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Abstract 
 
We propose the quasi-zero-stiffness (QZS) vibration isolator as seat suspension to improve vehicle vibration isolation performance. 

The QZS vibration isolator is composed of vertical spring and two symmetric negative stiffness structures used as stiffness correctors. A 
vehicle-seat-human coupled model considering the QZS vibration isolator is established as a three degree-of-freedom (DOF) model; it is 
composed of a quarter car model and a simplified 1 DOF model combined vehicle seat and human body. This model considers the 
changing mass of the passengers and sets the total mass of the vehicle seat and human body as an uncertain parameter, which investigates 
the overload and unload conditions in practical engineering. To further improve the vehicle ride comfort, a constrained adaptive back-
stepping controller law based on the barrier Lyapunov function (BLF) is presented. The dynamic characteristic of the active vehicle-seat-
human coupled model under shock excitation was analyzed using numerical method. The results show that the designed controller law 
can isolate the shock excitation transmitted from the road to the passengers effectively, and both the vehicle and seat suspension strokes 
remain in the allowed stroke range.  
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1. Introduction 

In practical engineering, a low frequency vibration seriously 
affects human health and reduces working efficiency. Seat 
suspension can be used to attenuate high amplitude vibration 
transmitted from the road to the passengers in low frequency 
range and improve vehicle ride comfort [1]. As is well known, 
a linear seat suspension can provide an effective isolation 
when the excitation frequencies are larger than 2 -times the 
natural frequency of the vibration system. Reducing spring 
stiffness can lead to a wider isolation frequency band, but 
results in a lower load bearing capacity and a larger static dis-
placement between the seat and the vehicle floor. However, 
this dilemma can be eliminated by using quasi-zero-stiffness 
(QZS) vibration isolator [2, 3] as seat suspension. The QZS 
vibration isolator is composed of a load bearing elastic ele-
ment providing positive stiffness and special mechanisms 
providing negative stiffness named as stiffness correctors. The 
load bearing elastic element is usually the vertical spring; after 

being loaded at the static equilibrium position, the positive 
stiffness of the vertical spring is exactly balanced by the nega-
tive stiffness provided by the stiffness correctors, then a small 
dynamic stiffness can be achieved to obtain a lower natural 
frequency and a wider isolation frequency band. So the QZS 
vibration isolator can have a high static stiffness with a small 
static displacement without sacrificing the load bearing capac-
ity and a small dynamic stiffness to achieve a low natural fre-
quency, which is superior to the linear vibration isolator. 
Many researchers have proposed various different types of 
stiffness correctors. Carrella et al. [4, 5], Kovacic et al. [6] and 
Wang et al. [7] considered a QZS vibration isolator by using 
inclined springs as stiffness correctors and investigated the 
static and dynamic characteristics theoretically. Robertson et 
al. [8], Zhou et al. [9] and Xu et al. [10] used electromagnetic 
or magnetic springs as stiffness correctors to build a QZS vi-
bration isolator and studied the static and dynamic characteris-
tics in detail. Liu et al. [11, 12] designed a QZS vibration iso-
lator by using Euler buckled or sliding beams as stiffness cor-
rectors and analyzed the dynamic behavior theoretically. Shaw 
et al. [13] used a bistable composite plate as stiffness correc-
tors to form a QZS vibration isolator and analyzed the dy-
namic response theoretically and experimentally. Ahn et al. 
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[14] designed a QZS vibration isolator by using cam-roller 
mechanism as stiffness correctors and found the desired QZS 
characteristics can be achieved with properly designed cam 
geometry. 

Le and Ahn [15] built a QZS vibration isolator composed of 
a positive stiffness mount and two symmetric negative stiff-
ness structures for improving the vehicle seat isolation per-
formance. They also designed a fuzzy sliding mode controller 
[16] or an adaptive intelligent back-stepping controller [17] to 
further improve the performance. In their studies, road excita-
tion is applied to the vehicle floor, which is unsuitable for 
some practical engineering cases, because road excitation is 
filtered by vehicle suspension in both amplitude and fre-
quency when transmitted to the vehicle floor [18]. Also, when 
loading a specific designed mass, the dynamic stiffness of the 
QZS vibration isolator is considered to be zero at the static 
equilibrium position, then the QZS characteristic can be ob-
tained; the force-displacement and stiffness-displacement 
relationships about the static equilibrium position are symmet-
ric. In fact, the static equilibrium position of the QZS vibration 
isolator is sensitive to the loaded mass; when the QZS vibra-
tion isolator loads a mass larger or smaller than the specific 
designed mass, the system would not be balanced at the origi-
nal static equilibrium position, and the force-displacement and 
stiffness-displacement relationships about the new static equi-
librium position would be asymmetric. So for the vehicle seat, 
when the mass of the passengers varies, the actual mass of the 
passengers can hardly match the specific designed mass, so 
the QZS vibration isolator would be in the overload or unload 
conditions. In addition, they neglected to investigate the vehi-
cle and seat suspension strokes, which are two main important 
factors for the vehicle and seat suspensions design. So here we 
propose the QZS vibration isolator as seat suspension, con-
sider the overload and unload conditions, and apply road exci-
tation directly to the vehicle wheel, which are more close to 
the actual conditions. 

In the author’s previous paper [19], a vehicle-seat-human 
coupled model considering the QZS vibration isolator is estab-
lished as a 8 degree-of-freedom (DOF) model that is com-
posed of a quarter car model [20] (2 DOF), a seat suspension 
model (2 DOF) and a human body model [21] (4 DOF). Al-
though the quarter car model is simple, it can provide qualita-
tively correct information for vehicle ride comfort studies in 
low frequency range. The seat suspension model includes two 
parts-seat frame and seat cushion. The human body model 
contains four important human body parts--thighs, lower torso, 
upper torso and head. In this paper, in order to consider the 
changing mass of the passengers, the vehicle-seat-human cou-
pled model is established as a 3 DOF model that is composed 
of a quarter car model (2 DOF) and a simplified 1 DOF model 
combined vehicle seat and human body. The total mass of the 
vehicle seat and human body is considered as an uncertain 
parameter, which can investigate the overload and unload 
conditions. 

In Ref. [19], the dynamic characteristic of the vehicle-seat-

human coupled model under road shock and random excita-
tions is analyzed using numerical method. The results show 
that when the QZS vibration isolator is used as seat suspen-
sion, the vehicle ride comfort improves effectively compared 
to the linear seat suspension, and the vehicle and seat suspen-
sion strokes remain in the allowed stroke range. When the 
vehicle-seat-human coupled model subjects to road shock 
excitation, as the road excitation displacement or the vehicle 
forward velocity increases, the peak acceleration value of 
human body increases for both kinds of seat suspensions, so 
the vehicle ride comfort becomes poorer. Since the vehicle-
seat-human coupled model proposed in this paper is an uncer-
tain nonlinear system, and also to further improve the vehicle 
ride comfort, a constrained adaptive back-stepping controller 
law [22] based on the barrier Lyapunov function (BLF) [23, 
24] is presented. This control law can achieve a good per-
formance when nonlinearity and uncertain parameters exist in 
the dynamic model. 

This paper is organized as follows. A QZS vibration isolator 
is presented and brief description of static analysis is shown in 
Sec. 2. In Sec. 3, the active vehicle-seat-human coupled model 
of 3 DOF using QZS vibration isolator as seat suspension is 
established. The constrained adaptive back-stepping controller 
law is presented in Sec. 4. In Sec. 5, the dynamic characteristic 
of this active vehicle-seat-human coupled model subject to 
shock excitation is obtained using numerical method, and the 
usefulness of the controller law is addressed. In Sec. 6, the 
comparison of the control effect for the active model with 
QZS and linear vibration isolators used as seat suspensions is 
discussed. Sec. 7 concludes the paper. 

 
2. QZS vibration isolator model  

A QZS vibration isolator composed of vertical spring and 
two symmetric negative stiffness structures used as stiffness 
correctors is shown in Fig. 1. This model has been studied in 
detail in Ref. [25], so only brief description is presented here. 

Fig. 1 shows when loading a mass m, the system is balanced 
at the static equilibrium position-equilibrium position 1. The 
stiffness of the vertical and horizontal springs is vK  and hK ; 
the initial length of the horizontal springs is 0L ; the compres-
sion deformation of the horizontal springs when the system at 
the static equilibrium position is l ; the length of the connect-
ing element is L; x is the displacement of the mass from the 

m
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Equilibrium position 3

Equilibrium position 2

Initial position
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l
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m x

y
 

 
Fig. 1. Scheme of a QZS vibration isolator. 
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static equilibrium position and y is the displacement of the 
base excitation. The force-displacement and stiffness-
displacement relationships of the system are given as 
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where u x y= - . Eq. (1) can be written in non-dimensional 
form as 
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where ˆ /u u L= , ˆ / Ll l= , /h vk K K= , ( )ˆ / vF F K L= , 

ˆ / vK K K= . 
If the stiffness of the QZS vibration isolator is zero at the 

static equilibrium position, the QZS characteristic can be ob-
tained, then ( )ˆ 1 / 2qzs kl = . 

The non-dimensional force-displacement and stiffness-
displacement curves of the QZS vibration isolator for various 
values of l̂  when 1k =  are shown in Fig. 2. It can be 
clearly seen that if ˆ

q̂zsl l= , the positive stiffness of the verti-
cal spring is balanced by the negative stiffness provided by the 
stiffness correctors at the static equilibrium position, so the 

QZS characteristic can be achieved. If ˆ
q̂zsl l> , the stiffness 

is negative in the neighborhood of the static equilibrium posi-
tion, then the system can be unstable, which is an undesirable 
condition. When ˆ

q̂zsl l< , the stiffness of the QZS vibration 
isolator maintains a small positive value at the static equilib-
rium position. So to keep the stiffness positive, l̂  should be 
smaller than or equal to q̂zsl . In this study, the case ˆ

q̂zsl l£  
was considered. 

If the QZS vibration isolator is loaded with a mass smaller 
or larger than the specific designed mass, the mass will not 
load the QZS vibration isolator statically to its minimum tan-
gent stiffness position at the original static equilibrium posi-
tion-equilibrium position 1, the QZS vibration isolator is in the 
unload or overload conditions, and the new static equilibrium 
position would be equilibrium position 2 or equilibrium posi-
tion 3. The force-displacement and stiffness-displacement 
relationships about this new static equilibrium position would 
be asymmetric, as can be clearly seen in Fig. 3. 

 
3. Active vehicle-seat-human coupled model 

The active vehicle-seat-human coupled model of 3 DOF us-
ing QZS vibration isolator as seat suspension is shown in Fig. 
4; it is composed of a quarter car model (2 DOF) and a simpli-
fied 1 DOF model combined vehicle seat and human body: 

1m  is the mass of wheel, 2m  is the mass of vehicle body, 
31m  and 32m  are the masses of the vehicle seat and human 

body, respectively, and 3 31 32m m m= + ; 1c , 2c  and 1k , 2k  
are the damping and stiffness of the wheel and vehicle body, 
respectively; 3c  is the damping of the vehicle seat, and 3sF  
is the spring force of the vehicle seat; 1~3z  are the displace-

 
 

 
 
Fig. 3. Original and new equilibrium positions of the QZS vibration 
isolator. 

 

 
 

 
 
Fig. 2. Non-dimensional force-displacement and stiffness-displacement 
curves. 
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ments of the corresponding masses, rz  is the road excitation 
displacement and is applied directly to the vehicle wheel; sU  
is the active input of the seat suspension system.  

Denote 3sm  as the specific designed mass of the vehicle 
seat and human body, when 3 3sm m= , the dynamic equations 
of the active vehicle-seat-human coupled model in the corre-
sponding static equilibrium positions of the masses are given 
by 

 

( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )

1 1 2 2 1 2 2 1

1 1 1 1

2 2 3 3 2 3 2 2 1

2 2 1

3 3 3 3 2 3 .

r r

s

s

s s

m z c z z k z z

c z z k z z

m z c z z F c z z

k z z U t

m z c z z F U t

ì = - + -
ï

- - - -ï
ï

= - + - -í
ï

- - -ï
ï = - - - +î

&& & &

& &

&& & & & &

&& & &

               (3)       

 
When the QZS and linear vibration isolators are used as seat 

suspension respectively, 3sF  can be obtained as 
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where vK  is the stiffness of linear seat suspension. In this 
case, the mass 3m  loads the QZS vibration isolator statically 
to its minimum tangent stiffness position at the static equilib-
rium position; the force-displacement and stiffness-
displacement relationships about the static equilibrium posi-
tion are symmetric, which can be clearly seen in Figs. 1 and 3. 
When 3m  is larger or smaller than the specific designed mass 

3sm , the seat suspension system will not be balanced at the 
original static equilibrium position, 3sF  can be given in a 
general form, Eq. (4) can be written as 
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where nu  is the new static equilibrium position. When 

3 3sm m= , 0nu = ; when 3 3sm m¹ , nu  can be determined by 
solving Eq. (1) using the numerical method. 

Define the following state variables 
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Eq. (3) can be written in the state-space form 
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where 31 / mJ =  denotes the total mass of the vehicle seat 
and human body is an uncertain parameter. Assume that the 
extent of the uncertain parameter J  is known and satisfies 
the following relationship: 

 
{ }min max:JJ J J J JÎW = £ £ ,                    (8) 

 
where minJ  and maxJ  are the lower and upper bounds of the 
uncertain parameter J  and are assumed to be known pa-
rameters. The nonlinear and linear spring forces of the vehicle 
seat in Eq. (7) using the state variables can be written in the 
general form as 3m  is an uncertain parameter: 
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For the active seat suspension system, there are two main 

performance requirements that should be considered in the 
controller design: (1) The vehicle ride comfort should be im-
proved effectively, which means the designed controller 
should isolate vibrations transmitted from the road to the pas-
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Fig. 4. Active vehicle-seat-human coupled model. 
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sengers and stabilize the vertical motion of the vehicle body 
and passengers, although the uncertain parameter exists in the 
system. (2) When designing the controller, the vehicle and 
seat suspension strokes should be kept in a certain range to 
prevent the suspensions from hitting the limit block and de-
stroying the suspension mechanisms: 

 

2 1 3 1 1max

3 2 5 3 1max

s

s

z z x x z

z z x x z

ì - = - £ï
í

- = - £ïî
                     (10) 

 
where 1maxsz , 2maxsz  are the maximum vehicle and seat sus-
pension strokes, respectively. 

 
4. Controller design 

To improve the vehicle ride comfort and maintain the vehi-
cle and seat suspension strokes in a certain range, the control-
ler sU  is then designed. The constrained adaptive back-
stepping controller law is presented. It is convenient to use this 
controller law when the nonlinearity and uncertain parameter 
exist in the system; this controller law is based on the BLF and 
can achieve a less conservatism than the classic quadratic 
Lyapunov function (QLF) in the controller design [22]. The 
constrained adaptive back-stepping controller based on BLF is 
composed of four main steps, which are shown as follows. 

Step 1: Design the virtual control function ( )ta  as the 
ideal function of the vertical speed function ( )6x t  and denote 
the error function ( )6e t  as the difference between the actual 
function and the virtual control function, which can be given 
by 

 
( ) ( ) ( )6 6e t x t ta= - .                           (11) 

 
Denote the reference trajectory function ( )5rx t  as the ref-

erence trajectory of the vertical displacement function ( )5x t  
and let the error function ( )5e t  as the difference between 
these two functions, which is given as 

 
( ) ( ) ( )5 5 5re t x t x t= - .                           (12) 

 
Combining Eqs. (7), (11) and (12), the derivative function 

of the error function ( )5e t  can be obtained as 
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The main objective of this step is to design the virtual con-

trol function ( )ta  to ensure that the tracking trajectory error 
function ( )5e t  as small as possible and the seat suspension 
stroke is maintained in the allowed range; that is, the vertical 
displacement function ( )5x t  satisfies the following condition 
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where 5d  is a positive constant and satisfies 5 5d e> . Define 
the following Lyapunov function 
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where 5 5 5d eD = - . Then the derivative function of function 

5V  is given as 
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If the virtual control function ( )ta  is chosen as 
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where 1r  is a positive value. Substituting Eq. (17) into Eq. 
(16), the following equation can be obtained: 
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The second derivative function of function ( )( )5 5V e t  is 
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also bounded, ( )( )5 5V e t&  is uniformly continuous. According 

to the Lyapunov-like lemma, when 0t ® , ( )( )5 5 0V e t ®& , 

then the tracking trajectory error function ( )5e t  is guaranteed 

to converge to zero asymptotically. 
Step 2: Design a constrained adaptive back-stepping con-

troller law for ( )sU t ; when the uncertain parameter J  ex-
ists in the system, the vertical speed function ( )6x t  can track 
the virtual control function ( )ta . The derivative function of 
error function ( )6e t  can be obtained as 
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Define the function ( )tJ%  as the estimate of the uncertain 

parameter J  and let the error function ( )e tJ  as the estima-
tion error, which is given as 

 
( ) ( )e t tJ J J= -% .                             (20) 

 



2978 Y. Wang et al. / Journal of Mechanical Science and Technology 32 (7) (2018) 2973~2985 
 

 

Because the velocity of the error function ( )e tJ  does not 
have to be restricted, define the following Lyapunov function 
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If the control law ( )sU t  is chosen as 
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where 2r  is a positive value. Substituting Eq. (23) into Eq. 
(22), the following equation can be obtained 
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If the adaptive law is chosen as the projection type [26] 
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where rJ  is a tunable positive value. 

Substituting Eq. (25) into Eq. (24), then ( ) ( )( 5 6, ,V e t e t&  
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( )e tJ  are bounded, which implies that ( )5e t&  and ( )6e t&  are 

also bounded. The second derivative function of function 
( ) ( ) ( )( )5 6, , ,V e t e t e t tJ  can be obtained as 

 
( ) ( ) ( )( ) ( ) ( ) ( ) ( )5 6 1 5 5 2 6 6, , , 2 2 .V e t e t e t t re t e t r e t e tJ = - -&& & &  (26) 

So ( ) ( ) ( )( )5 6, , ,V e t e t e t tJ
&&  is also bounded, ( )( 5 ,V e t&  

( ) ( ) )6 , ,e t e t tJ  is uniformly continuous. According to the 

Lyapunov-like lemma, when 0t ® , ( ) ( ) ( )( )5 6, , ,V e t e t e t tJ
&  

0® , then the error functions ( )5e t  and ( )6e t  will con-

verge to zero. 
Step 3: Ensure the zero dynamics of the system is stable. 

The constrained adaptive back-stepping controller law is a 
second-order error dynamic controller law; the original system 
is a sixth-order system, so the zero dynamics of the system has 
four states. Let ( )5 0e t =  and ( )5 0e t =& , the control law 
( )sU t  is given as 

 
( ) ( ) ( )( ) ( ) ( )3 6 4 3 3 5s s rU t c x t x t F t m x t= - + + && .        (27) 

 
Substituting Eq. (27) into Eq. (7), then the zero dynamics of 

the system can be obtained as 
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        (28) 

 
Define the positive function ( )( ) ( ) ( )TV x t x t Hx t= , where 

the matrix 0H >  is a positive matrix. Then the derivative 
function of ( )( )V x t  using Eq. (28) is given as 

 
( )( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )2 .

T T

T T T

V x t x t Hx t x t Hx t

x t A H HA x t x t Hw t

= +

= + +

& & &
       (29) 

 
The characteristic equation of matrix A  is given as 
 

4 3 21 2 2 1 2 2 1 2 2 1 2 2 1 2

1 2 1 2

1 2 2 1 1 2

1 2 1 2

.

c m c m c m k m k m k m c cA sI s s s
m m m m

c k c k k ks
m m m m

+ + + + +
- = + +

+
+ +

 

            (30) 
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It can be verified that the four eigenvalues of the matrix A  
have negative real parts. Let TA H HA N+ = - , where the 
matrix 0N >  is a positive matrix. 

Note ( ) ( ) ( ) ( ) ( ) ( )2 / ,T T Tx t Hw t x t HHx t w t w th h£ +  where 
h  is a tunable positive value. Then the following inequality 
can be obtained: 

 

( )( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )( )
( ) ( )

1
min max

1

1
.

T T

T
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x t Nx t x t HHx t
V x t

w t w t

H N H V x t

w t w t

h
h

l l
h

h

-

æ ö- +ç ÷
£ ç ÷
ç ÷+è ø

æ öæ ö
- +ç ÷ç ÷

£ çè ø ÷
ç ÷+è ø

&

         (31) 

 
If the matrices H , N  and the tunable positive value h  

are chosen properly, the following inequality can be ensured 
 

( ) ( )1
min max 1

1H N H hl l
h

- - ³ ,                    (32) 

 
where 1h  is a positive value. Assume ( ) ( ) 2

Tw t w t hh £ , then 
Eq. (31) can be transformed into 

 
( )( ) ( )( )1 2V x t hV x t h£ - +& .                       (33) 

 
Using Eq. (33), the inequality of the positive function 
( )( )V x t  can be given as 
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             (34) 

 
From Eq. (34), it can be verified that ( )( )V x t  is bounded. 

Then the following inequality can be obtained: 
 

( ) ( )min

1 4i

hx t i
Hl

£ = × × × .                  (35) 

 
Step 4: Select the appropriate tunable parameters to main-

tain the vehicle and seat suspension strokes in the allowed 
range. Using Eq. (35), these two constraints can be expressed 
as 
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( )

2 1 3 1 3 1
min

3 2 5 3 5 3 5
min

2

.

hz z x x x x
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hz z x x x x
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      (36) 

If the parameters 5d  and h  are chosen to be smaller val-
ues and the positive matrix H  is chosen whose eigenvalues 
are larger. The following inequalities can be ensured: 

 

( ) 1max
min

2 s

h z
Hl

£   
( )5 2max

min
s

h z
H

d
l

+ £ .  (37) 

 
Then Eq. (10) can be guaranteed and the two constraints are 

satisfied. 

 
5. Numerical simulations 

The dynamic characteristics of the active vehicle-seat-
human coupled model under shock excitation were studied. 
The parameter values of this coupled model [20, 21] used in 
the simulations are listed in Table 1. The maximum vehicle 
suspension stroke ( 1maxsz ) and seat suspension stroke ( 2maxsz ) 
were chosen as 0.15 m and 0.1 m, respectively. The controlled 
parameter values of the active system are shown in Table 2. 
rJ , 1r  and 2r  are positive values as can be seen in Sec. 4; 

1r  and 2r  are chosen as larger values and rJ  is chosen as 

smaller values to guarantee the function ( )( )5 5V e t&  and 

( ) ( ) ( )( )5 6, , ,V e t e t e t tJ
&  converges to zero faster. 5d  and 5e  

are also positive values, and are chosen based on the condition 
5 5d e>  and Eq. (37), as can be seen in Sec. 4. 
The shock excitation is caused by a discrete irregularity on 

the road, such as a bump or a pothole. When the road excita-
tion is assumed to be shock excitation, the road excitation 
displacement rz  can be given as 

 
21 cos 0

2

0

r

r

A V lt t
l Vz

lt
V

pì æ öæ ö- £ £ï ç ÷ç ÷ï è øè ø= í
ï >ïî

             (38) 

Table 1. Parameter values of the active vehicle-seat-human coupled 
model. 
 

Parameter Value Parameter Value 

1m  60 kg 1c  7 Ns/m 

2m  375 kg 2c  1425 Ns/m 

3sm  70 kg 3c  830 Ns/m 

3minm  60 kg 1k  200000 N/m 

3maxm  80 kg 2k  15000 N/m 

vK  31000 N/m - 

 
Table 2. Controlled parameter values of the active system. 
 

Parameter rJ  1r  2r  5D  5d  

Value 0.01 100 100 0.05 0.08 
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where rA  is the height of the bump, l  is the length of the 
bump and V is the vehicle forward velocity. In this simula-
tion, these parameters are chosen as 0.1rA = m, 2l = m and 

60V = km/h. 
The structural parameters of the QZS vibration isolator are 

chosen as 1k =  and 0.2L = m; when the parameter l̂  
takes different values, the time histories of acceleration re-
sponse of human body, vehicle suspension stroke and seat 
suspension stroke for passive system are shown in Fig. 5. In 
this case, 3 3 70sm m= = kg, the corresponding peak accelera-

tion value of human body, maximum vehicle suspension 
stroke and seat suspension stroke for passive system are 
shown in Table 3. 

It can be seen that when the QZS vibration isolator is used 
as seat suspension, the peak acceleration value of human body 
is smaller than the linear seat suspension, the vibration at-
tenuation time becomes shorter and the vehicle ride comfort 
improves effectively. When l̂  increases, which indicates the 
dynamic stiffness of the QZS vibration isolator is smaller in 
the whole displacement range, the peak acceleration value of 
human body decreases. 

The time histories of vehicle suspension stroke are almost 
the same for these two kinds of seat suspensions. When using 
QZS vibration isolator as seat suspension, the seat suspension 
stroke is larger, because the dynamic stiffness of the QZS 
vibration isolator is smaller than the stiffness of the linear seat 
suspension in the displacement range. When l̂  increases, the 
maximum seat suspension stroke increases, but remains in the 
allowed stroke range. In the following analysis, ˆ 0.5l =  was 
considered. 

The unload and overload conditions were then considered, 
which means 3 3sm m¹ . The effects of the mass 3m  on the 

Table 3. Peak acceleration value of human body, maximum vehicle 
suspension stroke and seat suspension stroke for passive system when 

3 3sm m= . 
 

Parameter 3 pz&& /(m/s2) 2 1 max
z z- /m 3 2 max

z z- /m 

Linear 8.4826 0.1129 0.0145 

QZS l̂ = 0.4 5.4666 0.1128 0.0185 

QZS l̂ = 0.45 5.0632 0.1128 0.0192 

QZS l̂ = 0.5 4.6629 0.1128 0.0199 

 

 

 

 
 
Fig. 5. Acceleration response of human body, vehicle suspension 
stroke and seat suspension stroke for passive system. 

 

Table 4. Effect of the mass 3m  on the peak acceleration response of 
human body and maximum seat suspension stroke for passive system 
with linear seat suspension. 
 

3m /kg 60 65 70 75 80 

3 pz&& /(m/s2) 9.2133 8.8337 8.4826 8.1572 7.855 

3 2 max
z z- /m 0.0134 0.014 0.0145 0.015 0.0154 

 

 
 

 
 
Fig. 6. Effect of the mass 3m  on the acceleration response of human 
body and seat suspension stroke for passive system with linear seat 
suspension. 
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acceleration response of human body and seat suspension 
stroke for passive system with these two kinds of seat suspen-
sions are shown in Figs. 6 and 7, respectively. The corre-
sponding peak acceleration value of human body and maxi-
mum seat suspension stroke for passive system with these two 
kinds of seat suspensions are shown in Tables 4 and 5, respec-
tively. The vehicle suspension strokes are almost the same 
with different mass 3m , so it is not shown here. 

When 3 3sm m< , these two kinds of seat suspensions are in 
the unload condition; as the mass 3m  decreases, the peak 
acceleration value of human body increases while the maxi-
mum seat suspension stroke decreases. If the QZS vibration 
isolator is used as seat suspension, the peak acceleration value 
of human body increases more than the counterpart of the 
linear seat suspension. When 3 3sm m> , these two kinds of 
seat suspension are in the overload conditions; the increase of 
the mass 3m  has less effect on the peak acceleration value of 
human body and the maximum seat suspension stroke for the 
QZS vibration isolator. For linear seat suspension, as the mass 

3m  increases, the peak acceleration value of human body 
decreases while the maximum seat suspension stroke in-
creases. In the following simulations, 3 60m = kg 3sm< , the 

two kinds of seat suspension in the unload conditions were 
considered. 

When the reference trajectory of the human body displace-
ment( ( )5rx t ) is designed as ( )5 0rx t = , the acceleration re-
sponse of human body, vehicle suspension stroke and seat 
suspension stroke for the active system with QZS vibration 
isolator as seat suspension are shown in Fig. 8. The corre-
sponding curves of the passive system for these two kinds of 
seat suspensions are also plotted in the same figure for com-
parison. The corresponding peak acceleration value of human 
body, maximum vehicle suspension stroke and seat suspen-

Table 5. Effect of the mass 3m  on the peak acceleration response of 
human body and maximum seat suspension stroke for passive system 
with QZS vibration isolator as seat suspension. 
 

3m /kg 60 65 70 75 80 

3 pz&& /(m/s2) 6.0708 5.4499 4.6629 4.7096 4.6862 

3 2 max
z z- /m 0.0174 0.0185 0.0199 0.0198 0.0198 

 

 
 

 
 
Fig. 7. Effect of the mass 3m  on the acceleration response of human 
body and seat suspension stroke for passive system with QZS vibration 
isolator as seat suspension. 

 

Table 6. Peak acceleration value of human body, maximum vehicle 
suspension stroke and seat suspension stroke for the active system with 
QZS vibration isolator as seat suspension when ( )5 0rx t = ( 3 60m = ). 
 

Parameter 3 pz&& /(m/s2) 2 1 max
z z- /m 3 2 max

z z- /m 

Linear 9.2133 0.1129 0.0134 

QZS 6.0708 0.1128 0.0174 

QZS+BLF 0 0.1123 0.033 

 

 
 

 
 

 
 
Fig. 8. Acceleration response of human body, vehicle suspension 
stroke and seat suspension stroke for the active system with QZS vi-
bration isolator as seat suspension when ( )5 0rx t = ( 3 60m = ). 
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sion stroke are shown in Table 6.  
For the active system, when ( )5 0rx t = , the acceleration re-

sponse of human body is zero in the whole time domain; the 
vehicle ride comfort improves more effectively than the pas-
sive system, and the vehicle suspension stroke is almost the 
same with the passive system, while the seat suspension stroke 
is larger, so both the vehicle and seat suspension strokes re-
main in the allowed stroke range. Overall, the designed con-
troller law can isolate the shock excitation transmitted from 
the road to the passengers effectively and both the vehicle and 
seat suspension stroke constraints are satisfied. 

As can be seen in Fig. 8, when the reference trajectory 
( )5 0rx t = , the seat suspension stroke becomes larger although 

remains in the allowed stroke range. This can be improved by 
setting a specific designed reference trajectory in a determined 
time instead of the zero reference trajectory, and the deter-
mined time dt  can be changed to adjust the peak acceleration 
value of human body and seat suspension stroke to high or 
low values. The reference trajectory can be designed as a spe-
cific polynomial function, which can be given as 

 

( )
2 3 4

0 1 2 3 4
5

0
0

d
r

d

a a t a t a t a t t t
x t

t t
ì + + + + £ £ï= í

>ïî
      (39) 

 
where the coefficients ia , 0 4i = × × ×  are determined by the 
following equations: 
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           (40)         

 
Eq. (40) can ensure that ( ) ( )5 50 0 0e e= =&  and the refer-

ence trajectory ( )5rx t  is a second order differentiable func-
tion, that is, ( ) 2

5rx t CÎ  and in the determined time dt , 
( )5 0rx t =  and ( )5 0rx t =&  can be guaranteed. 

When the reference trajectory ( )5rx t  is designed as a spe-
cific polynomial function, the acceleration response of human 
body, vehicle suspension stroke, seat suspension stroke and 
control input force for the active system with QZS vibration 
isolator as seat suspension are shown in Fig. 9. In this case 
( )5 0 0.01x = m, ( )6 0 0x = . The corresponding curves of the 

zero reference trajectory are also plotted in the same figure for 
comparison. The corresponding peak acceleration value of 
human body, maximum vehicle suspension stroke, seat sus-
pension stroke and control input force are shown in Table 7. 

When the reference trajectory ( )5rx t  is designed as the 
specific polynomial function and with the increase of the de-
termined time dt , the peak acceleration value of human body 
decreases although the vibration attenuation time becomes 
longer. The vehicle suspension stroke is almost the same for 
these two different reference trajectories and changes a little 
when the determined time dt  takes different values. The 

maximum seat suspension stroke and control input force are 
smaller than the counterparts of the zero reference trajectory 
and decrease as the determined time dt  increases. 

 
6. Discussion 

When the linear vibration isolator and QZS vibration isola-
tor are used as seat suspension. respectively, it is of interest to 
compare the control effect of the active system with these two 

 
 

 
 

 
 

 
 
Fig. 9. Acceleration response of human body, vehicle suspension 
stroke, seat suspension stroke and control input force for the active 
system with QZS vibration isolator as seat suspension when 
( )5 0rx t ¹ ( 3 60m = ). 
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kinds of seat suspensions. The comparison is clearly shown in 
Fig. 10. The corresponding peak acceleration value of human 
body, maximum vehicle suspension stroke, seat suspension 
stroke and control input force are shown in Table 8. 

The acceleration response of the human body, vehicle sus-
pension stroke and seat suspension stroke are almost the same 
for these two kinds of seat suspension when the reference 
trajectory ( )5rx t  is designed as two different trajectories. But 
the control input force is different; when using QZS vibration 
isolator as seat suspension, the control input force becomes 
much smaller. 

 
7. Conclusion 

(1) When the QZS vibration isolator is used as seat suspen-
sion for the passive system, the peak acceleration value of 
human body is smaller than the linear seat suspension, the 
vibration attenuation time becomes shorter and the vehicle 
ride comfort improves effectively. The changing trends of 
vehicle suspension stroke are almost the same as the linear 
seat suspension. The seat suspension stroke is larger but re-
mains in the allowed stroke range. 

(2) When these two kinds of seat suspensions are in the 
unload condition, as the mass 3m  decreases, the peak accel-
eration value of human body increases, while the maximum 
seat suspension stroke decreases. While in the overload condi-
tion, the increase of the mass 3m  has less effect on the peak 
acceleration value of the human body and the maximum seat 
suspension stroke for the QZS vibration isolator; for the linear 

seat suspension, as the mass 3m  increases, the peak accelera-
tion value of human body decreases while the peak seat sus-
pension stroke increases. The vehicle suspension strokes are 
almost the same with different mass 3m . 

(3) When the constrained adaptive back-stepping controller 
law based on BLF is used for the active system and the refer-
ence trajectory is designed as zero reference trajectory, the 
acceleration response of human body is zero in the whole time 
domain; the vehicle ride comfort improves more effectively 
than the passive system, the vehicle suspension stroke is al-

Table 7. Peak acceleration value of human body, maximum vehicle 
suspension stroke, seat suspension stroke and control input force for 
the active system with QZS vibration isolator as seat suspension when 
( )5 0rx t ¹ ( 3 60m = ). 

 

Parameter 5 0rx =  dt = 0.5s dt = 1s dt = 2s 

3 pz&& /(m/s2) 0 0.1601 0.04 0.0101 

2 1 max
z z- /m 0.1123 0.1123 0.1122 0.1123 

3 2 max
z z- /m 0.033 0.0277 0.024 0.0233 

maxsU /N 621.035 583.614 549.011 536.856 

 
Table 8. Peak acceleration value of human body, maximum vehicle 
suspension stroke, seat suspension stroke and control input force for 
the active system with two kinds of seat suspensions ( 3 60m = ). 
 

Parameter 5 0rx =  
Linear 

5 0rx =  
QZS 

dt = 1s 
Linear 

dt = 1s 
QZS 

3 pz&& /(m/s2) 0 0 0.04 0.04 

2 1 max
z z- /m 0.1124 0.1123 0.1123 0.1123 

3 2 max
z z- /m 0.0327 0.033 0.024 0.024 

maxsU /N 1204.683 621.035 938.769 549.011 

 
 

 
 

 
 

 
 

 
 
Fig. 10. Acceleration response of human body, vehicle suspension 
stroke, seat suspension stroke and control input force for the active 
system with two kinds of seat suspension ( 3 60m = ). 
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most the same with the passive system, and the seat suspen-
sion stroke is larger but remains in the allowed stroke range. 
The seat suspension stroke can be improved by setting the 
reference trajectory as the specific polynomial function, and 
the determined time dt  can be changed to adjust the peak 
acceleration value of human body and seat suspension stroke 
to high or low values. Then the maximum seat suspension 
stroke and control input force are smaller than the counterparts 
of the zero reference trajectory and decrease when the deter-
mined time dt  increases. 

(4) When the controller law is used for these two kinds of 
seat suspensions, the acceleration response of human body, 
vehicle suspension stroke and seat suspension stroke are al-
most the same for the two different reference trajectories. But 
the control input force is different; when using QZS vibration 
isolator as seat suspension, the control input force becomes 
much smaller. 
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