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Abstract

A unified model is proposed for the output accuracy of open-chain manipulators in consideration of joint clearance and structural pa-
rameters. First, the operator of the finite-displacement screw matrix and the combination operation are presented. Second, the joint clear-
ance and structural parameters are described and analyzed with screw theory. A virtual screw is established for the joint clearance and
structural parameter errors. Third, a unified model is built through the adjoint transformation of Lie groups in consideration of the two
effectors of the virtual screw. The error pose is decomposed into orientation and position errors, which are obtained through the virtual
screw. Finally, an open-chain manipulator with six degrees of freedom is analyzed based on the proposed model. The position and orien-
tation errors are obtained with the trajectory that provided an intuitive geometric insight into the accuracy and exact maximal position and

orientation errors.
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1. Introduction

Output accuracy is a key issue in mechanism applications
that is influenced various system elements, such as manufac-
turing tolerances, backlash, compliance, and active joint errors
[1]. These elements can be classified as structural parameters
and joint clearance.

Structural parameters are affected by deflection and manu-
facturing tolerance and cause a mechanism system to have a
varying position and orientation. Elongated links are deforma-
tions that occur easily and seriously affect the output accuracy
of manipulators [2, 3]. Output accuracy is considerably influ-
enced by structural parameters and has been studied using
statistical approaches [4-6]. The analytical method provides an
accurate description of output accuracy given a change in
structural parameters. However, recent studies have seldom
examined this subject.

Joint clearance has an unpredictable, unrepeatable nature
that leads to indeterminate effects on the manipulator’s accu-
racy performance, and it cannot be compensated for by any
type of calibration. Therefore, the effect of joint clearance on
output accuracy has attracted the interest of many scholars.
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Joint accuracy analysis has been utilized by different research-
ers [7-12]. Chen et al. [13, 14] employed the geometric
method to predict the accuracy performance effect of joint
clearance and other factors. Intelligent algorithms have also
been proposed for the inefficiency of joint clearance’s influ-
ence on the output performance of manipulators due to the
stochastic nature of joint clearance [15-17].

Generally, joint clearance and structural parameters that are
assumed to be stochastic in nature are the primary sources that
influence output performance. An effective and accurate ap-
proach must be developed to predict the effects of these error
sources on the position and orientation deviation of manipula-
tors. Kumaraswamy et al. [18] investigated a model for toler-
ance analysis that considers the invariance of links and joint
clearance by referring to screw theory.

This work investigated these error sources in a unified man-
ner with screw theory. The Denavit-Hartenberg (D-H) pa-
rameters were transformed into screw parameters. Joint clear-
ance and structural parameter errors were presented through
virtual screws. A unified model was built based on the adjoint
transformation of Lie groups. The model was decomposed
into orientation and position errors, which were obtained with
a virtual screw. The output error was determined based on the
trajectory that provided an intuitive geometric insight into
accuracy performance and exact maximal position and orien-
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Fig. 1. Screw displacement of a rigid body.

tation errors. The model demonstrated high flexibility when
used in kinematic analyses.

The remainder of this paper is organized as follows. The
operator of the finite-displacement screw matrix and the com-
bination operation are briefly introduced in Sec. 2. The error
source and virtual screw are analyzed in Sec. 3. A unified
model is built through the adjoint transformation of Lie groups
in Sec. 4, and the pose error is decomposed with the virtual
screw. The model is used to study the case of an open-chain
manipulator with six degrees of freedom (DOF). The conclu-
sions are presented in the last section.

2. Operator of the finite-displacement screw matrix
and combination operation

2.1 Operator of the finite-displacement screw matrix

According to Chasles’ theorem, the displacement of a rigid
body can be regarded as a rotation about and a translation
along an axis, as shown in Fig. 1. The direction of the screw
axis is denoted by s=(s,,s,,s,) , and the position vector of a
point lying on the screw axis is represented by s,=(s,,s,.s,)
with respect to the global Cartesian coordinate system o-xyz.
When point P on the rigid body rotates at angle 6 about the
axis and at translation distance ¢ along the axis, parameters §
and s, and the screw parameters (6,¢) are referred to as
Rodrigues parameters, which completely define the general
displacement of the rigid body.

These parameters lead to the transformation matrix [19].
That is,

R(0) + cAR(0), (1

where

el +s:(1-cO) s s5(1-cO-350 s55(1-cO)+s,50
R(0)= 5, 5(1-cO) +550 cO +5'(1-cO) s s(1-cO)—-550 |,
s 5(1-cO)-s50 5 5(1-cO+ 556 c +5.(1-cb)

where c represents cos and s represents sin.
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where R is the primary part and R e SO(3) represents the
rotation about the axis. AR is the secondary part, and A is
the skew—symmetry matrix representing the translation along
the axis. The operator of the finite-displacement screw matrix
can be arranged in form of a 6x 6 screw matrix, that is,

R 0
N:LR R] @

The finite-displacement screw matrix is subject to the action
of any identity screw, that is,

54 o) Hoareer Hooomers)
$'=NS§ = - , (3)
AR R|ls,) | ARs+Rs, | |[/<]Rs+Rs,

where § =(s,s,) isan identity screw.

2.2 Combination operation of the finite-displacement matrix

In a serial manipulator, the motion imparted by the joints to
the end-effector link can be represented by an ordered set of
finite screw transformations. The first issue to consider is the
distal joint in the serial chain, followed by the others toward
the proximal joint. This ordered combination provides a resul-
tant finite screw of the end effector relative to a datum loca-
tion. In Fig. 2, two rigid bodies are connected by a revolute
joint. The joint screws are $, and $,, which can be repre-
sented by finite-displacement screw matrixes N, and N,,
respectively, as determined in Eq. (1) from the Rodrigues
parameters. The motion of the end effector is the combination
operation of the finite-displacement screw matrix. That is,

NI =NN,. “4)

3. Accuracy source analysis

3.1 Joint clearance error

The output performance of the mechanism is affected by
joint clearance, as shown in Fig. 3. In the present work, the pin
(shaft) and hole of the revolute pair were in accordance with
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Fig. 4. Virtual screw of joint clearance.

the condition that contact was maintained all the time. That is,
continuous contact of the revolute pair did not appear when
the pin (shaft) was suspended in the hole. The size error of the
hole and pin had a normal distribution, as shown in Fig. 3.
Eccentricity can be regarded as infinitely small and has no
weight virtual link 7" ; its angular position was 0° to 360° in
this work because the contact between the pin and hole could
occur anywhere along the circumference, as shown in Fig. 4.
The eccentric distance is

H=rn - Q)

where r, is the dimension of the connecting accessory hole
and r, is the dimension of the connecting pin (shaft) caused
by manufacturing tolerances, wear and tear from use, and
other factors. According to the tolerances of the pin (shaft) and
hole, the range is

max r'=D" -d (6)
min ' =D, —d* . @)

The virtual screw axis is along the joint axis direction, that
is,
8, = (s, 1'xs,), ®)

where §, is represented by the finite-displacement screw
matrix and N, is determined as Eq. (1).

3.2 Structural parameter error

3.2.1 D—H structural parameters

The Denavit-Hartenberg convention provides a consistent
and concise description of the kinematic relations between the
links of a kinematic chain connected by lower pair joints with

Fig. 5. Structural parameters.

one DOF. Four parameters are required to completely describe
the relative pose of a link relative to its predecessor [20].

Links are numbered from 0 (base) to 7 (end effector). Joints
are numbered from 1 to n. In this version of the procedure,
joint i connects links i-1 and i. The local coordinate frame can
be defined. z;is the axis along joint 7, origin o, points along
joint 7 and x; is the common normal of z; and z;.;.

a, is the distance between z; and z;,4, d; is the distance be-
tween x; and x;,;, «, is the angle between z; and z;,; meas-
ured along x; and 6, is the angle between x; and x;,; meas-
ured along z;. The movement of link i+1 relative to its prede-
cessor i connected by joint i is represented by screw §,, as
shown in Fig. 5.

For each joint, the finite-displacement screw matrix pa-
rameters s, s,, 6 and ¢ are identified together with the joint
variable. The screw of the two ends for the ith link can then be
obtained.

$=[0,0,1:0,0,0]" . )

PRt ]

SM:[O,—sai,ca,.;O,—aicai,—aisa‘]T . (10)

3.2.2 Expression of the structure parameter error by a vir-
tual screw

The error of structural parameters «,, «,, 6, and d, are
Aa;, Ac,, A6, and Ad,, respectively, as shown in Fig. 5.
The screws can be obtained from the change in the Pliicker
coordinate according to the relationship of the structural pa-
rameter error. The axis of Aa, and Ag, is coincident with
the x; axis. The screw pitch is Aa,/Ac, . The kinematic screw
is

xi™ xi

_ Ag; T
a.$ —Aai[l,O,O,—’-Aai ,0,0] . (11)

The errors A6, and Ad, can be viewed as rotation angle
A6, and translation Ad, along the z; axis. The kinematic
screw is

_ 0.0 Ad,
6.8 =A6)0,0,1;0,0, ) 1. (12)

Therefore, the structural parameter can be represented by
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two virtual screws in the local coordinate parallel to x; and z;
axes. The two virtual screws can also be represented by finite
displacement screw matrix N, and N_, respectively, as
determined by Eq. (1).

4. Unified modeling of the output error

4.1 Adjoint transformation

Adg is an adjoint operator of Lie groups represented by R
in SO3) and a 4x4 matrix (H) or a 6x6 matrix (N) in
SEQ3).

We let the fixed coordinate system be A. Coordinate system
B is obtained by applying pure rotation matrix R followed by
translation matrix A. Therefore, the coordinate transformation
fromBtoAis

N = Ad, N—NN—I 0RO 13
_g()*/R*AloR’ ()

where N, is the translation conversion matrix and N, is
the rotation conversion matrix.

4.2 Decomposition of the finite-displacement screw matrix

The finite-displacement screw matrix can be decomposed to
a translation matrix form as N, and to a rotation matrix form
as N,. The motion of rotation about an arbitrary axis and
translation along the axis can be interpreted in matrix forms as
(21]

N=NN = 1o R 0 14
%= e 8 “

4.3 Output performance of the open-chain manipulator

The reference coordinate frames for the extremity links are
as follows: z, is located along the axis of joint 1, x, and y, are
arbitrary, the x, axis is normal to the joint # axis, and y, and z,
are arbitrarily defined.

The output performance of the serial manipulator can be
presented through successive adjoint transformation of Lie
groups. That is,

"P(0)=N\N,--N,---N,P(0). (15)

The joint clearance and D—H parameter errors can be ex-
pressed through the virtual screw as Egs. (8)-(10). According
to the adjoint transformation of Eq. (2), each joint axis of the
actual Pliicker coordinates in the fixed coordinate system can
be expressed as

N/=N,N,N,N,. (16)

Therefore, the output performance of the open-chain ma-

Fixed coordinate systerm

Fig. 6. Pose error of the end effector.

nipulator can be presented as

"PJ(6) = NN} NN, P(0). (17)

4.4 Analysis of the output accuracy of the end effector

The output performance of the manipulator was the pose of
the end effector in this study.

Through coordinate system transformation, the error pose
of the end effector was decomposed as the position and orien-
tation, as shown in Fig. 6. The procedure involved three steps.

Step 1. The normal pose of the end effector in the global
coordinate system was obtained through normal joint screw
transformation, as shown in Eq. (15). The actual pose of the
end effector in the global coordinate system was obtained as
Eq. (17) by considering the joint clearance and structure pa-
rameter error.

Step 2. The actual orientation was obtained from the rota-
tion of the normal coordinate system to the actual coordinate
system of the end effector.

Step 3. The actual position was obtained through the trans-
lation of the normal coordinate system to the actual coordinate
system of the end effector.

The pose error analysis procedure was equivalent to two
virtual special screws. The first one was the orientation error,
which was equivalent to an infinite-pitch screw. The second
one was the position error, which was equivalent to a zero-
pitch screw, as described in Fig. 6.

The orientation error and position screws are expressed as
follows:

05,=0s, s,] (18)

@&:@@sJi 19)

where 6,8, ,s, ands, are the orientation error, error
screw axis, direction of the axes, and the moment for the origi-
nal point, respectively.

d,, $, ands, are the position error, error screw axis,
and position error, respectively.

Therefore, the relation of normal output performance to the

actual output performance is

"P)(0)=d,5,0,8,"P,(0). (20)

%
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Fig. 7. Structure of the open-chain manipulator with 6 DOF.
The error is expressed as

AP@)=d S 0.5 "P,(0)"P,6)"

powp
_poyp@=| X 0 an
oo “7TIAR R
W Ny ns

R=|r, n, n,|;therefore, r(R)=r, +r,+r,.
r, r, T,

The output orientation error is

6. = arccos (”(R%j . (22)

If 6 =0, no orientation error exists.
If 6 =0, the orientation error in a different direction is

1, — 1,
32 23
1

mr:Zsin@ Ny =rhy |- (23)

"

—Th

The position matrix is

A=R'AR. (24)
0 -1, 1t
A=|t 0 -t |.Therefore, the position errors are
-t, &, 0
p. =1L,
p,=t, . (25)
p.=t

5. Simulation analysis

The 6-DOF open-chain manipulator consisted of a spherical
arm and a spherical wrist. Its kinematic structure and screws
are depicted in Fig. 7.

The joint screws were established according to Fig. 7, as
shown Table 1. The structural parameters and structure pa-

Table 1. Joint screw of the open manipulator.

Screw s, S, 0, t,
1 001 000) 6, 0
2 (100) 0—dy0) 0, 0
3 010) (dy00) o, 0
4 010) (do0—ay) 6, 0
5 (100) (0—4d,0) 0, 0
6 010) 0 a,0) o, 0

Table 2. Structural parameters of the 6-DOF open-chain manipulator.

Joint| 8 /)| A@ /(%) |d/mm| Ad /mm |a/mm| Aa fmm | @ /)| Ae /)
1] o] 01 | 0] 002 | 0] 002 | 0] oI
90 | 0.1 | 149 | —0.02 | 431 | —0.02 | 90 | —0.1
0| o1 | 0] 002 [20] 002 | 0o | o1
90 | —0.1 |433 | -0.02 002 | 90 | -0.1
01 | o | 002 | o | 002 |9 | o1
-01 | 0 | -002 002 | 90 | -0.1

(=200 LV I I SN RS I [ )

Table 3. Tolerance of each joint.

Joint i T 4]s]e6
Tolerance | [-0.035, 0.035][[-0.027, 0.027][[-0.132, 0.132][0.02]0.02]0.02

rameter error are listed in Table 2.

The finite displacement matrix can be transformed accord-
ing to the screw through Eq. (1). The error of the structural
parameter can be replaced by the virtual screw through Egs.
(11) and (12).

Joint clearance can be obtained according to the tolerance
of the structural parameters. The transition assembly was used
in the manipulator system. The tolerance was obtained accord-
ing to the structural parameters of the link. The tolerance level
was 5. The tolerance of each joint is listed in Table 3.

In the original position, the coordinate frame of the end ef-
fector is parallel to the global coordinate frame. The distance
in the three directions of x, y, z were 640, 149 and 920 mm,
respectively. d, was 640 mm.

The position and the position error were obtained through
Egs. (15) and (25), respectively. The joint velocity was
10 mm/s, and the operation time was 60 s. The position error
trajectory is shown in Fig. 8, and the position error is shown in
Fig. 9.

Fig. 8 shows that the output position ranks in the three di-
rections are [-500, 1500], [-1500, —500] and [—1100, 900].
Fig. 9 shows that the influence extent in the 3 directions is
approximately [—9, 9], [9, 9] and [—17, 17], respectively. The
relative output accuracies are 0.9 %, 1.8 % and 1.7 %. The
output accuracies in the directions of y and z are higher than
that in the x direction.

The output orientation trajectory and output orientation er-
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Fig. 8. Position trajectory of the mechanism.

Position /(mm)
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Fig. 9. Position output errors of the mechanism.
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Time (s)

Fig. 10. Orientation trajectory of the mechanism.

rors can be obtained through Egs. (15) and (23), respectively.
The output orientation trajectories are shown in Fig. 10, and
the output orientation errors are shown in Fig. 11.

Fig. 10 shows that the output orientations in the three direc-
tions are [0/rad, 1/rad], [-1.75/rad, 1.75/rad] and [—0.7/rad,
0.9/rad]. Fig. 11 shows that the influence extent in the three
directions are approximately [—0.04/rad, 0.04/rad], [-0.06/rad,
0.06/rad] and [—0.06/rad, 0.06/rad], respectively. The relative
output accuracies are 8 %, 3.4 % and 7.5 %. The output accu-
racy in the directions of x and z are higher than that in the y
direction.

0.06

0.04 -

0.02

Degree (rad)

-0.02

-0.04

-0.06 —
0 10 20 30 40 50 60
Time (s)

Fig. 11. Orientation output error of the mechanism.

6. Conclusions

A unified model for open-chain manipulators was proposed
through an output accuracy analysis based on screw theory.

The operator of the finite-displacement screw matrix ex-
pressed any motion of the rigid body. All of the movements of
the manipulator can be obtained based on the adjoint action.

Joint clearance can be assumed as a virtual screw. The D-H
structural parameter error can be transformed into two virtual
screws then combined with the adjoint action to build a uni-
fied model.

A 6-DOF open-chain manipulator was utilized for model im-
plementation. The result verified the effectiveness of the model.
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Nomenclature

: Direction of the screw axis

: Position vector of the screw

: Rotation matrix

: Translation matrix

: Finite displacement of the screw matrix
: Identity screw

: Virtual link

: Dimension of the hole

: Dimension of the pin
: Upper deviation of the hole
., . Lower deviation of the hole

de : Upper deviation of the pin

y : Lower deviation of the pin

Adg  : Adjoint operator of the Lie group
P : Finial pose of the manipulator
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