
 
 

 
Journal of Mechanical Science and Technology 33 (12) (2019) 5779~5786 

www.springerlink.com/content/1738-494x(Print)/1976-3824(Online) 
DOI 10.1007/s12206-019-1124-1 

 

 

 

  
Effective vibration test planning method for equipment with high slenderness ratio† 

Inki Park1,2,* and Junhong Park2 
1Agency for Defense Development, Daejeon 34186, Korea  

2Department of Mechanical Engineering, Hanyang University, Seoul 04763, Korea  
 

(Manuscript Received July 20, 2019; Revised September 29, 2019; Accepted October 4, 2019)   

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Abstract 
 
Vibration testing is necessary for functionality and durability evaluations of equipment that may undergo performance degradation due 

to operational vibrations. Here, we propose a planning method for the vibration testing of equipment with high slenderness ratios, such as 
missiles, and excitation, support, and measurement locations are important factors for the test configuration. A finite element model was 
used to calculate the normal modes and suitability indexes, based on the excitation and support locations. The measurement locations 
were obtained via the effective-independence method. Indexes of the response of dominant modes to excitation were generated for each 
surface through vibration testing involving various excitation, support, and measurement locations. The suitability indexes of excitation 
and support locations, exhibited a high correlation with the indexes of response magnitude in the dominant modes of the equipment. 
Therefore, the vibration test configuration can be planned effectively by exciting dominant modes of equipment under test.  
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1. Introduction 

Military equipment, such as missiles, are exposed to high 
levels of vibration during transportation and operation. There-
fore, the reliability of these equipment need to be tested to 
ensure that the equipment is undamaged after they are ex-
posed to excessive vibrations. Equipment exposed to exces-
sive vibrations should be subjected to a vibration test during 
its development process. Numerous test standards have been 
proposed to guide vibration testing; these include the MIL-
STD-810, DEF-STAN-00-35, and STANAG 4370 series. 
After launch, missiles are exposed to very high levels of ex-
ternal vibration during flight. This vibration is caused by en-
gine exhaust, internal equipment operations, boundary layer 
turbulence, etc. [1]. This vibration input during missile flight 
has been expressed by wide-band random excitation [2]. The 
pressure spectrum of the boundary-layer turbulence has flat 
components in a frequency range up to 4 kHz. Hence, the 
vibration response of a missile is determined by its natural 
frequency responses to the random input [3]. To reproduce the 
vibration responses during missile flight in a laboratory, it is 
necessary to design and plan the vibration test configuration 
through complete examinations prior to testing. When deter-
mining the vibration responses during flight operations, the 

missile structure is not constrained, and the excitation force is 
applied on all surfaces of the airframe. These factors make it 
difficult to reproduce actual vibration response of missiles in a 
test laboratory. The reliability of the vibration test depends on 
the suitability of the design and planning of the configuration. 
For long and slender equipment such as air-carried missiles, 
there can be significant discrepancies in the measured service 
and test environments. This mismatch can largely be attributed 
to the test setup as fixture designs rarely replicate the in-
service boundary conditions realistically, and the excitation 
path in the test can vary significantly from that in service [4]. 

The important factors that determine the configuration of 
the vibration test are the excitation, support, and measurement 
locations. The excitation location was determined to transmit 
the energy to vibrate the missile, and the exciter generates the 
force at specific locations on the missile surface. The support-
ing configuration of the missile was determined to allow a 
quasi-free boundary condition. The support locations were 
connected to the fixed structure of the test room by using 
bungee cords.  

Imamovic studied the method of determining optimal loca-
tions for the test planning of aircraft-engine casings and nozzle 
vibrations [5]. The shortcoming of this method is that the 
stiffness distribution of the equipment is not considered. 
Therefore, the stiffness of the calculated excitation and sup-
port locations should also be considered to avoid exciting and 
supporting structurally weak locations. 

This study proposes a systematic method to calculate the 
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optimal excitation, support, and measurement locations for 
vibration testing of equipment possessing high slenderness 
ratios, such as missiles. A finite-element model of the missile 
was created. The dominant modes influencing vibrational 
responses were selected from the results of the eigenmode 
analysis obtained by this finite element model. The suitability 
indexes were estimated to determine the excitation and sup-
port locations on the missile surface by using the eigenvector 
components of the dominant modes. The measurement loca-
tions were obtained using the effective-independence method 
that utilizes eigenvectors. Vibration tests of the actual missile 
model were conducted to verify the validity of the suitability 
indexes as the excitation, support, and measurement locations. 
The acceleration responses of the missile were measured for 
various setups of excitation, support, and measurement loca-
tions. Stability diagrams of the frequency-response function 
were obtained from the combinations of each setup. The re-
sponse magnitudes of the dominant modes in each case were 
expressed via a simple index. Consequently, the suitability 
indexes obtained from the finite-element analysis were com-
pared to the response-magnitude indexes of the dominant 
modes determined by the vibration tests. The response-
magnitude index of the selected measurement locations and 
that of the comparative group were compared through the 
vibration test result. The results of the comparison of the in-
dexes verified the effectiveness of the proposed test-planning 
method. 

 
2. Vibration test configurations 

2.1 Finite-element analysis of a missile structure 

The missile structure used in this study is a hollow cylinder 
with a conical nose. The structure had a length of 1.4 m, outer 
diameter of 0.1 m, and thickness of 5 mm (rear half of the 
missile)/7 mm (front half of the missile). The structure is 
made of AL6061-T6 (Young's Modulus of 68.9 GPa, Pois-
son’s ratio of 0.33, and density of 2700 kg/m3) and has a total 
weight of 6.41 kg. The shape of the produced missile model is 
presented in Fig. 1. 

The missile was modeled by the finite element model using 
MSC PATRAN and NASTRAN. Mode extraction was per-
formed by using the Lanczos method. Through the normal 

mode analysis, forty modes were extracted in order of increas-
ing natural frequency, and the eigenvectors for each mode 
were calculated. The minimum and maximum values of the 
calculated natural frequencies were 307.9 Hz and 3950.3 Hz, 
respectively. 

 
2.2 Dominant modes of vibration tests 

When modal analysis is applied to a finite-element model, a 
number of normal modes equal to the number of degrees of 
freedom of all the elements are obtained mathematically. For 
efficient calculations, it is necessary to analyze the modes 
having a relatively large displacement with a significantly 
large contribution to the vibration responses. Determination of 
the dominant modes includes a visual inspection of the de-
formed shapes, in conjunction with modal effective mass and 
reaction evaluations, kinetic energy, group energy, element 
strain energy, and drive point residue methods [6]. An aeros-
ervoelastic model of a slender anti-air missile was developed 
using discretizing continuous Euler-Bernoulli beams, which 
reduces the model to the first five bending modes that have a 
strong influence on vibration responses [7]. 

Generally, vibration tests for missiles are divided into three 
orthogonal (vertical, horizontal, and longitudinal) axes of the 
missile’s body. Missiles are tested in the vertical and horizon-
tal directions because the level of vibration in the longitudinal 
direction is smaller than that in the other directions [8]. The 
magnitudes of vibration in each orthogonal direction, for the 
lower frequency order of thirty-four modes, were compared 
based on the sum of the absolute values of eigenvectors as 

 

( ), ,ij ij i x y z
R f

=
=å .                       (1) 

 
The magnitudes of vibration in the vertical and horizontal 

directions were greater than those in the longitudinal direction, 
with the exception of two modes, as shown in Fig. 2. 

The magnitudes of each mode were compared based on the 

 
 
Fig. 1. Shape of the aluminum-alloy missile model possessing high 
slenderness ratio. 

 
  

 
Fig. 2. Sum of the absolute values of eigenvectors in each orthogonal 
direction. 
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sum of the resultant vector magnitudes as 
 

( )0.52 2 2
rj xj yj zjR f f f= + +å .                           (2) 

 
The magnitudes of the torsional modes were less than those 

of the bending and longitudinal modes, as shown in Fig. 3. 
Therefore, torsional modes were not considered for the deter-
mination of dominant modes. 

As the missile model used in this study was symmetrical in 
the vertical and horizontal directions, the vibration test was 
only considered in the vertical-direction. The dominant modes 
were selected according to the magnitude order of the sum of 
the absolute values of the vertical-direction eigenvector com-
ponents of all the nodes in each mode shape [9]. The root-
sum-square magnitude is expressed as 

 

zj zjR f=å .                           (3) 

 
where  zjR  is the sum of the absolute values of eigenvectors, 
and zjf  are the eigenvectors of the j-th mode in the vertical 
direction. The modes with larger sums have higher overall 
motion and energy at specific locations. The calculated magni-
tude for the obtained normal modes is presented in Fig. 4. 

As shown in Fig. 4, five modes were determined as the 
dominant modes with an order of magnitude zjR . The modes 
selected by this method were 7, 9, 12, 23, and 33, and the 
natural frequency of each mode was 307.9, 810.1, 1478.2, 
2251.1, and 3098.0 Hz, respectively. The mode shapes of the 
selected modes are shown in Fig. 5. 

 
2.3 Determination of excitation, support, and measurement 

locations 

The locations of excitation, support, and measurement 
should be determined in advance to perform the vibration tests. 
In this study, the locations that cause the largest response in 
the dominant modes were obtained for the tests. The excita-

tion location should not be close to the nodal points of any 
mode in order to induce a large response in the dominant 
modes. This is expressed by the suitability index for the exci-
tation point, and defined as the optimal driving point (ODP) 
expressed as follows [10]: 

 
( ) ,i r

r

ODP i f=Õ .                                 (4) 

 
where r represents the mode number, and ,i rf  represents the 
eigenvectors of the mode. The ODP obtained by using the 
dominant modes is depicted in Fig. 6. 

 
 
Fig. 3. Sum of the resultant response-vector magnitude for each mode. 

 

 
 
Fig. 4. Sum of the absolute values of all vertical-direction eigenvectors 
for each mode. 

 

 
           (a) 1st mode                 (b) 2nd mode 
 

 
           (c) 3rd mode                 (d) 4th mode 
 

 
(e) 5th mode 

 
Fig. 5. Mode shapes of the dominant modes’ contribution to the vibra-
tion of the missile. 

 

 
 
Fig. 6. ODP calculated to determine the excitation location. 
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The ODPs at both ends in the longitudinal direction were 
the largest. The dominant modes respond with the largest 
magnitude when the locations of large ODPs are excited. It is 
recommended in MIL-STD-810H that missiles should be 
excited at both ends during flight vibration tests [11]. 

The support location should minimize the interference be-
tween the binding force due to the test setup and the vibration 
motion of the missile. This is expressed by the suitability in-
dex as a support location. If it is assumed that the modes of the 
system are well spaced, the element of the receptance matrix 
evaluated at a natural frequency will be dominated by the term 
corresponding to that frequency [12]. The displacement ampli-

tude of vibration is proportional to 
2
,
2

i r

r

f
w

, and the relationship 

is defined as the average driving point DOF displacement 
(ADDOFD), expressed as follows [13]: 

 

( )
2
,
2

i r

r r

ADDOFD i
f
w

=å .                            (5) 

 
where rω  represents the natural frequency. The ADDOFD 
obtained by using the dominant modes is shown in Fig. 7. 

As shown in Fig. 7, the ADDOFDs at the two locations are 
minimal. The dominant modes respond with a larger magni-
tude when supported at these locations. For missiles, the sup-
porting force should be in equilibrium with the gravity. 

During the vibration tests, only a limited number of vibra-
tion measurements can be used owing to various practical 
limitations. Therefore, it is desirable to select the minimum 
number of measurement locations to monitor the responses of 
the dominant modes. Optimal sensor placement was deter-
mined by the effective-independence method proposed by 
Kammer [14]. To measure the response of the missile, the 
response vector needs to be orthogonal to the contact surface 
of the accelerometer. The sensor locations should be on a 
straight line in the longitudinal direction on the surface, ex-
cluding the head of the missile. The minimum number of sen-
sors to be instrumented should not be less than the number of 
mode shapes to be identified [15]. Accordingly, at least five 
measurement locations are required to identify the five mode 
shapes of the test object. By combining the eigenvectors of the 
five dominant modes, the prediction matrix was derived as 

follows. 
 

M M M N N M
Φ ΦT TA

´ ´ ´
=é ù é ù é ùë û ë û ë û .                          (6) 

1

N N N M M M M N
Φ Φ TE A -

´ ´ ´ ´
=é ù é ù é ù é ùë û ë û ë û ë û .                   (7) 

 
Removing one row in the N×M eigenvector matrix with the 

smallest value among the diagonal components of the N×N 
prediction matrix resulted in the (N-1)×M eigenvector matrix. 
The (N-1)×(N-1) prediction matrix was derived from the (N-
1)×M eigenvector matrix, and the (N-2)×M eigenvector ma-
trix was derived by removing one row in the (N-1)×M eigen-
vector matrix similarly. This process was repeated until the 
5×5 eigenvector matrix was derived, and the locations corre-
sponding to the rows where the 5×5 eigenvector matrix was 
initially placed in the N×M eigenvector matrix, were deter-
mined as the measurement locations. Consequently, the meas-
urement locations were obtained as x = 10, 470, 660, 880, and 
1290 mm, respectively. 

 
3. Vibration tests for the missile 

Vibration tests were performed with the missile model to 
verify the suitability indexes proposed in this study. For this 
purpose, an excitation force was applied by an electro-
dynamic shaker, and acceleration responses of the missile 
were measured for various test configurations with different 
excitation, support, and measurement locations. A stability 
diagram of frequency-response function was generated from 
the measured input excitation force and acceleration responses. 
The response magnitude of the dominant modes in each test 
configuration was calculated. 

The excitation locations for the vibration excitation-
response test were determined at the local maximum and 
minimum locations of the ODP value in Fig. 6. The fifteen 
excitation locations were x = 10, 90, 220, 300, 430, 550, 600, 
680, 750, 870, 920, 1050, 1120, 1250, and 1290 mm. The 
excitation force was delivered by connecting the armature 
head of the electro-dynamic shaker. The force sensor was 
attached with a stinger wire to decouple the dynamics of the 
missile from those of the shaker. Attaching the missile to the 
shaker table altered the dynamics significantly and resulted in 
unrealistic behavior [16]. The excitation force with a constant 
spectral shape of 10-5 kgf2/Hz at a frequency range of 100–
3500 Hz was applied as a reference force profile. The force 
measured from the piezoelectric force sensor was fed back to 
a vibration controller to follow this reference profile in real 
time. When the two locations were excited by the same force 
profile simultaneously, the excitation spectra were uncorre-
lated. When the configuration of the tested structure has a high 
slenderness ratio, the multi exciter test (MET) provides a dis-
tribution of vibration energy more effectively than the single 
exciter test (SET), which is a significant advantage for reli-
ability tests [17]. 

The support locations for the vibration excitation-response 

 
 
Fig. 7. ADDOFD calculated for determination of the support location. 
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test were determined at two local minimum locations, namely 
x = 280 and 1070 mm in Fig. 5, and at the ten locations of x = 
30, 150, 440, 510, 580, 860, 930, 1000, 1150, and 1270 mm 
for comparison. The missile was supported by elastic bungee 
cords at the bottom and then suspended from the upper fixed 
structure to simulate the free-free boundary conditions. 

The measurement locations were determined as x = 10, 470, 
660, 880, and 1290 mm from the effective independence 
method, and at the six locations of x = 150, 300, 550, 750, 
1000, and 1150 mm for comparison. The mounting bases 
were attached to the missile by using adhesives, and the accel-
erometers were attached. Acceleration and force were ac-
quired at a sampling rate of 10 kHz. The vibration test con-
figuration of the missile is illustrated in Fig. 8. 

From the vibration tests, stabilization diagrams were calcu-
lated with MATLAB by using the averaged input force and 
output acceleration response. The least-squares rational-
function method [18] was used for the single input excitation, 
and the least-squares complex-exponential method [19] was 
used for the two input excitations. A stabilization diagram is 
used to fit models with higher orders to identify the true struc-
tural modes [20]. The rate of change of frequency and damp-
ing ratio converged to less than 1 % and 5 %, respectively. 
The stabilization diagram obtained for the case of excitation at 
x = 10 mm, support at x = 280 and 1070 mm, and measure-
ment at all eleven locations is shown in Fig. 9. 

The natural frequencies corresponding to the dominant 
modes were verified by the mode shapes plotted in Fig. 10. 
The measured mode shapes correlate well with the predicted 
mode shapes in Fig. 5. The natural frequencies for each target 
mode obtained from the FEM analysis and those obtained 
from the vibration test are compared in Table 1. 

The following function is defined to represent the response 
magnitudes of the modes of interest as a single index. 

 

( ) ( )
( )

( ),

F

m xi

A
O xi

F
w
w

=Õ .                           (8)  

 
where OF is the multiplications of magnitudes of the FRF at 
the natural frequency of the mode of interest when the location 
xi was excited. By multiplying the magnitudes of the FRF, it 
is possible to consider the magnitudes of each FRF equally, 
despite large differences in the levels of FRF magnitudes for 
each mode. A higher response magnitude indicates a more 
appropriate excitation location similar to the ODP value. The 
response magnitude obtained from the vibration test and the 
ODP values in Fig. 6. are compared in Fig. 11. 

In Fig. 11, ‘*’ denotes a case with excitation at one location 
and ‘o’ denotes a case with dual excitations. The magnitude of 
the measured and predicted responses exhibits similar varia-
tions. The response magnitude of the dual excitations is larger 
than that of the single excitation. The response of the domi-
nant modes increased when they were excited at locations 

 
Fig. 8. Vibration test configuration of the missile involving two elec-
tro-dynamic shakers and two bungee cords. 

 

 
 
Fig. 9. Averaged FRF and stabilization diagram. 

 

Table 1. Natural frequencies for the dominant modes. 
 

Mode no. 
Frequency 

(Hz) 
(FEM) 

Frequency 
(Hz) 

(Test) 

Frequency 
difference (%) 

FRF magnitude 
(10-14 m/(s2·N)) 

(Test) 

1 308 298 3.5 18000 

2 810 813 0.3 1400 

3 1478 1432 3.3 14 

4 2251 2210 1.9 3.1 

5 3098 2995 3.5 1.8 

 

 
 
Fig. 10. Mode shapes for the dominant modes. 
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inducing large vibration responses. The indexes in Fig. 11 
were defined to indicate the relative effectiveness of inducing 
vibration due to the variation in the excitation location. The 
relative magnitudes referenced to their individual minimum 
values at each excitation location are also expressed by a deci-
bel unit to clarify the comparison, as shown in Fig. 12. 

Fig. 12 presents the relative variation of the sensitivity with 
respect to the excitation locations. The overall measured re-
sponses of the dominant modes (OF) increased when the loca-
tions with large predicted sensitivities (ODP) were excited. 
The optimal excitation locations calculated by the sensitivity 
were validated by the multiplication of the FRF magnitudes 
proposed in this study. 

The following function was defined to represent the re-
sponse magnitude of the modes of interest as a single index. 

 

( ) ( )
( )

( )

1

,

F

m xi

A
A xi

F
w
w

-

=Õ .                           (9) 

 
where AF(xi) is the product of all the inverse numbers of the 
FRF magnitude at the natural frequency of the mode of inter-
est m when location xi is supported. The lower value of AF 
indicates a more appropriate support location similar to the 

ADDOFD value. The AF values obtained from the vibration 
test and the ADDOFD values presented in Fig. 7 are com-
pared, as shown in Fig. 13. 

In Fig. 13, the measured and predicted indexes exhibit the 
same tendency. The response of the dominant modes in-
creased when the location of a smaller ADDOFD was sup-
ported. The indexes in Fig. 13. were defined to show the rela-
tive effectiveness as a support location. The relative magni-
tudes of indexes referenced to their individual minimum val-
ues are represented by a decibel unit in Fig. 14 to clarify the 
comparison.  

The overall response of the dominant modes that are the in-
verse of AF increased when locations with smaller ADDOFD 
were supported. The optimal support locations calculated by 
the ADDOFD method were validated by the index of FRF 
magnitude multiplications proposed in this study. 

The following function is defined to represent the response 
magnitude of the interested modes for a combination of meas-
urement locations as a single index. 

 

( ) ( )
( )

( ), set

F set

m i

A
E i

F
w
w

=Õ .                          (10) 

 
 
Fig. 11. ODP from FEM analysis and OF from vibration tests. 

 

 
 
Fig. 12. Comparison of relative magnitudes from FEM analysis (ODP) 
and from vibration tests (OF). 

 

 
 
Fig. 13. ADDOFD from FEM analysis and AF from vibration tests. 

 

 
 
Fig. 14. Comparison of relative magnitudes from FEM analysis
(ADDOFD) and from vibration tests (AF). 
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The EF values obtained from the combination of measure-
ment locations are compared as shown in Table 2. 

In Table 2, the FRF magnitude multiplication is the largest 
when the response was measured at locations determined by 
the effective-independence method. The results are equal for 
the three different cases of excitation locations. The support 
locations were kept constant at x = 280 and 1070 mm. The 
response of the dominant modes was observed to be largest 
when measured at locations determined by the effective-
independence method, regardless of the excitation location. 
The response sensitivity (EF) was defined to indicate the rela-
tive effectiveness at a measurement location. The relative 
magnitudes of EF at each measurement location set referenced 
to their individual minimum values from different excitation 
cases are shown by a decibel unit in Fig. 15 for a clearer com-
parison.  

The maximum relative magnitudes were obtained in meas-
urement set 1 and were compared to those of the other combi-
nations. Measurement set 1 was determined by inducing the 
minimum number of sensor locations needed to observe the 
dominant modes as independently as possible. The remaining 
sets were selected using evenly distributed locations different 
from those of set 1 for comparison. The optimal measurement 
locations calculated by the effective-independence method 

were validated by the measured FRF-magnitude multiplica-
tions.  

 
4. Conclusions 

In this study, an effective method to determine the locations 
of excitation, support, and measurement for the planning of 
vibration tests for equipment possessing high slenderness ra-
tios, such as missiles, was investigated. The suitability indexes 
for each location of the excitation and support calculated from 
the finite-element model, and the response indexes of the 
dominant modes from vibration tests exhibited similar trends. 
The effectiveness of the method to determine excitation and 
support locations was verified by the results of the tests. The 
highest vibration response was measured at the locations de-
termined by the effective-independence method. The effec-
tiveness of the method in determining the measurement loca-
tions was verified by tests. This method to determine the loca-
tions of excitation, support, and measurement was effectively 
applied for the missile model. However, when this method is 
used, the availability of excitation, support, and measurement 
locations should also be investigated by considering the struc-
tural constraints of the equipment. It is necessary to verify the 
scalability of the proposed method by using actual equipment 
with more complex shapes and compositions. The results of 
this study provide a systematic method to determine the fun-
damental test configuration elements that are required when 
planning vibration tests, especially for equipment possessing 
high slenderness ratios. 
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