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Abstract 
 
This study is concerned with the active vibration control of a cart-pendulum system. The input-shaping control alone is not sufficient 

to suppress vibrations of the cart payload, especially when external disturbance is present. In order to solve this problem, a new control 
technique consisting of the input-shaping and the position-input position-output feedback controls is proposed. The input-shaping control 
minimizes vibrations during cart motion and the position-input position-output feedback control takes charge of suppressing residual 
vibrations after the cart reaches the desired position. The stability of the proposed position-input position-output feedback control was 
investigated theoretically. The testbed was built to validate the proposed method. It was proved both theoretically and experimentally that 
the proposed control technique can be successfully used to control vibrations of the pendulum.  
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1. Introduction 

Vibrations occur when a container is moved by a crane at an 
industrial site. If the object continues to vibrate, not only it is 
difficult to transport safely, but it can also cause an accident 
colliding with other structures. In order to minimize the vibra-
tion of the container that occurs during and after cart transpor-
tation, the container needs to move so slowly but its working 
efficiency is greatly decreased. Research on how to move the 
container quickly without vibrations has been pursued for a 
long time [1, 2].  

Various feedback controllers have been developed to sup-
press the vibration of the container during crane operation. 
Marttinen et al. [3] proposed a method to suppress the vibra-
tion of the payload during crane operation by applying PID 
controller and pole-placement control. Kim et al. [4] proposed 
the controller multivariable state feedback controller with an 
integrator to suppress the sway. Omar and Nayfeh [5] devel-
oped a controller based on gain-scheduling feedback to mini-
mize the swing of the crane. Ngo and Hong [6] carried out the 
study to suppress the vibration while moving the crane quickly 
by applying a sliding-mode controller. Zavari et al. [7] applied 
the H-infinity controller to suppress the vibration of the crane. 
Hua and Shine [8] proposed adaptive nonlinear control and 
showed better performance than the PID control or sliding-

mode control method. The fuzzy controller [9, 10], fuzzy-
tuned PID control [11], and neural network control [12] have 
been proposed to move the load precisely as well as to elimi-
nate its sway.  

In case of feedback control method, there is a limitation to 
the implementation because the system information should be 
measured and the controller is complicated. In view of the 
actual implementation of the method for suppressing the vi-
bration of the crane, it is preferable that the controller has a 
simple structure and has robustness. Thus, an open-loop con-
trol method which is more simple than a closed-loop control-
ler has been proposed.   

In the case of the open-loop control method, the system in-
formation does not have to be measured in real-time. Based on 
the theoretical model of the crane, a feedforward method us-
ing optimal control has been studied to calculate the optimal 
path for anti-sway [13-16]. However, since the optimal control 
method requires an accurate theoretical model, there are limi-
tations to apply to complex real systems.  

In order to compensate for this, an input-shaping method 
with high robustness has been proposed, which can calculate 
the travel path of a crane using less system information. Smith 
[17, 18] first introduced the concept of zero vibration (ZV) 
input-shaping. Singer and Seering [19] developed zero vibra-
tion derivative (ZVD) and zero vibration derivative derivative 
(ZVDD) input-shaping to improve the robustness of ZV input-
shaping. Experimental studies on actual implementation of the 
input-shaping control based on ZV or ZVD have been carried 
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out by some researchers [20-22]. Hyde and Seering [23] de-
veloped an input-shaping method for multi-mode vibration 
reduction of structures based on existing ZVD and ZVDD 
techniques. Murphy and Watanabe [24] have implemented the 
digital shaping filter based on the input-shaping technique and 
verified the performance of the input-shaping technique. Tzes 
and Yurkovich [25] developed an adaptive input-shaping 
technique using a frequency domain identification scheme to 
suppress the vibration of a flexible structure. 

Among the conventional input-shaping methods, ZVDD, 
zero vibration, and triple derivative (ZVDDD) techniques 
have improved insensitivity more than ZV or ZVD can, but 
the operating time is increased. To improve this, an extra-
insensitive (EI) input shaper with the same operating time as 
ZVD and better insensitivity has been developed [26, 27]. In 
addition, to improve the performance of the input-shaping 
method, a specified-insensitivity (SI) input shaper [28] and 
modified input-shaping (MIS) [29] technique have also been 
developed. The input-shaping method that applies the smooth 
command [30, 31] has been developed to prevent the higher 
modes from being excited. The robust input-shaping technique 
has been developed to improve the performance, efficiency, 
and insensitivity [32]. 

The input-shaping technique is basically an open-loop con-
trol so that it cannot suppress unexpected vibrations alone. 
Hence, many control techniques have been developed to im-
prove the open-loop based input shaping control. Huey et al. 
[33] investigated the closed-loop signal shaping for force and 
sensor disturbance rejection, hard nonlinearity accommoda-
tion, and human-in-the-loop control scenarios. Zuo et al. [34] 
proposed the combination of the input shaping controller and 
the linear quadratic regulator (LQR). Kapila et al. [35] pro-
posed the combination of the input shaping controller and the 
full-state feedback controller with multiple input delays to 
suppress vibrations of flexible structure.  

As mentioned above, various control techniques have been 
developed to enhance the performance of the input-shaping 
control by adding additional feedback control. The combined 
control applies to the system until the cart position reaches its 
destination. However, there is no control after the cart reaches 
its final position. Hence, residual vibrations caused by unex-
pected disturbances remain uncontrolled. We propose a se-
quential control method in which the cart motion is controlled 
by the input-shaping control until the cart reaches the desired 
position and the residual vibrations are then suppressed by the 
position-input position-output (PIPO) feedback controller. The 
input-shaping control is in action but the PIPO feedback con-
troller is turned off until the cart reaches the desired position. 
The PIPO feedback controller is turned on but the input-
shaping control is turned off after the car reaches the desired 
position. 

The proposed control method uses the fact that the cart mo-
tion is generated by a motor, gearbox, motor driver, and the 
position-tracking controller. Hence, the input-shaping com-
mand for the cart motion is in the form of the desired cart 

position. Based on the assumption that the position of the pen-
dulum can be measured relative to the cart, the PIPO feedback 
controller uses the angular position measurement of the pen-
dulum and produces the desired displacement command of the 
cart. The stability of the PIPO feedback control was investi-
gated theoretically; we found that the stability condition is 
static, which implies that the stability doesn’t depend on fre-
quency. The proposed PIPO feedback control algorithm is 
simple enough to be easily implemented on a real system. 

In order to validate the proposed control method, we con-
structed a cart-pendulum experimental system. A dynamic 
model was also derived and validated experimentally. Both 
theoretical and experimental results show that the proposed 
control method can effectively suppress vibrations of the con-
tainer during and after the operation of the cart even though 
the external disturbance is present. 

 
2. Experimental setup  

The experimental system consisting of a cart with a pendu-
lum was built as shown in Fig. 1. To drive the cart, a geared 
DC motor with the encoder (D & J WITH, IG-32PGM + En-
coder 02TYPE, 1/5 gear ratio) was used. The geared DC mo-
tor was then attached to the end of the rail and a belt pulley 
was connected to the motor shaft. The belt was attached to the 
cart so that rotating the motor would move the cart from left to 
right or vice versa. The pitch of the belt and the pulley is 3 

 
 
Fig. 1. Experimental setting of the testbed. 

 

  
 
Fig. 2. Schematic diagram for the experiment. 
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mm. The so-called W rail (Igus, Drylin, W-10-40-1000) was 
used as a guide rail. A motor driver (Sabertooth, dual 12A) 
was used to drive the DC motor. The schematic diagram of the 
experimental setup is shown in Fig. 2. In order to accurately 
track the desired position of the cart, the PID control was de-
signed and implemented by using the Simulink block. The 
position command is compared to the encoder signal of the 
motor and the error signal is fed into the PID controller, which 
generates a voltage command to the DC motor driver. Hence, 
the real position of the cart can accurately follow the desired 
position. The position of the cart is measured by using the 
encoder. To measure the angular position of the pendulum, an 
encoder (Autonics, E30S-1000-3-2MJ) fixed to the cart is 
used. A tip mass was attached to the end of the rod, and a 
small plate was attached to the tip in order to amplify the ex-
ternal disturbance caused by the wind.  

 
3. Dynamic modeling 

Let us derive a dynamic model for the experimental system. 
Fig. 3 shows a simple model for the cart-pendulum system. l  
is the length from the pivot of the cart to the center of the tip 
mass; bm  is the mass of the uniform rod; u  is the position 
of the cart; q  is the angular position of the pendulum; and 
M  represents the tip mass.  

It has been found experimentally that the geared motor 
doesn’t allow the coupled motion with the pendulum because 
the friction inside the gearbox is very large and the position of 
the cart can be accurately controlled independently of the pen-
dulum. Hence, it is assumed that the input to the dynamic 
model is the cart position. 

The kinetic energy T  and potential energy V  for this 
model can be derived as follows.  
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where g  is the gravitational constant. Using Eqs. (1) and (2) 
and the Lagrange equation, the equation of motion can be 
derived as 
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and the viscous damping coefficient, z  is added. Dividing 
Eq. (3) by tM  results in 
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in which z  represents the damping factor and nw  repre-
sents the natural frequency of the pendulum. 

The input to the DC motor driver is the voltage input, which 
is then converted into the PWM current signal that drives the 
geared DC motor. As stated earlier, it was found that the 
geared motor doesn’t allow the coupled motion with the pen-
dulum. Hence, the coupled equations of motion between the 
cart and the pendulum are not necessary since the pendulum 
motion does not affect the cart motion because of gearbox. As 
shown in Eq. (5), the acceleration of the cart affects the pendu-
lum motion. If the cart starts from rest, then the pendulum is 
excited inevitably, which causes vibration. 

The parameters used for numerical calculations are listed in 
Table 1. The damping factor was obtained from free vibration 
experiments and the logarithmic decrement. Numerical calcu-
lations and experiments were conducted to verify the validity 
of the dynamic model derived in this study. The actual dis-
placement profile of the cart is shown in Fig. 4 and was also 
used for numerical simulation.  

The calculated angular displacement of the pendulum was 
then compared to the measured angular displacement as 
shown in Fig. 5, which shows that the theoretical prediction 

Table 1. Parameters of the experimental system. 
 

Parameters Numerical values 

Mass of the tip weight 0.4692 kg 

Length of the rod 0.815 m 

Mass of the uniform rod 0.1082 kg 

Damping coefficient of pendulum 0.0055 

 

 
 
Fig. 3. Cart and pendulum model. 
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obtained by using the dynamic model given by Eq. (5) is in 
good agreement with the experimental result, so that the dy-
namic model is valid. 

 
4. Input-shaping control and pipo feedback control 

The input-shaping control is a well-known open-loop con-
trol algorithm that can minimize vibration after the cart mo-
tion stops.  

The concept of the input-shaping control is based on the 
consecutive impulses that generate the response, resulting in a 
zero response after a certain period of time. In order to apply 
the appropriate impulses to an arbitrary input profile, the con-
volution needs to be carried out, so that the resulting com-
mand can generate zero response as shown in Fig. 6. The ki-
netic energy and potential energy for this model can be de-
rived as follows.  

The concept of the input-shaping control is based on the 
consecutive impulses that generate the response, resulting in a 
zero response after a certain period of time. In order to apply 
the appropriate impulses to an arbitrary input profile, the con-
volution needs to be carried out, so that the resulting com-

mand can generate zero response as shown in Fig. 6. The ki-
netic energy and potential energy for this model can be de-
rived as follows.  

The impulse response of Eq. (5) is obtained as 
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The impulse response given by Eq. (7) is different from 

those obtained by previous researchers, because the accelera-
tion of the cart was taken into consideration. Anyway, it be-
comes evident that the concept of consecutive impulses still 
holds for Eq. (5).  

In this study, the zero vibration (ZV) input shaper is consid-
ered. The formula for the ZV input shaper is 
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where ( )td  is the Dirac delta function. The amplitude and the 
time of impulse are calculated by 
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where 

21-K e zp z-= , 2 .ddT p w=  
However, the ZV shaper alone is not sufficient when exter-

nal disturbances, such as wind or structural vibration, excite 
the pendulum and make the additional vibration controller 
necessary to suppress residual vibrations. In this study, we 
propose a PIPO feedback controller to reduce residual vibra-
tions after the cart reaches the desired position. The PIPO 
feedback controller is given by 

  
 
Fig. 4. Displacement of the cart (ramp input). 

 

 
 
Fig. 5. Angular position of the pendulum for ramp input (theory vs. 
experiment). 

 
 

  
 
Fig. 6. The process of the ZV input-shaping. 
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where cz  is the damping factor of the PIPO feedback con-
troller and cg  is the control gain. The transfer function of the 
PIPO feedback controller can be written as 
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The proposed PIPO feedback control given by Eq. (12) has 

the same form as the positive position feedback (PPF) control 
[36] developed to control the smart structure equipped with 
piezoelectric wafers. However, the PIPO feedback control 
differs from the PPF control in that the output of the PIPO 
feedback control is the desired position of the cart, but the 
output of the PPF control is the actuating force. In addition, 
the PPF control was designed for the structural equation of 
motion which has control force instead of acceleration. The 
proposed PIPO feedback control can be easily implemented 
by using either an analogue circuit or a digital controller like 
the PPF control, because the PIPO feedback controller is, in 
fact, a low-pass filter. To apply the control law given by Eq. 
(12), the precise position tracking of the cart should be en-
abled.  

Eqs. (5) and (11) lead to the coupled matrix equation: 
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The denominator equation for the stability check can be de-

rived as 
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The stability condition of the controller can be obtained by 

applying the Routh-Hurwitz criteria: 
 
Stable if 0cg >  (15) 
 
Eq. (15) implies that the closed-loop system is stable if the 

gain of the controller is positive. In addition, there is no limit 
on the magnitude of the control gain. This stability condition 
is different from the stability condition of the PPF control and 
is very attractive for controlling the cart and the pendulum. 

 
5. Numerical simulation and experiments 

The ZV input shaper was applied to the step input motion of 
the cart, resulting in the command input, as shown in Fig. 7. 
However, the step-type position control is not possible in a 

real system, so the resulting cart position appears as shown in 
Fig. 8. Because of this, both the theoretical and the experimen-
tal results show that the pendulum vibration is not suppressed 
by the input-shaping control alone after the cart stops, as 
shown in Fig. 9.  

 
  
Fig. 7. ZV input-shaping command. 

 

  
 
Fig. 8. Actual displacement of the cart by ZV input-shaping command. 

 

  
 
Fig. 9. Angular displacement of the pendulum by ZV input-shaping 
command (theory vs. experiment). 
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The proposed PIPO feedback controller was then combined 
with the ZV input-shaping control, as shown in Fig. 10, which 
was applied after the cart reaches the final position. The Simu-
link block diagram consists of the ZV input-shaping control, 
the PIPO feedback control, and the PID control for the motor 
control. Fig. 11 shows the displacement of the cart when the 
PIPO control is applied after the cart reaches the desired posi-
tion.  

Compared to the position obtained by the ZV control, the 
cart continues to move until the pendulum vibration is sup-
pressed. 

Experimental results, Fig. 13, are in good agreement with 
the theoretical results shown in Fig. 12. Therefore, it is proved 
both theoretically and experimentally that the PIPO feedback 
control proposed in this study is effective in suppressing re-
sidual vibrations. Its effectiveness becomes more evident 
when an external disturbance is present. 

In the experiment, the fan blows wind to the pendulum, 
causing large-amplitude residual vibrations. The input-shaping 
control alone is not sufficient, as shown in Fig. 14. However, 
Fig. 15 also shows that vibrations caused by wind are success-
fully suppressed by the proposed PIPO feedback control. The 
corresponding cart position is shown in Fig. 15, which shows 

the cart movement to suppress residual vibrations after the cart 
reaches the final position. 

  
 
Fig. 12. Theoretical angular displacement with or without PIPO feed-
back control. 

 
 

  
 
Fig. 13. Experimental angular displacement with or without PIPO 
feedback control. 

 
 

  
 
Fig. 14. Measured angular displacement with or without PIPO feed-
back control subject to wind disturbance. 

 

 
 
Fig. 10. Simulink block diagram for input-shaping control and PIPO 
feedback control. 

 

  
 
Fig. 11. Cart displacement by ZV input-shaping control and PIPO 
feedback control. 
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6. Conclusions 

In this study, an experiment was carried out to suppress the 
residual vibration of the pendulum caused by the movement of 
the cart and external disturbance. The ZV input-shaping con-
trol alone cannot suppress residual vibrations caused by exter-
nal disturbances, so the PIPO feedback control is proposed in 
this study. The stability analysis shows that the proposed 
PIPO feedback control is stable if the control gain is positive 
and the stability condition is static. 

The ZV input-shaping control combined with the PIPO 
feedback control was applied to the experimental cart-
pendulum system. Both theoretical and experimental results 
show that the residual vibrations can be suppressed very 
quickly when the proposed control is used. The proposed 
PIPO control becomes more effective when vibrations are 
occurred by an unexpected disturbance. The experimental 
results showed that the ZV control alone cannot suppress the 
residual vibrations caused by an external disturbance, but the 
PIPO control can suppress them successfully.  
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