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Abstract 
 
This paper presents a 3-RPaS (R and S denote the revolute and spherical joint, pa denotes the parallelogram) parallel manipulator with 

two-rotational-degrees-of-freedom (2R1T) and one-translational-degree-of-freedom motion. By introducing parallelograms and an inno-
vative driving module, the 3-RPaS manipulator can change the transmission path of the driving and reaction forces, and achieves 27 ac-
tuation modes. The kinematic performance of the manipulator under different actuation modes is analyzed with the indices that are de-
fined based on matrix orthogonal degree. Comparative analysis indicates that the kinematic performance of the manipulator varies sig-
nificantly in different actuation modes. A reasonable selection of actuation modes can effectively improve the kinematic performance and 
eliminate singularities. The concept of optimal actuation mode and the implementation approach of actuation mode conversion are dis-
cussed and analyzed for kinematics promotion. The kinematic performance of the manipulator is greatly improved with optimal actuation 
modes, without changing the topology structure and dimensional parameters.  

 
Keywords: 2R1T parallel manipulator; Actuation mode; Kinematics promotion; Performance index  
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 
 
1. Introduction 

Parallel manipulators (PMs) have received extensive aca-
demic attention because of their distinctive advantages, such 
as high stiffness, high precision, high load capability and good 
dynamics [1, 2]. PMs with six degrees of freedom (DOFs) 
have the insurmountable disadvantages of small workspace 
and complex singularity. In practical applications, lower-
mobility PMs are mostly used due to their expanded work-
space and improved performance, such as the commercialized 
Delta robot [3] and sprint Z3 tool head [4]. In particular, PMs 
with two-rotational-degrees-of-freedom and one-translational-
degree-of-freedom (2R1T) are a kind of lower-mobility PM 
and have been widely used in tool heads [5-7], solar trackers 
[8], motion simulators [9], micromanipulators [10], and meas-
uring machines [11]. 

Extensive research has been carried out on the type synthe-
sis, performance analysis and optimization of 2R1T PMs. 
Song [12] proposed an analytical method based on conformal 
geometrical algebra to implement and unify type synthesis of 
2R1T PMs. Xu [13] obtained 3UPS-UP, 2UPS-UP, and 

2UPR-SPR 2R1T PMs with two continuous rotational axes by 
screw theory and space geometry. Xu [14] proposed a 2R1T 
PM with minimum DOF of joints and fixed linear actuators. 
Hu [15] proposed a family of 2R1T PMs with intersecting 
rotational axes. Xu [16] presents a novel 2-RPU/SPR 2R1T 
PM. Here, the notation of R, P, U and S denotes the revolute, 
prismatic, universal, and spherical joint, respectively. To im-
prove the kinematic performance of 2R1T PMs, the approach 
of redundancy is most commonly used [17, 18]. However, 
redundancy results in complex control and serious coupling of 
internal forces [19]. Dimensional optimization is another 
widely adopted approach to improve the kinematic perform-
ance of PMs [20]. Recently, variable actuated parallel manipu-
lators (VAPMs) have been proposed and applied to improve 
the performance of planar PMs [21-23]. A VAPM has a vari-
ety of available actuation modes. By converting its actuation 
modes, a VAPM achieves the variation and promotion on 
kinematics without redundancy and change on the configura-
tion. This gives VAPMs an important research value that de-
serves further study. 

Performance indices are the basis for the performance 
analysis and optimization of PMs. In terms of kinematics, 
there are mainly two categories [24]: The indices based on the 
Jacobian matrix and the motion/force transmission indices 
based on the screw theory. In the first category, indices such 
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as manipulability [25], the local conditioning index (LCI) [26], 
and the global conditioning index (GCI) [27] have been pro-
posed and widely used. However, the performance indices 
based on the Jacobian matrix cannot be applied to PMs with 
mixed DOFs due to the dimensional inconsistency of Jacobian 
matrices [28]. Liu [29] further found that LCI could converge 
and it is dependent on the coordinate systems. The mo-
tion/force transmission indices based on screw theory are de-
rived from the concept of the virtual coefficient proposed by 
Ball [30] and are used to describe the instantaneous work effi-
ciency between the transmission wrench screw and the output 
twist screw. Yuan [31], Sutherland [32], Tsai [33, 34], and 
Chen [35] proposed different transmission indices. Wang, et al. 
[36] established systematic indices to evaluate the mo-
tion/force transmissibility of PMs. The screw theory is a pow-
erful mathematical tool, but the calculation is complex. Shao, 
et al. [37] established a transmission index based on the matrix 
orthogonal degree, which is concise and versatile with simple 
calculation as well as clear physical meaning. The matrix-
orthogonal-degree-based indices indicate good application 
potential and are improved and adopted for the analysis of 
VAPMs in this study. 

This paper presents a novel spatial 3-RPaS (Pa denotes the 
parallelogram) 2R1T PM with 27 actuation modes. Based on 
the kinematic performance analysis of the 3-RPaS PM under 
different actuation modes, the approach of actuation mode 
conversion is discussed to improve the kinematic performance. 
The remaining content of the paper is as follows: Sec. 2 intro-
duces the 3-RPaS manipulator and its achievable actuation 
modes. Sec. 3 establishes the inverse kinematic model for the 
3-RPaS manipulator. Sec. 4 defines the transmission indices 
based on matrix orthogonal degree and determines the calcula-
tion method. Sec. 5 analyzes and compares the kinematic per-
formance of the 3-RPaS manipulator under various actuation 
modes. Sec. 6 discusses the approach to improve kinematic 
performance by actuation mode conversion. Sec. 7 gives the 
conclusions. 

 
2. 3-RPaS parallel manipulator with multiple actua-

tion modes 

The virtual prototype of the proposed spatial 3-RPaS PM is 
shown in Fig. 1(a), and its schematic diagram is shown in Fig. 
1(b). The spatial 3-RPaS PM consists of three RPaS branch 
chains connecting the base and the end effector in parallel. 
Branches are arranged symmetrically on the circumference 
and located in three vertical planes ( 1P , 2P  and 3P ). An 
RPaS branch chain consists of four links (AiBi, AiDi, DiCi and 
BiEi), five revolute joints and one spherical joint. It should be 
noted that there are two collinear revolute joints on Ai, which 
connect link AiBi and AiDi respectively. Links AiBi and DiCi 
are equal in length and parallel to each other, forming the par-
allelogram AiBiCiDi. The branch is connected to the end effec-
tor via a spherical joint Ei. The 3- RPaS PM is equivalent to 
the 3-RRS PM [38] in terms of the mobility, which produces 

2R1T motion. 
The RPaS branch has two configurations, as shown in Fig. 2. 
The configuration of Fig. 2(a) is called the inner type, and 

the parallelogram locates inside the branch. In contrast, the 
parallelogram in Fig. 2(b) locates outside the branch, and it is 
named the outer type. The two topological configurations are 
equivalent in kinematics. In this study, the 3-RPaS manipula-
tor with inner type chains is analyzed. The links in the RPaS 
branch are arranged in four layers (see Fig. 1(a)) to avoid in-
terference between links. Therefore, the motion range of the 
branch chain is greatly increased. 

A servomotor drives the RPaS branch. To reduce the mov-
ing inertia, the servomotor is placed at Ai. Three actuation 
methods of the RPaS branch can be obtained by applying the 

 
(a) Virtual prototype of the 3-RPaS PM 
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(b) Schematic diagram of the 3-RPaS PM 

 
Fig. 1. Spatial 3-RPaS parallel manipulator with multiple actuation 
modes. 
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driving and reaction forces to different links of the parallelo-
gram, as shown in Fig. 3. 

Branch actuation method a: If the motor shell is fixed with 
the base while the output shaft is connected with link AiBi, the 
output torque is exerted on link AiBi to rotate it about joint Ai. 
The reaction torque is directly exerted on the base. Link AiBi 
is actuated and the other links are passive. The input variable 
is the rotation angle ia  of link AiBi, as shown in Fig. 3(a).  

Branch actuation method b: If the motor shell is fixed with 
the base while the output shaft is connected with link AiDi, the 
output torque is exerted on link AiDi to rotate it about joint Ai. 
The reaction torque is directly exerted on the base. Link AiDi 
is actuated and the other links are passive. The input variable 
is the rotation angle ib  of link AiDi, as shown in Fig. 3(b). 

Branch actuation method c: If the motor shell is fixed with 
link AiBi while the output shaft is connected with link AiDi, 

the output torque is exerted on link AiDi while the reaction 
torque is transmitted to link AiBi. Both AiBi and AiDi are ac-
tive and actuated to rotate about joint Ai with respect to each 
other. The input variable is the relative rotation angle id  of 
links AiBi and AiDi, as shown in Fig. 3(c). 

A single RPaS branch can employ any of the three actuation 
methods during work. A combination of branch actuation 
methods represents a choice for the actuation scheme, which 
is called an actuation mode of the 3-RPaS manipulator. There-
fore, 27 actuation modes are available, as listed in Table 1. 
Considering the circular symmetry, some actuation modes are 
equivalent and can be classified into one category. For exam-
ple, modes 6, 16 and 20 belong to the same category. Finally, 
eleven categories of actuation modes for the 3-RPaS manipu-
lator are obtained and listed in Table 2. 

 
3. Kinematic modeling of the 3-RPaS parallel ma-

nipulator 

Fig. 4 illustrates the kinematics and the vector loop of the 3-
RPaS manipulator. The fixed base A1A2A3 is an equilateral 
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Fig. 2. Two topological configurations of the RPaS branch chain. 
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Fig. 3. Three actuation methods for the RPaS branch chain. 

 

Table 1. Twenty-seven actuation modes available for the 3-RPaS PM. 
 

No Combination No Combination No Combination 

1 a-a-a 10 b-a-a 19 c-a-a 

2 a-a-b 11 b-a-b 20 c-a-b 

3 a-a-c 12 b-a-c 21 c-a-c 

4 a-b-a 13 b-b-a 22 c-b-a 

5 a-b-b 14 b-b-b 23 c-b-b 

6 a-b-c 15 b-b-c 24 c-b-c 

7 a-c-a 16 b-c-a 25 c-c-a 

8 a-c-b 17 b-c-b 26 c-c-b 

9 a-c-c 18 b-c-c 27 c-c-c 

 
Table 2. Eleven categories of actuation modes for the 3-RPaS PM. 
 

Mode  
number 

Combinations of  
branch actuation methods Input variables 

I a-a-a 1 2 3a a aé ùë û  

II a-a-b (a-b-a, b-a-a) 1 2 3a a bé ùë û  

III a-a-c (a-c-a, c-a-a) 1 2 3a a dé ùë û  

IV a-b-b (b-b-a, b-a-b) 1 2 3a b bé ùë û  

V a-b-c (b-c-a, c-a-b) 1 2 3a b dé ùë û  

VI a-c-b (c-b-a, b-a-c) 1 2 3a d bé ùë û  

VII a-c-c (c-c-a, c-a-c) 1 2 3a d dé ùë û  

VIII b-b-b 1 2 3b b bé ùë û  

IX b-b-c (b-c-b, c-b-b) 1 2 3b b dé ùë û  

X b-c-c (c-c-b, c-b-c) 1 2 3b d dé ùë û  

XI c-c-c 1 2 3d d dé ùë û  
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triangle, and the circumcircle radius is R. The end effector 
E1E2E3 is also an equilateral triangle with circumcircle radius r. 
The length of link AiBi is l1, the length of link BiEi is l2, and 
the length of link AiDi is l3. A global coordinate system {O-
XYZ} is established at point O, where the X-axis is collinear 
with OA1; the Z-axis is vertically upward, and the Y-axis is 
parallel to A3A2. A local coordinate system {P-xyz} is estab-
lished at point P and fixed with the end effector. The x-axis is 
collinear with PE1; the z-axis is perpendicular to the end effec-
tor, and the y-axis is parallel to E3E2. mi and ni denote the unit 
direction vectors along links AiBi and BiEi, respectively. 

The position vector of the end effector is 
T

P P PX Y Z= é ùë ûp . The position vectors ai of joints Ai in the 
global coordinate system are 

 
T

1

T

2

T

3

0 0

3 0
2 2

3 0 .
2 2

R

R R

R R

= é ùë û

é ù
= -ê ú
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é ù
= - -ê ú
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a

a

a

 (1) 

 
The position vectors Pei of joints Ei in the local coordinate 

system are: 
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The 3-RPaS manipulator is a 3-[PP]S mechanism [39], 

since the vertices E1, E2 and E3 of the end effector always 

locate in the three vertical planes. The orientation of its end 
effector can be described by Tilt-and-Torsion (T&T) angles 
for convenience [39]. As shown in Fig. 5(a), h represents the 
normal vector of the end effector. Since the end effector has 
no torsion about vector h, the orientation of the end effector 
can be uniquely determined by the azimuth angle j  and tilt 
angle q  of h. Moreover, the orientation workspace of the 
manipulator can be represented by the polar coordinates 
shown in Fig. 5(b). The rotation matrix of the end effector 
with respect to the global coordinate system is 

 
( ) ( ) ( )

( )
( )

2 2

2 2

, , ,

1
1

O
P z y z

c c s s c c c s
s c c s c c s s

c s s s c

j q j

j q j j j q j q
j j q j q j j q

j q j q q

= -

é ù+ -
ê ú

= - +ê ú
ê ú- -ë û

R R R R

 (3) 

 
where sj  denotes sinj  and cj  denotes cosj . The posi-
tion vector of joint Ei in the global coordinate system is 

 
.O P

i P i= +e p R e  (4) 
 
Due to the geometric constraints that the vertices E1, E2 and 

E3 of the end effector always locate in the three vertical planes, 
the following geometrical constraints are obtained: 
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Considering Eqs. (2)-(5) together yields 
 

( )

( )

cos2 1 cos
2

sin 2 1 cos .
2

P

P
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j q

j q

= - -
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 (6) 

 
Since the manipulator only has 2R1T DOFs, the transla-

tional motions in the X and Y directions are regarded as para-
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Fig. 4. Kinematic diagram and vector loop of the 3-RPaS manipulator. 
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sitic motions. 
For the ith branch chain (i = 1, 2, 3), a local coordinate sys-

tem {Ai-XiYiZi} is established at joint Ai. The Xi-axis is collin-
ear with OAi; the Zi-axis is vertically upward, and the Yi-axis 
is determined by the right-hand rule. The rotation matrix of 
the local coordinate system {Ai-XiYiZi} with respect to the 
global coordinate system {O-XYZ} is 

 

( )
cos sin 0

, sin cos 0
0 0 1

i i
O

i i i iz
y y

y y y
-é ù

ê ú= = ê ú
ê úë û

R R  (7) 

 
where ( )2 3,  1,2,3i i iy p= = . The vector iAiE

uuuur
 can be ex-

pressed in the local coordinate system {Ai-XiYiZi} as 
 

( ) TT .i i O
i i i i i i i i iA E e x y z= = - = é ùë ûR e a
uuuur

 (8) 

 
The vector loop equation for the ith branch in the local co-

ordinate system {Ai-XiYiZi} is 
 

T

1 2 i=i i i
i i i i il l x y z+ = é ùë ûm n e  (9) 

 
where 

 
( )T

i 1 2= cos 0 sin ,  = / .i i i i
i i i i il la a- -é ùë ûm n e m  (10) 

 
Then 
 

2 i 1= .i i i
i il l-n e m  (11) 

 
Taking the square on both sides of Eq. (11) results in 
 

( ) ( )2 22
2 1 1cos sini i i il x l z la a= + + -  (12) 

 
and Eq. (12) can be converted into 

 

( ) ( )2tan 2 tan 0
2 2

i i
i i i i iG F E G Fa a
- + + + =  (13) 

 
where 12i iE l z= - , 12i iF l x=  and 2 2 2 2

1 2i i iG x z l l= + + - . The 
solution of Eq. (13) is 

 
2 2 2

2arctan .i i i i
i

i i

E E G F
G F

a
- ± - +

=
-

 (14) 

 
Based on Eq. (14), two solutions are available for each 

branch. Therefore, there are eight groups of inverse solutions 
for the 3-RPaS manipulator. For the configuration shown in 
Fig. 1, the positive sign is adopted in Eq. (14). The inverse 
kinematics of 3-RPaS VAPM is invariable regardless of actua-
tion modes. 

4. Performance indices for force transmissibility 

The transmission performance of a PM is related to each 
branch chain as well as the arrangement and interaction of the 
branch chains on the end effector. Performance indices are 
defined based on the matrix orthogonal degree considering 
these two aspects. Assuming 1 2m n n´ = é ùë ûX x x xL  is a 
real matrix that is composed of n real column vectors xi, the 
matrix orthogonal degree of m n´X  is defined as follows: If 
min( ) 0 ( 1,2, , )i i n= =x L , then the matrix orthogonal degree 

( )ort X  is zero. Otherwise, 
 

T

1 1

det( )( )( ) n
n n

i i

volort

= =

= =

Õ Õi i

X XXX
x x

 (15) 

 
where T( ) det( )nvol =X X X  is the volume of matrix m n´X  
in Euclidean space. When all column vectors in the matrix are 
unit vectors, the matrix orthogonal degree represents the vol-
ume of the n-dimensional parallel polyhedron with column 
vectors as its edges. The range of the matrix orthogonal degree 
is zero to one. The value of ( )ort X  indicates two important 
geometric properties, namely, multicollinearity and orthogo-
nality of the vectors. The maximum value of one is obtained 
when column vectors are orthogonal to each other. By contrast, 
the minimum value of zero is achieved when multicollinearity 
of the vectors appears. 

 
4.1 Definition of branch transmission index 

The transmission performance within a branch is described 
by the branch transmission index (BTI), which represents the 
capability of a branch to transmit driving force toward the end 
effector. The BTI of each branch chain depends on the trans-
mission performance of the mounted joints. The transmission 
performance of a joint can be determined using the relation-
ship between the input force applied to the joint by the former 
component and the output force applied to the latter compo-
nent. The joint transmission index (JTI) is defined as 

 

( )2
I O1JTI ort= - é ùë ûf f  (16) 

 
where If  is the input force vector and Of  is the output 
force vector of the joint. When the input and output forces are 
collinear, the JTI value equals one. In contrast, when the input 
and output forces are perpendicular, the JTI value is zero. 
Numerically, the JTI value is equal to the cosine value of the 
joint pressure angle. Each branch chain generally consists of 
joints in series. The BTI of each branch is defined as the prod-
uct of the JTIs of all the serial joints within the branch, that is, 

 
1 2 nBTI JTI JTI JTI= ´ ´ ´L  (17) 

 
Forces of joints and components in each branch should be 
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analyzed to determine the JTI and BTI values. Force analysis 
of the RPaS branch under different actuation methods is 
shown in Fig. 6. Frictions are neglected. The calculations of 
BTI under different situations are analyzed as follows. 

Branch actuation method a: As shown in Fig. 6(a), when a 
branch is actuated by method a, the driving torque is exerted 
on link AiBi, and link BiEi is a two-force bar. The BTI value 
equals the product of the JTI values of joints Ai and Bi be-
cause there is no force on joints Ci and Di. Since the driving 
torque acts on link AiBi to drive its rotation about joint Ai, 

1AiJTI = . The input force of the joint Bi is BIf , which is ver-
tical to mi, and the output force BOf  is collinear with ni, so 
that 

 

( ) ( )2
BI BO1Bi i iJTI ort ort= - =é ù é ùë û ë ûf f m n  (18) 

( ) .a Ai Bi i iBTI JTI JTI ort= ´ = é ùë ûm n  (19) 

 
Branch actuation method b: As shown in Fig. 6(b), when 

the branch is actuated by method b, the driving torque is ex-
erted on link AiDi while links AiBi and CiDi are two-force bars. 
Since the input and output forces of joints Bi and Ci are collin-
ear, 1Bi CiJTI JTI= = . Since the driving torque acts on link 
AiDi to drive its rotation around the joint Ai without energy 
loss, 1AiJTI = . The input force of joint Di is DIf , which is 
vertical to ni, and the output force DOf  is parallel to mi, so 

that 
 

( ) ( )2
DI DO1Di i iJTI ort ort= - =é ù é ùë û ë ûf f m n  (20) 

( ) .b Di i iBTI JTI ort= = é ùë ûm n  (21) 

 
Branch actuation method c: As shown in Fig. 6(c), the driv-

ing torque is applied on links AiBi and AiDi with equal value 
and opposite direction under actuation method c, generating 
input forces BIf  and DIf  at joints Bi and Di. The equation 

1 BI 3 DIl f l f=  always holds. The BTI of the branch is equal to 
the linear superposition of JTIBi and JTIDi, that is, 

 
3 1

1 3 1 3

.c Bi Di

l lBTI JTI JTI
l l l l

= +
+ +

 (22) 

 
The unit direction vector of EiAi is noted ui, and the branch 

force Of  is parallel to ui. The output force DOf  of joint Di is 
parallel to mi. The output force BOf  of joint Bi coincides with 
the line points from Bi to the intersection point of the lines of 
EiAi and CiDi. Since the computation of BiJTI  is complex, 
we consider the branch as a whole and calculate the BTI value 
based on the branch input and output forces. As shown in Fig. 
7, the input forces BIf  and DIf  are translated to Ai and syn-
thesized to the total input force fI of the branch. The input 
force constitutes the force parallelogram AiMiQiNi that is simi-
lar to the parallelogram AiBiCiDi. In the local coordinate sys-
tem {Ai-XiYiZi}, the direction vector of AiMi is i

i¢m , and the 
direction vector of AiNi is i

i¢n ; then, 
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Fig. 6. Force analysis of the RPaS branch under different actuation 
methods. 
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Fig. 7. Force analysis of the branch chain under actuation method c. 
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around the Yi-axis for 2p- . Thus, the direction vector of the 
total input force If  of the branch is collinear with qi and 
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 (24) 

 
The BTI value of the branch is 
 

( ) ( )2 2
I O1 1 .c i iBTI ort ort= - = -é ù é ùë û ë ûf f q u  (25) 

 
When BTI equals zero, the driving force of the branch can-

not be transmitted to the end effector, and the end effector 
cannot respond to the actuation. Therefore, the manipulator 
loses the DOF in a certain direction and generates inverse 
singularity. From above analysis, it can be seen that when the 
parallelogram stretches into a straight line, the BTI value will 
be zero regardless of the branch actuation methods. 

 
4.2 Definition of end-effector transmission index 

Another aspect of the transmission performance is the com-
bined effect of all the forces exerted on the end effector by the 
branches. The corresponding index is defined as the end-
effector transmission index (ETI). The ETI value equals the 
orthogonal degree of the generalized branch force vectors that 
apply on the end effector, that is, 

 
( )ETI ort= EF  (26) 

 
where E is the DOF matrix of the manipulator, and F is the 
matrix composed of the generalized branch force vectors. F is 
calculated as: 

 
1 2

1 1 2 2

n

n n

é ù
= ê ú´ ´ ´ë û

f f f
F

r f r f r f
L
L

 (27) 

 
where if  is the unit force vector and i i´r f  is the torque 
vector. ir  is the unit radial vector that points from the geo-
metric center of the end effector to the acting point of the 
branch force, as shown in Fig. 8. Each column vector in F 
describes the direction of the forces and torques generated by 
the unit branch forces acting on the end effector and the pro-
portion of forces in each direction. The diagonal matrix 

( )1 2 3 4 5 6diag e e e e e e=E  is used for the characteri-
zation of available DOFs of the PM. e1, e2 and e3 represent the 
translations in the X-, Y- and Z-directions, respectively, 
whereas e4, e5 and e6 correspond to rotations around the X-, Y- 
and Z-axes. The corresponding element is one when the DOF 
is available. In contrast, if a DOF of the end effector is con-
strained, the corresponding element is zero. The rank of rows 
for matrix (EF) always equals to the number of DOFs of the 
manipulator. It should be noted that we only study the active 
forces which can be generated by the actuators. The forces in 

the constraint space are not considered in the output transmis-
sion performance, since they are balanced by the constraint 
wrenches generated by mechanical constraints. 

ETI reflects the capability of branch force vectors to create 
the required output force space. In other words, ETI indicates 
the ability to drive the end effector’s motion in the DOF space 
by branch output forces, or the load capability in the DOF 
space. When ETI equals one, the branch forces are perpen-
dicular to each other in the DOF space, and the end effector 
has improved and isotropic transmission performance in all 
directions of motion. Two or more branch forces on the end 
effector are collinear if ETI equals zero, thereby leading to 
repeated constraints and uncontrolled DOFs. In such a case, 
forward singularities occur. ETI can be used for performance 
evaluation of all non-redundant PMs. 

The spatial 3-RPaS manipulator studied in this paper has a 
translation along the Z-axis and two rotational DOFs around 
X- and Y-axes. Therefore, ( )0 0 1 1 1 0diag=E . The 
direction of the branch force is determined by its actuation 
method. As shown in Fig. 6, the directions of branch forces 

if  corresponding to the branch actuation methods a, b and c 
are ni, mi and ui, respectively. 

 
4.3 Definition of orthogonal-degree-based local transmission 

index 

The manipulator’s performance is a comprehensive effect 
of the interaction between branches. Therefore, the orthogo-
nal-degree-based local transmission index (OLTI) is defined 
for the evaluation of the local kinematic performance of ma-
nipulators. OLTI is calculated by the product of BTI and ETI. 
The branch with the worst transmission performance limits the 
transmission performance from the actuation to the end effec-
tor. Therefore, the minimal BTI value is adopted to calculate 
the OLTI. Therefore, 

 
min .OLTI BTI ETI= ´  (28) 

 
If any of the BTIs or ETI is zero, the OLTI equals zero, 

which indicates that the manipulator is singular. By contrast, 
the force transmissibility of the manipulator is optimal and 
isotropic when OLTI equals one. It should be noted that in the 
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Fig. 8. Force analysis of the end effector. 
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definitions of BTI and ETI, all parameters are dimensionless. 
Therefore, the orthogonality and the cross-product relationship 
of vectors are independent of coordinate systems. Thus, the 
defined performance indices possess high consistency and 
applicability. 

 
5. Kinematic performance comparison under differ-

ent actuation modes 

Without loss of generality, the dimension parameters of the 
manipulator are set as R = 250 mm, r = 100 mm, l1 = l2 = 500 
mm and l3 = 200 mm. Fig. 9 shows the OLTI atlases of the 
manipulator under different actuation modes with Z = 700 mm. 

The OLTI atlases of actuation modes I, VIII and XI exhibit 
120° circumferential symmetry, and the OLTI atlases of ac-
tuation modes II, III, IV, VII, IX and X are axial symmetrical. 
As shown in Fig. 9, there are significant performance differ-
ences in the orientation workspace when the manipulator 
works under different actuation modes. The optimal regions of 
transmission performance under actuation modes I, VIII and 
XI appear in the center of the orientation workspace, while 
those of the other actuation modes appear off the center, and 
the position changes with the actuation modes. 

OLTI possesses clear physical meanings and can be used to 
analyze the singularity. Curves of OLTI equals zero in Fig. 9 

indicate the singular loci of the manipulator when Z = 700 mm. 
The singular loci of the manipulator limit the orientation ca-
pability. Fig. 10 shows the singular loci of the manipulator 
with the elevation of Z = 300 mm, 400 mm, 500 mm, 600 mm, 
700 mm, 800 mm and 900 mm under different actuation 
modes. To fully displaying all the singular loci, q  varies 
from zero to π. Differences on the singularities of the 3-RPaS 
manipulator under different actuation modes can be further 
understood by analyzing and comparing the singular curves. 

As shown in Fig. 10, when the 3-RPaS manipulator works 
under the actuation modes I to VII, the singular loci are very 
complicated when Z < 500 mm. The common feature of the 
seven actuation modes is that at least one branch is actuated 
by method a. Obviously, the manipulator should work in the 
space where Z > 500 mm when adopting these actuation 
modes. When the 3-RPaS manipulator works under actuation 
modes VIII, IX, X and XI, the singular loci of the manipulator 
are almost the same with little changes in different elevations, 
which indicates that the performance of the manipulator has 
good consistency in different elevations. When Z = 900 mm, 
the singular loci under different actuation modes are similar 
and complex, since the manipulator is close to the boundary of 
the reachable workspace and the parallelograms are nearly 
fully stretched. 

The singular loci divide the workspace into several nonsin-
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Fig. 9. OLTI atlases under different actuation modes with Z = 700 mm. 
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gular continuous areas. Normally, the manipulator cannot 
cross the singular loci to work in another nonsingular area. 
Therefore, the workspace where the manipulator can work 
continuously under a single actuation mode is severely limited. 
Fig. 11 shows the boundary shape and the variations of the 
nonsingular continuous workspace containing the center point 
between the height of Z = 500 mm and Z = 900 mm. It illus-
trates that the actuation mode has significant impacts on the 
manipulator's workspace too. In actuation mode I, the work-
space of the manipulator is small, and its shape varies greatly 
with an increase in height. In actuation modes II to VII, the 
workspace of the manipulator is off the center. In actuation 
modes VIII to XI, the workspace is more evenly distributed 
around the center. 

For the 2R1T PMs, the orientation capability is also impor-
tant. On the orientation workspace with different Z coordinate 
values, there is a maximum inscribed circle centered on (0, 0) 
and tangent to the singular locus, as shown in Fig. 12. The 
radius value of the circle is defined as the isotropic orientation 
capability (IOC) of the manipulator. The IOC reflects the 
maximum tilt angle that the manipulator can achieve in all 
azimuths. Moreover, the maximum nonsingular tilt angle that 
the manipulator can achieve is defined as the maximum orien-
tation capability (MOC). MOC represents the maximum fea-

sible orientation capability and may only exist in one direction. 
The maximum values of IOC and MOC are π. 

The curves of IOC with the variation of Z under different 
actuation modes are shown in Fig. 13. The IOC-Z curves of 
actuation modes I to VII are similar. The IOC value is small 
when Z < 400 mm, and it increases gradually with the Z coor-
dinate value when Z > 400 mm. The IOC curves of actuation 
modes IX, X and XI are similar. The IOC value slowly in-
creases with Z when Z < 860 mm and decreases rapidly when 
Z > 860 mm. The common feature of these three actuation 
modes is that at least one branch is actuated by method c. The 
IOC value of actuation mode VIII is the largest. It increases 
slowly with Z when Z < 850 mm, and then decreases sharply 
when Z > 850 mm. 

The curves of MOC with the variation of Z under different 
actuation modes are shown in Fig. 14. The MOC curves of 
actuation modes II to VII are similar. In the range of Z = 320 
mm to 510 mm, the MOC values reach the maximum value π. 
When Z > 510 mm, the MOC values decrease as Z increases. 
The MOC curves of actuation modes IX, X and XI are similar 
in the trends, which slowly decrease as Z increases. The MOC 
value of actuation mode VIII is the minimum, and so is the 
value variation. The MOC curve of actuation mode I is special. 
When the Z is small, the MOC value is very small. Then, it 
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Fig. 10. Singular loci under different actuation modes when Z varies from 300 mm to 900 mm. 
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rises rapidly with the increase in Z, reaches the peak at Z = 
700 mm, and then drops. 

The IOC value is small and the MOC value is large if there 
is one or more branch actuated by method a. In contrast, the 
IOC value is the largest and the MOC value is the smallest if 
all the three branches are actuated by method b. The greater 
the difference between MOC and IOC, the more obvious the 
directionality of the orientation capability is. Better perform-
ance of the 3-RPaS manipulator can be obtained through rea-
sonable selection of the actuation mode according to the re-
quirements of specific tasks. If the tasks performed by the 
manipulator have obvious directionality or asymmetry, such 
as the solar tracker, the actuation modes I to VII can be used 

correspondingly. When all the branches are actuated by 
method b or c, the orientation capabilities of the manipulator 
are relatively uniform in different azimuths, and the perform-
ance of the manipulator is more isotropic. The corresponding 
actuation modes VIII to XI can be used in the application of 
tool heads, motion simulators, and measuring machines. 

The traditional 3-RRS spatial PM is equivalent to the 3-
RPaS PM that works under actuation mode I. According to the 
above analysis, the transmission performance of 3-RRS PM is 
poor, and the workspace is small, which limits its application. 
Compared with the 3-RRS manipulator, the proposed 3-RPaS 
manipulator has a variety of actuation modes to choose. By 
changing the actuation modes, the kinematic performance can 
be greatly adjusted and improved. 

 
6. Improve the kinematic performance via actuation 

mode conversion 

It can be seen from Figs. 9-11 that there are significant dif-
ferences in performance when the 3-RPaS manipulator works 
under different actuation modes at a given position. To obtain 
the best kinematic performance, the 3-RPaS manipulator shall 
optimize the actuation mode. In other words, the 3-RPaS ma-
nipulator should convert its actuation modes in real-time ac-
cording to the position and orientation of the end effector, and 
the manipulator always behaves with the optimal performance. 
The actuation mode that maximizes the OLTI value at a given 
position is referred to the optimal actuation mode for that posi-
tion. Fig. 15(a) shows the distribution and conversion map of 
the optimal actuation modes when Z = 700 mm. The OLTI 

 
 
Fig. 11. The boundaries and the variations of the nonsingular continuous workspace. 
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Fig. 12. Definition of IOC and MOC. 
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atlas when the manipulator works under optimal actuation 
modes via actuation mode conversion is shown in Fig. 15(b). 
By comparing Fig. 15(b) and Fig. 9, we can conclude that the 
transmission performance of the 3-RPaS manipulator is sig-
nificantly improved with optimal actuation modes. Moreover, 
the workspace is greatly increased, and singularities no longer 
appear inside the workspace. Actuation mode conversion is a 
potential way to improve the kinematic performance of paral-
lel manipulators without changing the topology and parame-
ters. 

To obtain the conversion of actuation modes in practical 
applications, a conversion module is designed to switch the 
applied position of driving and reaction torques in real-time. 
The purpose is achieved by switching the connection relation-
ship of the motor and links in real-time. Electromagnetic 
clutches and brakes can control the connection and separation 

of yokes and armatures in real time through electrical signals, 
which can be utilized in the real-time transformation of the 
connection of the motor shell and the output shaft with differ-
ent components. In this study, two electromagnetic clutches 
and two electromagnetic brakes are used, and a design scheme 
of the mode conversion module is demonstrated. Fig. 16 
shows the appearance of a variable actuated RPaS branch 
chain. Fig. 17 shows the design and assembly drawing in de-
tails. Two electromagnetic brakes are installed on both sides 
of the motor and used to switch the connection of the motor 
shell. Two electromagnetic clutches are coaxially mounted on 
the central shaft and used to switch the applied position of the 
driving force. By controlling electromagnetic clutches and 
brakes, the transmission path of driving and reaction torques 
can be changed. The conversion principle of the module is 
detailed below. 

(1) When brake I and clutch I are disengaged while brake II 
and clutch II are engaged, the motor shell is connected to the 
base and the output shaft is connected with link AiBi. The 
driving torque acts on link AiBi, and the reaction torque acts 
on the base. Branch actuation method a is implemented. 

(2) When brake I and clutch II are disengaged while brake 
II and clutch I are engaged, the motor shell is connected to the 
base and the output shaft is connected with link AiDi. The 

 
 
Fig. 13. Relation of IOC value and Z coordinate value. 
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driving torque acts on link AiDi, and the reaction torque acts 
on the base. Branch actuation mode b is implemented. 

(3) When brake I and clutch I are engaged while the brake 
II and clutch II are disengaged, the motor shell is connected 
with link AiBi and the output shaft is connected with link AiDi. 
The driving torque acts on link AiDi while the reaction torque 
acts on link AiBi. Branch actuation mode c is implemented. 

When all the brakes and clutches are engaged, the RPaS 
branch chain is locked and cannot rotate anymore. In addition 
to the above four combinations, the other combinations are in 
an abnormal working status and should be avoided in practical 
applications. 

Depending on the parameters and workspace of the manipu-
lator, it may not necessary to use all three of the actuation 
methods for an RPaS branch. As the example shows in Fig. 
15(a), branch actuation method c is not used in the optimal 
actuation modes. In this case, the mode conversion module 
can be simplified. Two electromagnetic brakes can be re-
moved, and the motor shell can be fixed to the base. The func-
tion of actuation mode conversion can be realized with two 
clutches to switch the applied position of driving torque to link 
AiBi or AiDi. 

 
7. Conclusions 

This paper proposed a 3-RPaS spatial PM with parallelo-
grams, which can realize the 2R1T motion. By changing the 
connection between the motor and the different links of the 
parallelogram, the 3-RPaS manipulator can implement 27 
actuation modes. The inverse kinematics of the 3-RPaS ma-
nipulator were established. The T&T angle was used to de-
scribe the orientation of the end effector. To explore the dif-
ferences and characteristics of the transmission performance 
of 3-RPaS manipulator under different actuation modes, the 
transmission indices BTI, ETI and OLTI were defined based 
on the concept of matrix orthogonal degree. Based on the 
OLTI index, the kinematic performance, including the singu-
larity and orientation capability, of the 3-RPaS manipulator 
under different actuation modes was analyzed and compared. 
The results show that when branch actuation method a was 
used, the performance of the manipulator appears to have 
obvious directionality. When the branches of the manipulator 
are actuated by method b or c, the transmission performance 
tends to be more isotropic. The differences and complemen-
tarity in transmission performance under different actuation 
modes provide a new way to improve the performance. The 
concept of optimal actuation modes and the approach of ac-
tuation mode conversion were proposed. An implementation 
scheme of the actuation mode conversion module was de-
signed for the 3-RPaS manipulator. By converting the corre-
sponding optimal actuation mode according to the position 
and orientation of the end effector in real-time, the transmis-
sion performance of the 3-RPaS manipulator can be signifi-
cantly promoted, and forward singularity can be eliminated. 
Actuation mode conversion is an efficient way to improve the 

kinematic performance of parallel manipulators. 
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