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Abstract 
 
This paper investigates the meshing stiffness of beveloid gears in the beveloid rotate vector (BRV) transmission. It is a new kind of 

transmission evolved from rotate vector (RV) reducer. In the BRV transmission, the beveloid gear is a kind of involute gear with a bevel 
angle. The BRV transmission have high power density, large transmission ratio and high precision in geared coupled systems. However, 
there is rare systematic research conducted on the meshing stiffness analysis of the BRV transmission at present. Based on the loaded 
contact finite element analysis principle, a meshing stiffness analysis model for beveloid gears is established. The influence of different 
factors such as pitch cone angle, addendum coefficient, load and rim structure parameters of external gear on meshing stiffness are stud-
ied. The results show that the pitch cone angle and addendum coefficient have little effect on the shape of the meshing stiffness curve, but 
they have a significant influence on the amplitude of meshing stiffness. In contrast, the load can affect both the shape and the amplitude 
of the meshing stiffness curve obviously. Also, the size of scallop-hole and rim thickness have a great impact on the amplitude of the 
meshing stiffness. The prescribed piece of study can provide a better understanding for gear researchers in order to understand the influ-
ence of different parameters on dynamic characteristics analysis of the BRV transmission systems.  
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1. Introduction 

The beveloid rotate vector (BRV) Reducer is a high-
performance precision mechanical transmission device, which 
has the advantages of large transmission ratio, high power 
density, high torsional rigidity, high transmission precision, 
strong impact resistance and long service life. Therefore, BRV 
reducers can be widely used in precision instruments, aero-
space, industrial robots and other fields. As the important 
components, the beveloid gears can seriously affect the per-
formance of the BRV Reducer. So it is very significant to 
analyze the meshing stiffness of the beveloid gears. 

Mettitt [1] firstly proposed Beveloid gears with anti-
backlash, eliminating installation errors and ease of processing, 
etc., which makes it one of the most important gearing parts. 
Subsequently, Mitome [2] proposed a tilting working-axis 
taper hobbing method and a table sliding roller method to 
solve the manufacturing problem of the beveloid gears. Liu et 
al. [3] investigated the influence of work holding equipment 
errors on mesh behavior and gear flank geometry of face-
hobbed hypoid gear based on accurate mesh model which 
established from generated process. 

Stiffness is one of the main excitations of meshing vibration 

in gear system, and obtaining the meshing stiffness of gears has 
always been the most important task in the study of gear system 
dynamics. Cornell [4] simplified the involute spur gear teeth 
into trapezoidal cantilever beams in order to calculate their sin-
gle tooth meshing stiffness with material mechanics and tooth 
surface meshing stress. In addition, Huang and Liu [5] simpli-
fied the spur gears into variable-section Timoshenko beams, and 
described the gear blanks and tooth surfaces with polynomials 
so that the dynamic meshing stiffness of the spur gears can be 
calculated. Conry and Seireg [6, 7] proposed a mathematical 
model to calculate the load distribution of helical gears, and 
calculated the meshing stiffness of helical gears. Based on the 
slicing method, an improved analytical method (IAM) was pro-
posed by Feng et al. [8-10] to calculate the time-varying mesh 
stiffness (TVMS) of the helical gear pair. Additionally, the ef-
fects of helix angle, tooth width, correction coefficient and fric-
tion coefficient on time-varying mesh stiffness was studied. Han 
et al. [11] is the first one who proposed a calculation method for 
the meshing stiffness of helical gears, considering friction and 
analyzed the influence of friction on the total meshing stiffness. 
Wan et al. [12] studied the influence of helix angle and normal 
modulus on the meshing stiffness, and concluded that, with the 
increase of the helix angle or the width of the surface, the mesh-
ing stiffness fluctuates less and the impact of the normal 
modulus shows the opposite trend. Later on, some scholars have 
used finite element method to study the gear mesh stiffness. 
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Sirichai [13] established a general nonlinear finite element 
analysis model for static meshing gears pair, which is used to 
derive the torsional meshing stiffness of involute cylindrical 
gears. Then, Wang [14] further refined his work. Lin et al. [15-
17] established a finite element model by considering the 
nonlinearity of the contact deformation. Using this model, the 
gear meshing stiffness for static load during interaction was 
obtained. Chaari et al. [18] analyzed the meshing stiffness of a 
gear pair and compared with the analysis results of the finite 
element model. Based on the tooth surface contact method, Li 
[19] studied the loaded tooth contact analysis to investigate the 
influence of the addendum on the meshing stiffness. Zhan et al. 
[20] proposed a meshing stiffness determination method by 
using NX, ANSYS Workbench and quasi-static algorithm 
(QSA) in order to analyze the influence of tooth tip radius and 
gear pair misalignment on time-varying mesh stiffness. Fur-
thermore, the influence of the flexible bearing support on the 
meshing stiffness for the beveloid gears is also studied. Liang et 
al. [21] established a finite element analysis model to study the 
gear meshing stiffness of flexible bearing support. It was found 
that fatigue load caused the expansion of gear tooth crack, 
which further led to the reduction of gear meshing stiffness.  

In short, a lot of scholars conducted their research on analy-
sis and calculation method of meshing stiffness for parallel-
shaft straight and parallel-shaft helical gear transmission sys-
tems, but the systematic study on the analysis of meshing 
stiffness for parallel-shaft beveloid gears in the BRV transmis-
sion is rare. Therefore, this paper takes the beveloid gears in 
the BRV transmission as the research object. In accordance 
with the finite element method, the impact of different factors 
such as the pitch cone angle, the addendum coefficient, the 
load and the geometry of the gear rim on meshing stiffness for 
beveloid gears transmission are studied. 

 
2. Transmission principle of BRV transmission and 

tooth-surface equation of beveloid gears 

2.1 Transmission principle of BRV transmission 

The transmission principle of the BRV transmission system 

is shown in Fig. 1 which consists of an involute planetary gear 
and a beveloid planetary gear of few tooth difference. 

The technical organization of the proposed system is as fol-
lows: the sun gear on the input shaft and the planetary gear are 
represented by 1 and 2. The crankshaft and the external 
beveloid gears are represented by 3 and 4, while 5 and 6 stand 
for the ring beveloid gear and the carrier (the output compo-
nent), respectively. When the sun gear 1 is driven by the mo-
tor to rotate clockwise, the planetary gear 2 rotates counter-
clockwise and revolve around the sun gear 1. In addition, the 
planetary gear 2 drives the beveloid gears 4 to revolve by the 
crankshaft 3. When the ring beveloid gear 5 is fixed, the car-
rier 6 rotates clockwise by giving rise to output power, and the 
transmission ratio can be described as shown in Eq. (1). 

 

( )
2 5

1 5 4

1 z zi
z z z

= + ×
-

 (1) 

 
where 1z  is the tooth number of the sun gear, 2z  is the 
tooth number of the planetary gear, 4z  is the tooth number of 
beveloid gears and 5z  is the tooth number of the ring 
beveloid gear.  

In order to get a large transmission ratio, it usually takes 
5 4 1 ~ 2z z- =  to make the beveloid gear 4 and the ring 

beveloid gear 5 to be a beveloid transmission with few tooth 
difference. 

 
2.2 Tooth-surface equation of beveloid gears 

According to the generation theory proposed by Merritt [1], 
the tooth surface of the beveloid gears can be regarded as be-
ing formed by the tooth of the shaper cutter. In order to obtain 
the tooth surface equation of the beveloid gears, the coordinate 
system is established.  

As shown in Fig. 2, three typical positions for the shaper 
cutter are defined as the upper layer, the middle layer and the 
lower layer. On the middle layer, the pitch circles of the 
shaper cutter and the beveloid gears blank are tangent to each 
other with the modification coefficient as zero. On upper layer, 

 
 
Fig. 1. Schematic diagram of the BRV transmission and 3D structure. 
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the modification coefficient is negative for external beveloid 
gear (which is positive for ring beveloid gear). On lower layer, 
the modification coefficient is positive for external beveloid 
gear (which is negative for ring beveloid gear). Coordinate 
( ), ,s s s sS x y z  is fixed to the frame while coordinate 
( ), ,t t t tS x y z  is fixed to the pitch circle center of the shaper 

cutter with only the translational direction along the cutting 
direction. ( ), ,c c c cS x y z  is fixed to the shaper cutter and 
represents the shaper cutter normal section. ( ), ,f f f fS x y z  
and ( ), ,g g g gS x y z  are fixed to the frame and beveloid gears 
blank, respectively [22]. 

The tooth surface equation [22] of the beveloid gears is de-
rived by the relative motion relationship between the mathe-
matical equations of the shaper cutter normal section and the 
blank, which is expressed in the coordinate system 

( ), ,g g g gS x y z  as follows. 
Where δ and gj  are the pitch cone angle and the corre-

sponding rotation angle of the beveloid gears, respectively. 
Whereas, cj  is the rotation angle of shaper cutter, pr  is the 
pitch circle radius of the shaper cutter. In addition, gr  is the 
pitch circle radius of beveloid gears and u  is the transla-
tional displacement of the shaper cutter. The tooth surface of 
the ring beveloid gear and external beveloid gear are estab-
lished by the Eqs. (2) and (3). 

The tooth surface equation of the beveloid gears.  
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The tooth surface equation of the ring beveloid gear.  
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3. Finite element analysis model of beveloid gears 

It is justifiable by the Eq. (6) that the meshing stiffness cal-
culation of the BRV transmission system requires the tooth 
contact force on the tooth surface and the combined elastic 
deformation. To considering the influence of rim structure of 
external gear on the meshing stiffness, the meshing analysis is 
carried out by the finite element method with CAE software 
ABAQUS. And the tooth contact force and combined elastic 
deformation are extracted by output databases in ABAQUS.   

The basic parameters of the prototype used in this paper are 
shown in Table 1, and the finite element analysis model is 
established as follows. 

(1) According to Eqs. (2) and (3), point-sets on the tooth 
surface of the outer and ring beveloid gear tooth are calcu-
lated, respectively. The tooth surface of ring beveloid gear 
and external beveloid gear are constructed in the 3D model-
ing software (Pro/E). The parameters of the hub part are de-
signed according to the drawings in order to establish ring 
beveloid gear and external beveloid gear as shown in Fig. 3, 
which are assembled based on the design dimensions. Due to 
the different rim thickness, the area where the gear teeth are 
located is divided into the rigid zone and the flexible zone, 
and the pairs of teeth are numbered as 1~20 for the external 
beveloid gear (which is 1'~20' for the ring beveloid gear) as 
presented in Fig. 4.  

(2) The contact type of gear tooth pairs is frictionless, and 
its tooth surface is discretized. Moreover, hexahedron is se-
lected as the grid unit type, and the FE model of external and 
ring beveloid gear has 429142 and 256843 elements, respec-
tively. 

(3) In the setting of the boundary condition, the ring 
beveloid gear is completely restrained, and the external 
beveloid gear can be rotated along its own axis and revolved 
along the axis of ring beveloid gear, so that the external 
beveloid gear can make a composite movement in a plane 
perpendicular to its axis. An angular displacement θ = 4.6 
degree is applied in the rotational direction of the external 
beveloid gear to ensure that at least one teeth has completely 
meshed. The rated torque T = 206 Nm is applied on the three 
bearing holes in the direction of rotation along the external 
beveloid gear’s axis, and the direction is the same with the 
angular displacement as shown in Fig. 5.  

 
(a) External beveloid gear 

 

 
(b) Ring beveloid gear 

 
Fig. 2. Beveloid gears machining coordinate system. 
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Fig. 4. Gear number of the beveloid gears. 

 
 

T=206 Nm

 
 
Fig. 5. Finite element model the beveloid gears. 

Table 1. Gear parameters of the BRV transmission. 
 

The first stage gear parameter Sun gear Planetary gear 

Tooth number z  18 36 

Module/mm tm  1.25 1.25 

Pressure angle/deg a  20 20 

Modification coefficient x  0.2 -0.2 

Face width/mm b  11 10 

Coefficient of tip clearance c  0.25 0.25 

Addendum coefficient ah  1 1 

Modulus of elasticity/GPa E  209 209 

Poisson's ratio v  0.295 0.295 

The second stage gear parameter External beveloid gear Ring beveloid gear 

Tooth number z  78 80 

Module/mm tm  1.5 1.5 

Pressure angle/deg a  20 20 

Modification coefficient x  0.7~1 1.123~1.423 

Pitch cone angle/deg  d  2.5 2.5 

Face width/mm b  10 10 

Coefficient of tip clearance c  0.25 0.25 

Addendum coefficient ah  0.7 0.7 

Modulus of elasticity/GPa E  209 209 

Poisson's ratio v  0.295 0.295 

 
 

 
(a) External beveloid gear 

 

 
(b) Ring beveloid gear 

 
Fig. 3. The 3D model of the beveloid gears. 
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4. Results and discussion 

4.1 Formula of meshing stiffness 

The calculation formula of single tooth meshing stiffness 
(Chaari et al., 2009) is shown in Eq. (4).  

 
n

n
n

Fk
u

=  (4) 

 
where nF  is normal contact force, nu  is combined elastic 
deformation of a single pair of teeth.  

The numerical solution of the meshing stiffness is obtained 
by finite element method generally. The combined elastic 
deformation of the tooth includes the relative displacement 
along axial-direction  zu , the relative radial displacement ru  
and the relative tangential displacemen ut , which is shown in 
Fig. 6. So the combined elastic deformation are calculated as 
shown in Eq. (5).  

 
2 2 2 .n z ru u u ut= + +  (5) 

 
The number of meshing teeth for the beveloid gears pair is 

relatively larger compared with spur gear. When combined 
contact occurs, the calculation formula of the combined mesh-
ing stiffness of the gear can be calculated as following.  

 

1
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m ni
i

k k
=
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where p is the number of teeth for those which are in contact 
at the same time.  

 
4.2 Meshing stress and deformation of the beveloid gears  

For studying the variation law of the contact force for the 
beveloid gears pair, the contact force of each pair of meshing 
teeth is extracted in one meshing period as shown in Fig. 7. It can 
be seen that the contact force changes periodically with the 
change of the meshing tooth number, and the contact force of 
each tooth has a parabolic nonlinear change as shown in Fig. 7(a). 

The maximum contact force of the tooth pair in the 3-tooth 
meshing zone is 921.3 N. The maximum contact force of the 
tooth pair in the 4-tooth meshing zone was only reduced by 
3.6 %. which is 887.5 N. The load distribution of the tooth is 
not uniform after being loaded, so the maximum contact force 
cannot be linearly reduced as the number of meshing teeth 
increasing linearly. 

The elastic deformation of each node on the tooth surface is 
different. In the calculation of the combined elastic deforma-
tion of the tooth, the method is performed as follows: firstly, 
the elastic deformation of each node on the surface of the 
tooth surface is extracted as shown in Fig. 8(a). Then, the 
mean of the deformation amount of each node is obtained 
correspondingly, thereby obtaining the total elastic deforma-
tion amount of the meshing tooth pair as shown in Fig. 8(b). 

 
4.3 Impact of flexible zone and rigid zone on meshing stiff-

ness 

The contact force and combined elastic deformation of each 
tooth pair have been calculated in Sec. 5.1, then, the single 
tooth meshing stiffness and the combined meshing stiffness 
can be calculated by Eqs. (2)-(4). In order to study the influ-
ence of the rigid zone and the flexible zone on the single tooth 
meshing stiffness and combined meshing stiffness, the data of 
the No. 5 gear tooth in the rigid zone and the No. 15 gear tooth 
in the flexible zone were extracted.  

The single tooth meshing stiffness and combined meshing 
stiffness are shown in Figs. 9 and 10, respectively. It can be 
seen that in a meshing period, the single tooth meshing stiff-
ness curves of the flexible zone and the rigid zone are similar, 

 
 
Fig. 6. Combined elastic deformation of beveloid gear pair. 

 

     
(a) Single tooth 
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Fig. 7. Tooth contact force and contact tooth number. 
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which are approximate parabola, but the single tooth meshing 
stiffness peak of the flexible zone is reduced by about 10.0 % 
compared with the rigid zone. The average value of the com-
bined combined meshing stiffness of the flexible zone reduces 
by about 9.1 % compared with the rigid zone, so the rim thick-
ness has a significant influence on the stiffness of the gear. 
The peaks and valleys of the combined meshing stiffness for 
the flexible zone and the rigid zone correspond to the 3-tooth 
meshing zones and 4-tooth meshing zones respectively, but 
the fluctuation amplitude is not obvious.  

 
4.4 Impact of basic parameters on meshing stiffness 

Among the basic parameters, the pitch cone angle and the 
addendum coefficient can well reflect the geometrical charac-
teristics of the beveloid gears. Therefore, the influence of 
these two parameters on the meshing stiffness is studied.  

4.4.1 Effect of pitch cone angle on meshing stiffness 
The rest of the factors were kept unchanged as follows: The 

addendum coefficient 0.7ah = , the load T 206 Nm,=  the 
waist angle 50Æ = °  and the rim coefficient 3.Bm =  Ac-
cording to the finite element model mentioned above, pitch 
cone angle d  of the gear pair is selected as follows: 2.25°, 

    
(a) Elastic deformation of the nodes 

 

 
(b) Combined elastic deformation 

 
Fig. 8. Combined elastic deformation of contact tooth pair. 

 

 
 
Fig. 9. Single tooth meshing stiffness. 

 

  
(a) No. 5 tooth 

 

  
(b) No. 15 tooth 

 
Fig. 10. Combined meshing stiffness. 
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(b) No. 15 tooth  

 
Fig. 11. Single tooth meshing stiffness. 
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2.375°, 2.5°, 2.625° and 2.75° to calculate the single tooth 
mesh stiffness as shown in Fig. 11 and combined meshing 
stiffness as shown in Fig. 12.  

It can be seen that the variation of pitch cone angle does not 
affect the single tooth mesh stiffness, the combined combined 
meshing stiffness of the flexible zone and the rigid zone dur-
ing one meshing period. When the pitch cone angle increases 
from 2.25° to 2.75°, the single-tooth meshing stiffness of the 
No. 5 tooth and the No. 15 tooth nonlinearity decreases by 
7.4 % and 7.8 %, respectively. While, the combined combined 
meshing stiffness nonlinearity decreases by 6.8 % and 7.3 %, 
respectively.  

 
4.4.2 Effect of addendum coefficient on meshing stiffness 

The rest of the factors were kept unchanged as follows: The 
pitch cone angle 2.5d = ° , the load T 206 Nm= , the waist 
angle 50Æ = °  and the rim coefficient 3Bm = . According to 
the above finite element model, addendum coefficient ah  is 
selected as follows: 0.65, 0.675, 0.7, 0.725 and 0.75 in order to 
calculate the single tooth mesh stiffness as shown in Fig. 13. 
Whereas, combined meshing stiffness is shown in Fig. 14.  

It can be seen that as the addendum coefficient increases, 
the full height of the tooth and contact ratio increase, so that 
the single tooth meshing stiffness and the combined meshing 
stiffness increase in one meshing period. When the addendum 
coefficient ah  increases from 0.65 to 0.75°, the single-tooth 
meshing stiffness of the No. 5 tooth and the No. 15 tooth line-
arly increases by 10.9 % and 12.3 % respectively, and the 
combined combined meshing stiffness linearly increases by 
11.9 % and 14.7 %, respectively. 

4.5 Effect of load on meshing stiffness 

The rest of the factors were kept unchanged as follows: the 
pitch cone angle 2.5 ,d = °  the addendum coefficient 

0.7,ah =  the waist angle 50Æ = °  and the rim coefficient 
3Bm = . In order to study the effect of load on the meshing 

stiffness, the load T is selected as follows: 50 Nm, 100 Nm, 

  
(a) No. 5 tooth 

 

  
(b) No. 15 tooth 

 
Fig. 12. Combined meshing stiffness. 
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(b) No. 15 tooth  

 
Fig. 13. Single tooth meshing stiffness. 

 

  
(a) No. 5 tooth 
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Fig. 14. Combined meshing stiffness. 
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150 Nm, and 200 Nm to calculate the single tooth mesh stiff-
ness as shown in Fig. 15 and combined meshing stiffness is 
shown in Fig. 16.  

It can be seen that as the load increases, the number of pairs 
of tooth involved in meshing increases with the variation in 
load distribution as shown in Fig. 7(b). This further leads to 
the single tooth meshing stiffness of the flexible zone or the 

rigid zone nonlinearity which also decreases as the total mesh-
ing stiffness increases in a nonlinear way. At the same time, it 
can be found that with the increase in load, the fluctuation of 
the combined meshing stiffness goes downward. 

 
4.6 Effect of rim structure parameters on meshing stiffness 

In the BRV transmission, since the crankshaft bearing needs 
to be mounted on the external beveloid gear at the bearing 
hole, and the carrier needs to pass through the scallop-hole, so 
the bearing hole and the scallop-hole are designed on the ex-
ternal beveloid gear, which result in differences in rim thick-
ness, as shown in Fig. 17. In the figure, t  is rim thickness, 
h  is full height of the tooth and Æ  is waist angle. 

 
4.6.1 Effect of waist angle on meshing stiffness 

The rest of the factors were kept unchanged as follows: The 
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(b) No. 15 tooth  

 
Fig. 15. Single tooth meshing stiffness. 
 

    
(a) No. 5 tooth 

 

  
(b) No. 15 tooth 

 
Fig. 16. Combined meshing stiffness. 
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Fig. 17. Geometric structure of external beveloid gear. 
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Fig. 18. Single tooth meshing stiffness. 
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pitch cone angle 2.5 ,d = °  the addendum coefficient 
0.7,ah =  the load T 206 Nm=  and the rim coefficient 
3Bm = . Waist angle Æ  is selected as follows: 44°, 47°, 50°, 

53° and 56° to obtain the single tooth mesh stiffness as shown 
in Fig. 18 and combined meshing stiffness as shown in Fig. 19.  

It can be seen that the single tooth mesh stiffness and the 
combined combined meshing stiffness of the flexible zone and 
the rigid zone gradually reduced as the waist angle increases 
during one meshing period. When the waist angle increases 
from 44° to 56°, the single-tooth meshing stiffness of the No. 
5 tooth and the No. 15 tooth nonlinearity decreases by 38.2 % 
and 43.8 % respectively, and the combined meshing stiffness 
nonlinearity decreases by 48.6 % and 50.6 %, respectively.  

 
4.6.2 Effect of rim coefficient on meshing stiffness 

Rim coefficient  Bm ,  
 

.B

tm
h

=  (7) 

 
The rest of the factors were kept unchanged as follows: the 

pitch cone angle  2.5 ,d = °  the addendum coefficient 
 0.7,ah =  the load T 206 Nm=  and the waist angle 
 50Æ = ° . According to the finite element model mentioned 
above, rim coefficient  Bm  is selected as follows: 3, 5, 7 and 9 
to get the single tooth mesh stiffness as shown in Fig. 20 and 
combined meshing stiffness as shown in Fig. 21.  

It can be seen that as the rim coefficient increases, the rim 

thickness of the flexible zone becomes larger which causes the 
single tooth mesh stiffness and the combined combined mesh-
ing stiffness of the flexible zone and the rigid zone to gradu-
ally increase in one meshing period. When the rim coefficient 
increases from 3 to 9, the single-tooth meshing stiffness of the 
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Fig. 19. Combined meshing stiffness. 

 

      
(a) No. 5 tooth 

 

0 1 2 3 40

0.5

1

1.5

2
x 10

7

Driving Angle /(°)

mB=3
mB=5
mB=7
mB=9

 
(b) No. 15 tooth 

 
Fig. 20. Single tooth meshing stiffness. 

 

  
(a) No. 5 tooth 

 

 
(b) No. 15 tooth 

 
Fig. 21. Combined meshing stiffness. 
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No. 5 tooth and the No. 15 tooth decreases by 35.6 % and 
41.2 %, respectively, while the combined combined meshing 
stiffness decreases by 35.8 % and 39.7 %, respectively. This 
means, rim coefficient has an inverse relation with single as 
well as combined meshing stiffness of the system.  

 
5. Conclusion 

(1) The 3D models of the BRV gear transmission system 
were derived. Then, the finite element models of the beveloid 
gears in the BRV gear transmission system were proposed, by 
considering the influence of different factors, such as pitch 
cone angle, addendum coefficient, load and rim structure of 
external beveloid gear. In addition, the resulting of meshing 
stiffness influenced by the various factors is investigated. 

(2) The pitch cone angle and the addendum coefficient have 
little effect on the curve shape of the meshing stiffness, yet 
have a big influence on the amplitude. In addition, the mesh-
ing stiffness increase significantly as the rim coefficient rise, 
while reduce drastically when the waist angle goes up. 

(3) The research shows that the meshing stiffness on the 
flexible zone is about 10.0 % lower than that of the rigid zone. 
Moreover, the load highly affects the variation law of the 
meshing stiffness and the amplitude. 
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