of PM controller [22, 23]. The third 
constraint refers to that the orientation of every oil film reaction 
force does point to the pad plane perpendicularly, as shown in 
Fig. 2(c). Besides, one restrictor corresponds to one pad, and 
the four PM controllers of the hydrostatic table shown in Fig. 
2(d) are all set as the same in our study, so there are 
 

0 0 r r s s
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From Refs. [22, 26], when the oil film thickness on one pad is 

h, then Q can be calculated as 
 

( )
rPQ

R h
=   (23) 

 
where R(h) is related to h and denotes the flow resistance of 
the land. However, h does refer to the clearance between the 
pad plane and its matched ideal rail without errors, which also 
is called as nominal oil film thickness [10]. Actually, as ana-
lyzed above, the moving hydrostatic table is in general equilib-
rium state, the angular motion error θ does exist, and the pro-
file of guide rail also is not ideal but curved. Thus, h usually is 
replaced by the average oil film thickness ha [5, 10, 11], and 
there is 
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Combining Eqs. (21)-(24), the hydrostatic pressure in the re-

cess is obtained as 
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The second step is to calculate Ae, and it can be given by [4, 

10, 23, 25] 
 

( ) ( ) ( )e 1 ~ 4iA i W w M m= = - × -   (26) 
 
Combining Eqs. (25) and (26), there has 
 

( ) r e1 ~ 4i i iF i P A= = ×   (27) 
 
Finally, substituting Eq. (27) into the nonlinear equations 

consisting of Eqs. (19) and (20), the motion errors zA and θ at 
any xA coordinate can be determined. Both of the two motion 
errors can be effective under the three constraints mentioned 
above, otherwise, those design parameters involved in hydro-
static guideways need to be adjusted. Next, the calculation of 
average oil film thickness ha will be given. 

 
2.4 Average oil film thickness 

Average oil film thickness calculation method considering 
guide rail profile error has been proposed in Refs. [5, 6, 10, 11], 
and it can be understood as the average clearance between 
the land of pad and the matched guide rail. Similar method is 
adopted in this paper to obtain the four average oil film thick-
nesses of hydrostatic table in general equilibrium state. As 
shown in Fig. 2(d), CASE 1 denotes that the orientation of ha is 
perpendicular to the pad plane, but to XA axis in CASE 2. It is 
CASE 1 that should have been chosen to calculate ha, 

whereas it requires {B} as the reference, which leads to that the 
profile error function of guide rail becomes a transcendental 
equation, so the analytical solutions cannot be got, furthermore, 
the unknown variables of zA and θ involved in that transcen-
dental equation also results in the non-existence of numerical 
solutions. If CASE 2 is chosen, then {A} becomes the reference, 
and as long as θ is small enough, the calculation accuracy can 
be guaranteed. Indeed, θ is very small and its order of magni-
tude generally is angular second. For example, sin θ usually is 
replaced by θ to improve those analysis models [8, 10]. Thus, 
CASE 2 is chosen to determine average oil film thickness in 
this paper.  

As is seen from Eqs. (8) and (9), neither of them can be ex-
plicitly expressed, but both AZ1 and AZ2 at any xA coordinate still 
can be obtained by numerical computation. Fig. 4 shows the 
schematic diagram of calculating the average oil film thickness, 
based on the limit theory, there is 
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where Aland denotes the projected area of land in the plane 
OAXAYA, and Aland = Alandi (i = 1~4). When the profile of guide 
rail is divided into N segments, and N tends to infinity, the 
curved profile can be limitless approached by those line seg-
ments, as shown in Fig. 4. Accordingly, ha can be obtained. 

The relationship between the four oil film reaction forces and 
the two motion errors can be illustrated in detail as follow: Oil 
film reaction force Fi → Hydrostatic pressure in the recess Pri 
→ Flow resistance of the land R (hai) → Average oil film thick-
ness hai → Motion position of the hydrostatic table and the 
motion errors (xA, zA, θ). 

 
 
Fig. 4. Schematic diagram of calculating the average oil film thickness. 
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3. Influence of relative difference on mo-
tion accuracy 

The relative difference between paired rails in typical closed 
hydrostatic guideway with four pads does refer to the relative 
deviations of guide rail profile error and the relative geometry 
position error. The former can be defined as 

 
( ) ( )
( ) ( ) ( )

2 1 1

2 1 1 2 1

/ 100%,

/ 100%,

= - ´

= - ´ = -

DEV E E E E

DEV l l l l d j j j
  (29) 

 
where DEV(E) is amplitude deviation, DEV(λ) is wavelength 
deviation, and δ(φ) is phase deviation. The latter is defined as 
the parallelism error between paired guide rails, which is char-
acterized by the angle α shown in Fig. 3. Some parameters of 
the typical closed hydrostatic guideway with four pads are 
given in Table 1. The other parameters are determined as fol-
lows. The key parameters of PM controller are 0.1×10-6 m3/s of 
Q0, 1.4 of Kr, and 5 MPa of Ps. The profile error components of 
rail 1 are 4 μm of E1, 280 mm of λ1, and 0 of φ1. The stroke of 
the moving hydrostatic table is from 120 mm to 700 mm. 

 
3.1 Relative deviations of guide rail profile error 

In this section, the influence of three relative deviations on 
motion accuracy in closed hydrostatic guideway is studied 
without the consideration of the parallelism error. Thus, the 
mathematical functions of rail 1 and rail 2 can be explicitly ex-
pressed by Eqs. (10) and (11). First is the amplitude deviation 
DEV(E), and the values of DEV(λ) and δ(φ) are determined as 

-50 % and 0.3π, respectively. Fig. 5 shows the influence of 
amplitude deviation on motion accuracy. As shown in Fig. 5(a), 
from the horizontal point of view, with the moving of hydrostatic 
table along the positive direction of XA axis, the peaks and 
valleys of the angular motion error curve occur periodically. 
However, from the vertical point of view, with the increase of 
DEV(E), those peaks and valleys become more noticeable and 
numerous. Fig. 5(b) depicts the variation of the linear motion 
error, which also is periodical. It can be observed that the linear 
motion error is rarely affected by DEV(E). Fig. 5(c) shows the 
PV values of the two motion errors, with the growth of DEV(E), 
both of those two PV values rise. Consequently, in order to 
improve the motion accuracy in closed hydrostatic guideway, 
one of the effective approaches is to reduce the guide rail pro-
file error amplitude, such as scraping or lapping by the skilled 
workers [10, 12, 27]. 

Then is the wavelength deviation DEV(λ). Here, DEV(E) =   
-50 %, δ(φ) = 0.3π. Fig. 6 shows the influence of wavelength 
deviation on motion accuracy. As shown in Figs. 6(a) and (b), 
with the moving of hydrostatic table in the determined stroke, 
neither of the two motion errors fluctuates periodically, while 
the overall trends of those curves in Figs. 6(a) and (b) are simi-
lar, respectively. Take Fig. 6(a) as the instance, the peaks all 
occur at xA≈400 mm and the valleys are seen at xA≈260 mm 
and xA≈550 mm. In addition, there is no significant regularity 
with the growth of DEV(λ). Fig. 6(c) shows the PV values of the 
two motion errors. With the increase of DEV(λ), the variation 
trends of those two PV values are not always the same with 
each other, which can be attributed to the design parameters of 
hydrostatic guideways. Zha et al. [10] has suggested that, 

Table 1. Some parameters of the typical closed hydrostatic guideway with four pads [8]. 
 

Hydrostatic table Total oil film clearance External force 
Parameters 

l L H h01+h02 F0 
Value 60.5 mm 125 mm 320 mm 40 μm 0 N 

Pad Hydrostatic oil dynamic viscosity 
Parameters 

M m W w η 

Value 60.5 mm 15 mm 50 mm 15 mm 0.065 Pa·s 

 

 
 
Fig. 5. Influence of amplitude deviation on motion accuracy: (a) Angular motion error; (b) linear motion error; (c) PV values of the two motion errors. 
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there can have two constants C1 and C2, when the ratio (lλ) of 
pad center spacing (l) to guide rail profile error wavelength (λ) 
equal or lesser than C1, keep λ unchanged, and the greater the 
pad center spacing (l), the higher the motion accuracy, 
whereas lλ equal or larger than C2, still keep λ invariant, the 
smaller the pad center spacing (l), the higher the motion accu-
racy. Indeed, this is equivalent to that, when lλ ≤ C1 and l is 
unchanged, the smaller the λ, the higher the motion accuracy, 
besides, when lλ ≥ C2 and l is still invariant, the greater the λ, 
the higher the motion accuracy. From Fig. 6(c), it can be in-
ferred that, before -25 % of DEV(λ), the two motion errors re-
duce with the decrease of DEV(λ), nevertheless, after +100 % 
of DEV(λ), the greater the DEV(λ), the smaller the two motion 
errors. Thus, those design parameters must be determined 
appropriately to accomplish the desired motion accuracy in 
hydrostatic guideways. 

Last is the phase deviation δ(φ). Here, DEV(λ) = DEV(E) =  
-50 %. Fig. 7 shows the influence of phase deviation on motion 
accuracy. As depicted in Fig. 7(a), the angular motion error 
curve fluctuates periodically with the moving of hydrostatic 
table along the positive direction of XA axis. Besides, with the 
rise of δ, the height difference between two adjacent peaks 
appears and becomes obvious gradually, simultaneously, the 

curve moves up and left. Fig. 7(b) shows the linear motion 
error curve, and it also changes periodically with the moving of 
hydrostatic table along the positive direction of XA axis, but can 
be rarely affected by δ. Fig. 7(c) gives the PV values of the two 
motion errors, but they do perform the opposite trends with the 
increase of δ. Take the angular motion error as the example, 
when δ ≤ 0.5π, the PV value increases nonlinearly with the 
growth of δ. At δ = 0.5π, it reaches the maximum value. With 
the continuing increase of δ further, the PV value begins to 
slow down. It also can be observed from Fig. 7(c) that, the 
maximum change rate of angular motion error PV value is 
about 15.32 %, but that of the linear motion error PV value is 
around 1.79 % only. Accordingly, is it possible to exist the 
dominant motion error and the secondary motion error? 

 
3.2 Parallelism error between paired guide rails 

As mentioned in Sec. 2.2, there has -γ = β = α/2, and the an-
gle α is used to represent the parallelism error. Even though Eq. 
(28) gives the method to calculate ha, the large amount of cal-
culation is unavoidable, which is resulted from the implicit 
mathematical expression of guide rail profile error. In Sec. 3.1, 
take no account of the parallelism error, Eqs. (8) and (9) can be 

 
 
Fig. 6. Influence of wavelength deviation on motion accuracy: (a) Angular motion error; (b) linear motion error; (c) PV values of the two motion errors. 

 

 
 
Fig. 7. Influence of phase deviation on motion accuracy: (a) Angular motion error; (b) linear motion error; (c) PV values of the two motion errors. 
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transformed into Eqs. (11) and (10), respectively. So the 
mathematical functions of guide rail profile errors become ex-
plicit, and ha is easy to be solved. If those mathematical func-
tions in this section are not only explicit but also can character-
ize the parallelism error, then the amount of calculation will be 
reduced significantly and the influence of the parallelism error 
on motion accuracy still can be investigated. According to Ref. 
[2], these functions do exist and are given as 
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where AZ1 and AZ2 denote the explicit mathematical functions of 
rail 1 and rail 2, respectively. In addition, set a1 to be equal to a2, 
then there has a1 = a2 = -tan α, so α can be replaced by a1 to 
represent the parallelism error. Table 2 shows the values of 
those parameters involved in Eqs. (30) and (31). Fig. 8 illus-
trates the quantitative relationship between a1 and the parallel-
ism error based on the data in Table 2. However, the value of 
h0 in Fig. 8 is intended to set as 8 μm in order to clearly sketch 
the profiles and relative position of the paired rails. This is be-
cause the actual value of h0 is in decimeter order of magnitude 
shown in Table 1. It also can be seen from Fig. 8 that, the posi-
tive value of a1 corresponds to the positive flared shape of the 
paired rails, whereas the negative value of a1 corresponds to 
the negative flared shape. 

Note that, Eqs. (8) and (9) are slightly different with Eqs. (30) 
and (31). For instance, at one certain xA coordinate, with the 
reduction of α, AZ2(xA) increases and AZ1(xA) decreases. How-
ever, to Eqs. (8) and (9), the change rates of AZ1(xA) and 
AZ2(xA) are unequal due to the effect from the different profile 
features of the paired rails, in contrast, to Eqs. (30) and (31), 
the change rates are equal because of a1

AX in Eq. (30) and 
a2

AX in Eq. (31). Therefore, in order to greatly reduce the 
amount of calculation, as well as eliminate the effect from the 
profile errors of paired guide rails, the only one variable a1 in 
this section is selected to study the influence of parallelism 
error on motion accuracy just based on Eqs. (30) and (31). 

Fig. 9 shows the influence of a1 on motion accuracy. With the 
change of a1, the fluctuations of two motion errors are not 

 
Table 2. Values of those parameters involved in Eqs. (30) and (31). 
 

Parameters c1 c2 c11 c22 
Value (m) 2.52×10-7 5.04×10-7 0.80 0.60 

Parameters b1 b2 b11 b22 
Value (m) 3.36×10-6 2.24×10-6 1.10 1.10 

Parameters λ11 λ12 λ21 λ22 
Value (m) 0.10 0.33 0.12 0.42 

  

 
 
Fig. 8. Quantitative relationship between a1 and the parallelism error based on the data in Table 2. 

 

 
Fig. 9. Influence of a1 on motion accuracy: (a) Angular motion error; (b) linear motion error; (c) PV values of the two motion errors. 
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affected at all, as shown in Figs. 9(a) and (b). Besides, it can 
be observed from Fig. 9(c) that the PV values of the two motion 
errors also are rarely influenced by a1. So it seems that the 
motion accuracy cannot be effectively improved by reducing 
the parallelism error between paired guide rails. As mentioned 
above, with the variation of a1, the change rates of AZ1(xA) and 
AZ2(xA) at one certain xA coordinate are equal. In other words, 

the equal variations of the average oil film clearances on the 
two opposed pads (such as pad 1 and 2 or pad 3 and 4 shown 
in Fig. 2) may not have a significant effect on motion accuracy. 
It can be interpreted as that, the clearance does affect the stiff-
ness of the guideways [2], while the stiffness almost does not 
result in the variation of motion errors [27]. Hence, the mecha-
nisms affecting motion accuracy have to be analyzed next. 

 
 
Fig. 10. Variation of ρ and the corresponding PV value: (a) DEV(E); (b) DEV(λ); (c) δ(φ); (d) the parameter a1 representing the parallelism error. 
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4. Discussion 
Based on the analysis results above, it can be known that 

the relative difference between paired rails do has an effect on 
motion accuracy in closed hydrostatic guideways. Here, the 
mechanisms affecting motion accuracy are given further. Khim 
et al. [15] and Xue et al. [6] indicated that the motion errors 
were linked to the oil film reaction forces on the pads. Accord-
ing to Eqs. (24)-(27), the oil film reaction force is directly related 
to ha. So the variation of ha should be paid close attention to 
interpret the motion errors. Specifically, as shown in Table 1, 
Eqs. (19) and (20), it is F1 = F2 and F3 = F4 that always holds, 
so there will always be ha1 = ha2 and ha3 = ha4. Afterwards, the 
difference between the average film thicknesses of two adja-
cent pads (such as pad 1 and 3 or pad 2 and 4 shown in Fig. 2) 
is named as ρ, which is mathematically expressed as ρ = 
ha1(ha2)-ha3(ha4). It may be very naturally inferred that, the 
greater the fluctuation of ρ, the larger the motion errors, and 
the poorer the motion accuracy.  

Fig. 10 shows the variation of ρ and the corresponding PV 
value. The fluctuation of ρ can be observed easily, which is 
attributed to the two motion errors θ and zA. Note that, the 
trajectory of any point on the hydrostatic table can be deter-
mined by those two motion errors [5, 10]. The influence of 
DEV(E) on ρ can be seen from Fig. 10(a), and the variation of 
ρ is periodical, besides, with the growth of DEV(E), the fluctua-
tion of ρ becomes significant, and the corresponding PV value 
also rises, which just interprets the phenomenon presented in 
Fig. 5 that the greater the DEV(E), the larger the two motion 
errors. Fig. 10(b) depicts the influence of DEV(λ) on ρ. Within 
the determined stroke, the fluctuation of ρ does not exhibit the 
periodicity distinctly, however, it can be observed from the 
variation of PV value that, before -25 % of DEV(λ), the smaller 
the DEV(λ), the smaller the PV value, which corresponds to 
the decrease of the two motion errors shown in Fig. 6, while 
after +100 % of DEV(λ), with the increase of DEV(λ), the PV 
value reduces, which again corresponds to the decrease of 
the two motion errors shown in Fig. 6. The influence of δ(φ) on 
ρ is illustrated in Fig. 10(c), and ρ changes periodically. With 
the rise of δ(φ), the variation trend of PV value here is almost 
consistent with that of the angular motion error PV value 
shown in Fig. 7(c), so it can be confirmed that the dominant 
and secondary motion errors are θ and zA, respectively. Lastly, 
Fig. 10(d) shows the influence of a1 representing the parallel-
ism error on ρ. The periodical variation of ρ is not significant. 
With the increase of a1, the variation curve of ρ moves down 
slowly, but the corresponding PV value always be constant, 
which does account for that the two motion errors are not af-
fected by a1. 

As depicted in Fig. 1(e), the X axis of UPG 80 contains three 
closed hydrostatic guideways, they are paired guide rails A & B, 
C & D, E & F, respectively. The structure consisting of paired 
guide rails A & B, pads A and B of HGS 1, pads A and B of 
HGS 3 shown in Fig. 1 can be equivalently seen as the typical 
closed hydrostatic guideway with four pads just shown in Fig. 2. 

Although the quasi-static analysis model for the closed hydro-
static guideway with four pads has been established, and the 
numerical results as well as the revealed mechanisms also are 
presented thoroughly, different pads and guideways still should 
be selected to verify the effectivity of the quasi-static analysis 
model so as to make our research become more convincing. 
Indeed, the research work on the effectivity of this analysis 
model for six HGSs (twelve pads) has already been verified by 
experimental data before, its modeling is similar but not quite 
the same with that proposed in this paper due to the structural 
differences between them. The verification of the quasi-static 
analysis model for the closed hydrostatic guideways with six 
HGSs (twelve pads) has been given in Appendix A.2, whereas 
the similar modeling will be no longer repeated. The good 
agreement between measured vertical straightness errors and 
computational results does verify the effectivity of the quasi-
static analysis model.  

 
5. Conclusions 

In this paper, the development of quasi-static analysis 
model for the typical closed hydrostatic guideway with four 
pads is accomplished directly by incorporating the concept 
of pose, then the model is used to study the influence of 
relative difference between paired rails on motion accuracy. 
The analysis results suggest that the relative deviations of 
guide rail profile error, but not the parallelism error between 
paired guide rails, do have an effect on the motion accuracy 
significantly. The greater the amplitude deviation, the larger 
the motion errors. The influence of wavelength deviation on 
motion accuracy presents regularity within some intervals, 
before -25 % of DEV(λ), the two motion errors reduce with 
the decrease of DEV(λ), nevertheless, after +100 % of 
DEV(λ), the greater the DEV(λ), the smaller the two motion 
errors. The phase deviation mainly affects the angular mo-
tion error but not the linear motion error. Further, it has been 
known that the fluctuation of the difference between the av-
erage film thicknesses of two adjacent pads leads to the 
variation of the motion accuracy, and the greater the fluctua-
tion, the larger the motion errors. The research work has 
provided theoretical references for the precision design of 
UPG 80 and also is applicable to the improvement of other 
hydrostatic guideways. 
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Nomenclature----------------------------------------------------------------------------------- 

L     : Length of hydrostatic table    
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H      : Width of hydrostatic table 
B       : Height of hydrostatic table 
l       : Center spacing between two adjacent pads 
M      : Length of pad 
W      : Width of pad 
E1      : Guide rail 1’s profile error amplitude 
λ1      : Guide rail 1’s profile error wavelength 
φ1      : Guide rail 1’s profile error phase 
E2      : Guide rail 2’s profile error amplitude 
λ2      : Guide rail 2’s profile error wavelength 
φ2      : Guide rail 2’s profile error phase 
{A}     : Reference coordinate system 
{B}     : Hydrostatic table coordinate system 
{C}     : Neutral plane coordinate systems of rail 1 
{D}     : Neutral plane coordinate systems of rail 2 
h0      : Sum of oil film clearance h01 and h02 
Ap      : Description of point p on the curved profile in {A} 
Dp     : Description of point p on the curved profile in {D} 
Aq      : Description of point q on the hydrostatic table in {A} 
Bq     : Description of point q on the hydrostatic table in {B} 
A
DR   : Rotation matrix (representing the orientation of {D} rela-

tive to {A} ) 
A
BR   : Rotation matrix (representing the orientation of {B} rela-

tive to {A} ) 
ApDo    : Translation vector of {D} relative to {A} 
AqBo    : Translation vector of {B} relative to {A} 
F0      : External force acting on the hydrostatic table 
F1 ~ F4 : The four oil film reaction forces 
e      : Arm of F0 
zA      : Linear motion error 
θ      : Angular motion error 
i       : Number of pad 
j       : Number of point in one pad plane 
Aqij     : Coordinates of the jth point in the ith pad plane in {A} 
Bqij     : Coordinates of the jth point in the ith pad plane in {B} 
Pr      : Hydrostatic pressure in the recess 
Ae     : Effective bearing area of the rectangle pad 
Q      : Flow rate corresponding to Pr 
Q0     : Flow rate for Pr = 0 
Kr      : Flow ratio of PM controller 
Ps      : Supply pressure 
R      : Flow resistance of the land 
h      : Nominal oil film thickness 
ha      : Average oil film thickness 
Aland    : Projected area of land in the plane OAXAYA 
DEV(E) : Amplitude deviation 
DEV(λ) : Wavelength deviation 
δ(φ)    : Phase deviation 
α      : Parallelism error between paired guide rails 
η      : Hydrostatic oil dynamic viscosity 
lλ       : The ratio of l to λ 
AZ1     : Explicit mathematical functions of rail 1 
AZ2     : Explicit mathematical functions of rail 2 
ρ      : The difference between ha of two adjacent pads 
HGS   : Hydrostatic guide shoe 
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Appendix  
A.1 Coordinate transformation between {A} and {B} 
Table A.1. The corresponding relationship between Bqij and Aqij . 
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ê ú

-ê ú
ê ú
ê úæ ö- - - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

(i, j) (1, 3) (1, 4) (1, 5) 

Bqij
 

T

2 2 2 2
é ù- + -ê úë û
l M W H  

T

2 2 2 2
é ù- - -ê úë û
l M W H  

T

2 2 2 2
é ù- - + - + -ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + -ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö- - - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - -ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö- - - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + - -ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö- - - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

(i, j) (1, 6) (1, 7) (1, 8) 

Bqij
 

T

2 2 2 2
é ù- + - - + -ê úë û
l M W Hm w  

T

2 2 2 2
é ù- + - - -ê úë û
l M W Hm w  

T

2 2 2 2
é ù- - + - -ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - + -ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö- - - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - + -ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö- - - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + - -ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö- - - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ
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Table A.1. (continued) 
 

(i, j) (2, 0) (2, 1) (2, 2) 

Bqij
 

T
0

2 2
é ù-ê úë û
l H  

T

2 2 2 2
é ù- - -ê úë û
l M W H  

T

2 2 2 2
é ù- + -ê úë û
l M W H  

Aqij
 

cos sinA 2 2
0

cos sinA 2 2

é ù- +ê ú
ê ú
ê ú
ê ú
ê ú+ +
ë û

l Hx θ θ

H lz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

(i, j) (2, 3) (2, 4) (2, 5) 

Bqij
 

T

2 2 2 2
é ù- +ê úë û
l M W H  

T

2 2 2 2
é ù- -ê úë û
l M W H  

T

2 2 2 2
é ù- - + - +ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + +ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö+ - - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - +ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö+ - - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + - +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

(i, j) (2, 6) (2, 7) (2, 8) 

Bqij
 

T

2 2 2 2
é ù- + - - +ê úë û
l M W Hm w  

T

2 2 2 2
é ù- + - -ê úë û
l M W Hm w  

T

2 2 2 2
é ù- - + -ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - + +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - - + +ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö+ - - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + - +ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö+ - - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

(i, j) (3, 0) (3, 1) (3, 2) 

Bqij
 

T
0

2 2
é ù-ê úë û
l H  

T

2 2 2 2
é ù- - -ê úë û
l M W H  

T

2 2 2 2
é ù+ - -ê úë û
l M W H  

Aqij
 

cos sinA 2 2
0

cos sinA 2 2

é ù+ -ê ú
ê ú
ê ú
ê ú
ê ú- -
ë û

l Hx θ θ

H lz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - -ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö- - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + -ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö- - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

(i, j) (3, 3) (3, 4) (3, 5) 

Bqij
 

T

2 2 2 2
é ù+ -ê úë û
l M W H  

T

2 2 2 2
é ù- -ê úë û
l M W H  

T

2 2 2 2
é ù- + - + -ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + -ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö- - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - -ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö- - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + - -ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö- - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

(i, j) (3, 6) (3, 7) (3, 8) 

Bqij
 

T

2 2 2 2
é ù+ - - + -ê úë û
l M W Hm w  

T

2 2 2 2
é ù+ - - -ê úë û
l M W Hm w  

T

2 2 2 2
é ù- + - -ê úë û
l M W Hm w  
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A.2 Experimental verification of the quasi-
static analysis model 

The closed hydrostatic guideways with six HGSs does refer to 
the structure of paired guide rails C & D, E & F, and all of the pads 
(except for pads A & B of HGS 1, pads A & B of HGS 3) shown in 
Fig. 1, thus, six HGSs mean twelve pads here.  

The lengths of guide rails C, D, E and F depicted in Fig. 1 all are 
3 m. As part of the bed, these guide rails are manufactured by 
horizontal surface grinding in the same grinding machine, which 
can result in the similar profile features. Note that, there is no 
scraping or lapping by the skilled workers. The profile errors of 
these guide rails could be measured and mathematically fitted as  

rail C rail E
6

6

2π14 10 sin 0.14π
3.106 10

XZ Z -

-

æ ö×
= = ´ -ç ÷ç ÷´è ø

   (A.1) 

rail D rail F
6

6

2π10 10 sin 0.14π
3.106 10

XZ Z -

-

æ ö×
= = ´ -ç ÷ç ÷´è ø

   (A.2) 

It is noticed that, Zrail C = Zrail E and Zrail D = Zrail F, afterwards, those 
six pads next to guide rails C and E are all connected by the same 
six fixed restrictors, but the other six pads next to guide rails D and 
F are all connected by the same six PM flow controllers, hence, the 
closed hydrostatic guideways with six HGSs above can be simpli-
fied as the closed hydrostatic guideway with six pads (three HGSs) 
futher, as observed from Fig. A.1. The pads E4 & F4, E5 & F5, E6 
& F6 marked in Fig. A.1 correspond to the pads E & F of HGS 4, 
HGS 5, HGS 6 in Fig. 1, respectively. Therefore, the quasi-static 
analysis models for the closed hydrostatic guideway with six pads 
shown in Fig. A.1 and four pads shown in Fig. 2 both are 2-DOF 
models related to the angular and linear motion errors. The stroke 
of the moving hydrostatic table with six pads shown in Fig. A.1 is 
from 1650 mm to 2450 mm based on the reference coordinate 
system {A0B}, which also can be expressed correspondingly as that 
the hydrostatic table with twelve pads shown in Fig. 1 slides from -
200 mm to -1000 mm along the X axis of UPG 80 (its full stroke is 
from 0 mm to -1400 mm).   

Table A.1. (continued) 
 

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + -ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö- - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + -ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö- - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + - -ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö- - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

(i, j) (4, 0) (4, 1) (4, 2) 

Bqij
 

T
0

2 2
é ù
ê úë û
l H  

T

2 2 2 2
é ù- -ê úë û
l M W H  

T

2 2 2 2
é ù+ -ê úë û
l M W H  

Aqij
 

cos sinA 2 2
0

cos sinA 2 2

é ù+ +ê ú
ê ú
ê ú
ê ú
ê ú+ -
ë û

l Hx θ θ

H lz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

(i, j) (4, 3) (4, 4) (4, 5) 

Bqij
 

T

2 2 2 2
é ù+ê úë û
l M W H  

T

2 2 2 2
é ù-ê úë û
l M W H  

T

2 2 2 2
é ù- + - +ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + +ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö+ - +ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - +ç ÷ê úè øê ú
ê ú
ê ú
ê ú
ê úæ ö+ - -ç ÷ê úè øë û

l M Hx θ θ

W

H l Mz θ θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + - +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

(i, j) (4, 6) (4, 7) (4, 8) 

Bqij
 

T

2 2 2 2
é ù+ - - +ê úë û
l M W Hm w  

T

2 2 2 2
é ù+ - -ê úë û
l M W Hm w  

T

2 2 2 2
é ù- + -ê úë û
l M W Hm w  

Aqij
 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + +ç ÷ê úè øê ú
ê ú

-ê ú
ê ú
ê úæ ö+ - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ - + +ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö+ - - +ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ

 

cos sinA 2 2 2

2

cos sinA 2 2 2

é ùæ ö+ + - +ç ÷ê úè øê ú
ê ú

- +ê ú
ê ú
ê úæ ö+ - + -ç ÷ê úè øë û

l M Hx m θ θ

wW

H l Mz θ m θ
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The other parameters involved in calculation and experiments 
has been illustrated in Table A.2. Fig. A.2 shows the measurement 
of the vertical straightness error by the Renishaw XL80 Laser inter-
ferometer. The location of the straightness reflector in {B0B} is 
drawn simply but clearly in Fig. A.3.  

Lastly, the vertical straightness errors calculated by the analysis 
model are compared with the measured data, as shown in Fig. A.4, 
it is the good agreement between them that does verify the effec-
tivity of the quasi-static analysis model.  

Table A.2. Parameters of calculation and experiments. 
 

Hydrostatic table with six pads Total oil film clearance Gravity of table 
Parameters 

l0B L0B H0B h0B - H0B G 
Value 550 mm 1300 mm 50 mm 50 μm 15288 N 

Pad E4 ~ Pad E6 Hydrostatic oil dynamic viscosity 
Parameters 

M2 m2 W2 w2 η 

Value 200 mm 12 mm 43 mm 12 mm 0.1214 Pa·s 
Pad F4 ~ Pad F6 Room temperature 

Parameters 
M1 m1 W1 w1 T 

Value 200 mm 12 mm 75 mm 12 mm 20℃ 
PM flow controllers Supply pressure Flow resistance of fixed restrictors 

Parameters 
Q0 Kr Ps Rfixed 

Value 0.3667×10-6 m3/s 2.8 3.2 MPa 2.2857×1012 

 

 
 
Fig. A.1. Closed hydrostatic guideway with six pads.  

 
 

 
 
Fig. A.2. Measurement of the vertical straightness error by the Renishaw XL80. 

 
 
Fig. A.3. Location of the straightness reflector. 
 

 
 
Fig. A.4. Comparison of the calculated vertical straightness errors and the 
measured data. 
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