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Abstract  Gear backlash is a nonlinear effect of the gear system. In a spur gear system 
with the backlash, the initial position of gears with the backlash affects the impact force. This 
work conducted a dynamic analysis of the spur gear system with time-varying mesh stiffness 
and bearing stiffness with a focus on the initial gear position within the backlash. For this pur-
pose, the time-varying stiffness of the gears and rolling bearings were calculated. Mesh force 
with the time-varying stiffness and the gear backlash was applied to four DOF equations of 
motion. The equations of motion were solved using the Newmark beta method and Newton-
Raphson method. The dynamic characteristics of the spur gear system by the initial position of 
gears within the backlash were investigated along with the magnitude of the backlash. The 
results showed that as the backlash increased, the mesh and bearing forces increased as well. 
The mesh and bearing forces were highly dependent on the initial gear position within the back-
lash. Significant initial mesh and bearing forces by the initial gear position within the backlash 
can lead to cumulative damages to the gear system.  

 
1. Introduction   

Spur gears have time-varying stiffness because of the gear meshing. Most spur gears are 
supported by the rolling bearings in the middle speed. The rolling bearings also have time-
varying stiffness due to the changes in the loaded rolling elements. The time-varying stiffness 
of the gears and rolling bearings makes the spur gear system a parametric excited system. The 
rolling bearing stiffness has been reported by many studies described in a review paper [1]. 
While [2], Harris [3], Lim et al. [4-7], and Guo and Parker [8] proposed the bearing stiffness by 
the quasi-static bearing model. The vibration analysis of spur gears with the time-varying mesh 
stiffness was conducted by Umezawa et al., who experimentally validated the results [9]. Kim et 
al. conducted a dynamic analysis of the spur gears with the time-varying mesh stiffness and 
constant bearing stiffness [10].  

The gear backlash and the time-varying stiffness of the spur gear system are the strong 
nonlinear factors affecting the spur gears. Gear backlash is given to the design phase to ensure 
good lubrication and the removal of the interference between teeth caused by manufacturing 
errors. The initial gear position within the backlash of gears is expected to have an effect on 
impact force. Regarding the backlash of spur gears, Kahraman and Singh investigated the 
nonlinear frequency response characteristics of spur gears with the backlash for external and 
internal excitations [11] and the nonlinear frequency response characteristics of the geared 
rotor-bearing system with the backlash and bearing radial clearances, which used the linear 
time-invariant mesh stiffness and simple bearing stiffness [12]. Lahmar and Velex analyzed the 
gear dynamic system with time-varying stiffness and bearing clearance, and found that bear-
ings could produce the parametric excitations in helical gears [13]. He et al. applied the time 
varying mesh stiffness affected by gear eccentricity to the two stage spur gear dynamic model 
[14]. Park analyzed the tooth friction force and transmission error of spur gears due to sliding 
friction in quasi -static condition [15] and the spur gear system with time varying stiffness of 
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both gears and bearings [16]. However, in the spur gear sys-
tem with time-varying stiffness of gear and rolling bearings, the 
dynamic characteristics by the initial gear position within the 
backlash of gears have not been reported. 

This work conducts a dynamic analysis of the spur gear sys-
tem with time-varying stiffness and backlash, which consists of 
gears, shaft, and rolling bearings. For this purpose, the time-
varying mesh and rolling bearing stiffness are calculated and 
the four DOF equations of motion with mesh force are derived. 
Mesh force is classified in terms of the time-varying mesh stiff-
ness, damping, and backlash according to the contact condi-
tion. Using the Newmark beta method and the Newton-
Raphson method, the nonlinear behavior of the spur gear sys-
tem is calculated. The dynamic mesh and bearing forces due 
to the time-varying mesh stiffness and dynamic behavior by 
initial positions of gears within the backlash are investigated as 
well. 

 
2. The mathematical modeling  
2.1 The stiffness of rolling bearings  

In the quasi-static condition, the relation between the exter-
nal load and the total load of the rolling elements with the bear-
ing radial clearance of bb  at the angular position jψ  is ob-
tained. If the relation differentiated with the displacement rδ , 
the stiffness of the rolling bearings can be given by [16, 17] 

 
1 2
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where the values of n = 3/2 and n = 10/9 are used for ball bear-
ings and roller bearings, respectively, and nk  is given by [2, 3] 
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where ik  and ok  are the stiffnesses of the inner race and 
outer race for rolling elements, respectively [2, 3].  

Assuming an initial radial displacement rδ , the number of 
loaded rolling elements can be determined. Using the Newton-
Raphson method, the total load of the loaded rolling elements 
is converged to the external force of bearings. The bearing 
stiffness can be obtained by substituting the converged radial 
displacement into Eq. (2). 

 
2.2 Equations of motion 

Driving and driven spur gears are modelled with the rigid cyl-
inder of the base diameter and connected with the mesh stiff-
ness as well as the damping along the line of action. Spur 
gears are supported with the stiffness and the damping of 
bearings, and the four DOF modelling is shown in Fig. 1. 

Gear deformation is obtained by the translational displace-

ment, the rotational displacement, and the static transmission 
error as follows: 

 

1 2 1 1 2 2= - + - -b bδ y y r θ r θ e .               (3) 

 
The static transmission error e  is given by manufacturing 

errors, profile wear, and profile modification. If gears have the 
backlash, the mesh force is classified as the gear deformation-
backlash conditions as follows: 

 
( )( ) ( )( ( ) )= - +g

dδ tF t k t δ t b c
dt

  If ( ) >δ t b ,   (4a) 

( ) 0=gF t                     If ( ) £δ t b ,   (4b) 
( )( ) ( )( ( ) )= + +g

dδ tF t k t δ t b c
dt

  If ( ) < -δ t b .  (4c) 

 
The bearing deflection can be approximated to be linear. 

Then, the linearized bearing force is given by 
 

( ) ( )= + i
yi yi i yi

dyF t k t y c
dt

.                    (5) 

 
where yik  is the combined stiffness of the bearing and the 
shaft. To examine the effect of bearing stiffness, the shaft is 
assumed to be rigid. In this case, the bearing stiffness be-
comes bk . 

Then, the four DOF equations of motion are derived by the 
mesh force, bearing force, input torque, and output torque ap-
plied to each gear as follows: 

 

1 1 1 1( )= -&&
g bJ θ T F t r .              (6) 

2 2 2 2( )= - +&&
g bJ θ T F t r .             (7) 

1 1 1 1( ) ( )+ + = -&& g y bm y F t F t F .         (8) 

2 2 2 2( ) ( )- + =&& g y bm y F t F t F .         (9) 

 
 
Fig. 1. Gear modeling. 
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3. Analysis and discussion 
3.1 The time-varying stiffness of rolling bear-

ings and gears 

To calculate the time-varying stiffness of the ball and cylin-
drical roller bearings without clearances, the ball bearing of 
SKF 6302 and the roller bearing of SKF NU202 with the bear-
ing data shown in Table 1 are used. 

Fig. 2 shows the ball and the roller bearing stiffnesses. The 
number of loaded rolling elements during rotation is changed, 
but the shape of the bearing stiffness is identical. The spur 
gears consist of three deformations: the bending and shear 
deformation, the gear foundation deformation, and the Hertz 
contact deformation. The force-deformation equation of the 
gears produces the gear mesh stiffness. The mesh stiffness on 
the input torque of 20 N·m is calculated using an in-house pro-
gram, as shown in Fig. 3. 

3.2 The dynamic analysis of the spur gear sys-
tem 

3.2.1 Validation of analysis model  
To validate the analysis model, the time response of accel-

eration is compared with the results presented by Umezawa et 
al. [9]. The analysis of spur gears uses the same data as Ref. 
[9] along with the rotation speed of 1700 rpm. Since the model 
in Ref. [9] does not consider the stiffness of bearings and 
shafts, the relatively high stiffness of 12

1 2 2 10= = ´y yk k N/m is 
used for the present model. Using the Newmark beta method 
and the Newton-Raphson method, the acceleration at the driv-
ing gear radius of 70 mm can be calculated and plotted as 
shown in Fig. 4. The maximum acceleration by Umezawa’s 
experiment was 227 m/s2, and the analysis results are close to 
those of Umezawa’s experiment, validating the current model. 

 
3.2.2 Dynamic analysis by the gear position within 

the backlash 
The gears are located in the middle of the shaft and sup-

ported by two bearings. Gear force is evenly divided into the 
bearing force. The dynamic analysis uses the spur gear data 
presented in Table 2. Using the spur gear data of Table 2, the 
effects of input torque, gear position in the backlash, and mag-

Table 1. Bearing data. 
 

 Ball (SKF 6302) Roller  
(SKF NU202) 

No. of elements 7 11 
Element diameter [mm] 7.938 5.5 

Inner raceway diameter [mm] 23.7 19.3 
Outer raceway diameter [mm] 33.7 27.9 

Average raceway diameter [mm] 28.7 24.8 
Roller width [mm] - 19.3 

 
 

 
(a) Ball bearing stiffness 

 

 
(b) Roller bearing stiffness 

 
Fig. 2. Rolling bearing stiffness. 

 

 
 
Fig. 3. Mesh stiffness. 

 
 

 
 
Fig. 4. Acceleration at the driving gear radius of 70 mm. 
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nitude of backlash are investigated. The gear and bearing 
damping coefficient are 0.07 and 0.01, respectively.   

Dynamic analysis according to the gear position within the 
backlash is conducted. The input torque of 20 N·m and the 
backlash model of Fig. 5 with the half backlash of b = 30 µm 
are used. Initial position of a driving gear within the backlash is 
assumeds to be x = b, 0, -b of Fig. 5. 

When the initial gear position is at x = 30 μm, x = 0 and x = -
30 μm, the dynamic analysis results are shown in Figs. 6-8, 
respectively. Both the gear and the bearing exhibit the reduced 
steady-state force after the initial big transient force. The roller 
bearing produces a higher initial dynamic force than the ball 
bearing. As the gear position is located from x = 30 μm to x =  
-30 μm in the backlash, the maximum mesh force increases, 
except for x = 0 and x = -30 μm of gears with ball bearings, and 
generates more tooth separations. The maximum mesh force 

of gears with roller bearings is higher than that of gears with 
ball bearings. The maximum roller bearing force in the driving 
and driven shaft is larger than the maximum ball bearing force. 
However, the initial roller bearing force was greatly reduced 
while the ball bearing force was slowly reduced. The mesh and 
bearing forces are dependent on the initial gear position. In 
order to remove the initial transient component of bearing force, 
a bearing force after 0.02 seconds is analyzed in the frequency 
domain [18]. The ball bearing force has the dominant peak at 
about 2.7 kHz and the roller bearing force has the dominant 
peak at about 5 kHz. The ball bearing force in about 2.7 kHz is 
larger than the roller bearing force in about 5 kHz. This means 
that, although the maximum roller bearing force in the transient 
condition is bigger than the maximum ball bearing force, the 
ball bearing force after transient condition is larger than the 
roller bearing force.  

 
Table 2. Data of spur gears. 
 

 Driving gear Driven gear 
Normal module 2.0 

Pressure angle [deg] 20 
Center distance [mm] 58 

Whole depth [mm] 4.46 
Number of teeth 30 26 
Face width [mm] 13 13 

Base diameter [mm] 56.38 48.86 
Pitch diameter [mm] 60.0 52.0 
Coef. of add. mod. 0.57 0.55 

 
 

   
            (a) Gear force with roller bearings                  (b) Gear force with ball bearings                       (c) Roller bearing force 
 

   
            (d) Ball bearing force                       (e) FFT of roller bearing force                     (f) FFT of ball bearing force   

Fig. 6. Dynamic behavior of the gear system (x = 30 μm). 

 

-b
b0

 
 
Fig. 5. Backlash model. 
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3.2.3 Dynamic analysis by the backlash magnitude 
As the half backlash increases from 30 μm to 100 μm, the 

maximum mesh and bearing forces significantly increase. Figs. 
9-11 show the mesh and bearing forces as well as the FFT of 

bearing forces within the backlash of x = 100 μm, respectively. 
As the gear position is located from x = 100 μm to x = -100 μm 
within the backlash, the maximum mesh force increases, ex-
cept for x = 100 μm of gears with ball bearings, and generates 

   
            (a) Gear force with roller bearings                  (b) Gear force with ball bearings                       (c) Roller bearing force 
 

  
                  (d) Ball bearing force                       (e) FFT of roller bearing force                     (f) FFT of ball bearing force 
 
Fig. 7. Dynamic behavior of the gear system (x = 0, b = 30 μm). 

 

   
            (a) Gear force with roller bearings                  (b) Gear force with ball bearings                      (c) Roller bearing force 
 

   
                (d) Ball bearing force                       (e) FFT of roller bearing force                    (f) FFT of b1all bearing force 

 
Fig. 8. Dynamic behavior of the gear system (x = -30 μm). 
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more tooth separations. At x = 100 μm, the initial mesh and ball 
bearing force remain the same after the initial state. 

The big initial mesh force causes rattle vibration in the gear 
system. As a result, the new peak around 5 kHz, except for 2.7 

kHz, is produced in the FFT analysis. As the backlash in-
creases, the initial mesh and bearing forces increase as well. In 
the FFT analysis of ball bearing force, the dominant peak 
around 2.7 kHz increases as the backlash increases. However, 

   
            (a) Gear force with roller bearings                   (b) Gear force with ball bearings                      (c) Roller bearing force 
 

   
             (d) Ball bearing force                       (e) FFT of roller bearing force                       (f) FFT of ball bearing force 

 
Fig. 9. Dynamic behavior of the gear system (x = 100 μm). 

 

   
        (a) Gear force with roller bearing                   (b) Gear force with ball bearing                      (c) Roller bearing force 

 

   
                 (d) Ball bearing force                      (e) FFT of roller bearing force                       (f) FFT of ball bearing force 

 
Fig. 10. Dynamic behavior of the gear system (x = 0, b = 100 μm). 
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in the FFT analysis of roller bearing force, the magnitude of 
peaks around 5 kHz is almost the same, regardless of the gear 
positions.   

Regarding the case of the half backlash of 30 μm, the mesh 
and bearing forces are highly dependent on the initial gear 
position within the backlash. As the initial gear position moves 
from x = 100 μm to x = -100 μm, the maximum mesh and bear-
ing forces increase more than two times. Therefore, big initial 
mesh and bearing forces by the initial gear position within the 
backlash can lead to cumulative damages to the gear system, 
and help obtain information on the pre-failure of the gear sys-
tem that cannot be obtained from the static analysis. 

 
4. Conclusions 

This work investigated the dynamic characteristics of the 
spur gear system with time-varying mesh stiffness and bearing 
stiffness by the initial position of gears within the backlash and 
the magnitude of the backlash. For this purpose, mesh force 
with the time-varying stiffness and the gear backlash were 
applied to four DOF equations of motion. As a result, the fol-
lowing conclusions were obtained: 

(1) Both the gear and the bearing have the reduced steady-
state force after the initial big transient force. The roller bearing 
produces a higher initial dynamic force than the ball bearing.  

(2) As the initial gear position is located from x = 30 μm to x = 
-30 μm in the backlash, most of the maximum mesh and bear-
ing forces increase and generate more tooth separations. The 
maximum roller bearing force in transient condition is bigger 

than the maximum ball bearing force, and the ball bearing force 
after transient condition is bigger than the roller bearing force. 

(3) As the half backlash increases from 30 μm to 100 μm, the 
maximum mesh and bearing forces increase significantly. The 
mesh and bearing forces are highly dependent on the initial 
gear position within the backlash. 

(4) Significant initial mesh and bearing forces by the initial 
gear position within the backlash can lead to cumulative dam-
ages to the gear system, and help obtain information on the 
pre-failure of the gear system that cannot be obtained from the 
static analysis. 
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