
 
 

 
Journal of Mechanical Science and Technology 32 (2) (2018) 659~670 

www.springerlink.com/content/1738-494x(Print)/1976-3824(Online) 
DOI 10.1007/s12206-018-0113-5 

 

 

 

 
Nanofluid (H2O-Al2O3/CuO) flow over a heated square cylinder near                      

a wall under the incident of Couette flow† 
Swati Sharma1, Dilip K. Maiti2,*, Md. Mahbub Alam3 and Bhupendra K. Sharma1 

1Department of Mathematics, Birla Institute of Technology and Science, Pilani - 333031, RJ, India 
2Department of Applied Mathematics with Oceanology and Computer Programming,                                                                

Vidyasagar University, Midnapur - 721102, WB, India 
3Institute for Turbulence-Noise-Vibration Interaction and Control, Shenzhen Graduate School, Harbin Institute of Technology, Shenzhen, China    

 
(Manuscript Received March 10, 2017; Revised August 30, 2017; Accepted November 13, 2017)   

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Abstract 
 
A long heated cylinder was placed near a cold wall under the incident of a Couette flow. The conventional fluid was chosen as water 

(H2O). The nanoparticle materials were selected as Al2O3 and CuO. The governing Navier-Stokes and energy equations were solved 
numerically through a finite volume method on a staggered grid system using QUICK scheme for convective terms and SIMPLE algo-
rithm. The dependencies of hydrodynamic and heat transfer characteristics of the cylinder on non-dimensional parameters governing the 
nanofluids (Particle concentrations (j ), diameter (dnp), and particle materials) and the fluid flow (Peclet number Pe and gap height ratio 
L) were explored here. The shifting of the front stagnation point due to the addition of nanoparticles in the base fluid was investigated. A 
comparison between the heat transfer enhancement (NuM) of the cylinder and its drag coefficient’s (CD) increment/reduction was made 
by presenting their ratio NuM/CD. The least square method was applied to the numerical results to propose NuM = NuM(Pe) and NuM = 
NuM(L).  
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1. Introduction 

The study of the flow past bluff bodies has been imperative 
for a long time, because of the intrinsic complexities and im-
portance of the flow in many practical applications such as 
nuclear reactor fuel rods, drying of different materials, cooling 
of glass, plastics and industrial devices, and chemical reactors. 
As such, heat transfer characteristics of the flow over bluff 
bodies have been examined in the literature. The flow field 
and various transport coefficients strongly depend on the 
shape and configuration of various bluff bodies including 
circular cylinders, flat plates, and other blunt cross-sections. 
Recently, square cylinders have received renewed attention 
because of their relevance to enhance the cooling from elec-
tronics devices. Yang and Fu [1] studied the unsteady heat 
transfer from a heated electronic component subjected to a 
flow. It is more difficult to understand when these bluff bodies 
are placed in the proximity of a wall. Apart from these appli-
cations, this issue is classical in advanced fluid mechanics and 
heat transfer.  

The challenges in enhancing the heat transfer rate in the 
above applications have attracted the attention of the fluid 
dynamics community. Nanoscale particle (< 100 nm) suspen-
sions in base fluids such as water, ethylene glycol or oil (Nan-
ofluids) have often been used as an alternative heat transfer 
medium due to superior thermal properties (Choi [2]). These 
fluids can constitute very interesting alternatives for electronic 
liquid cooling applications (Nguyen et al. [3]), automotive 
sector, nuclear reactors, computers and X-rays (Azmi et al. [4], 
Kakac and Pramuanjaroenkij [5]). Several effective parame-
ters on the thermal conductivity of nanofluids have been pre-
sented, such as nanofluid temperature, concentration j  
(Murshed et al. [6]) and materials (Murshed et al. [6]). Fur-
thermore, some researchers believe that the Brownian motion 
of nanoparticles inside the fluid is a key mechanism of heat 
transfer in nanofluids (Ebrahimnia-Bajestan et al. [7]). 

Sharma and Eswaran [8] focused on the heat transfer char-
acteristic around a square cylinder for uniform heat flux and 
constant cylinder temperature. The flow and heat transfer past 
a heated cylinder mounted horizontally above a plane wall 
was studied by Bhattacharyya et al. [9]. Dhinakaran [10] per-
formed a numerical simulation for the heat transfer from a 
square cylinder near a moving wall.  

Zeinali et al. [11] indicated that the H2O-Al2O3 nanofluid 
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causes a greater enhancement in heat transfer coefficient com-
pared with H2O-CuO. Valipour et al. [12] investigated the 
fluid flow and forced convective heat transfer around a square 
obstacle utilizing H2O-Al2O3 nanofluid at low Reynolds num-
bers. Ebrahimnia-Bajestan et al. [7] concluded that increasing 
j enhances the heat transfer. Bovand et al. [13] showed that 
time average Nusselt number increases by using nanoparticles 
and increases .f  The heat transfer increases by considering 
the Brownian effects compared with that without Brownian 
motion. A numerical study on MHD natural convection for 
alumina-water nanofluid within the circular cylindrical enclo-
sure with an inner triangular was performed by Sheikhole-
slami et al. [14]. Salimpour and Dehshiri [15] experimentally 
investigated the laminar forced convective heat transfer of 
TiO2/water nanofluids through conduits with different cross 
sections. 

Heidary and Kermani [16] showed that the heat transfer in 
channels can be enhanced up to 60 % due to the presence of 
nanoparticles and the blocks in channels. Azimi and Riazi [17] 
analyzed the heat transfer and nanofluid flow between two 
non-parallel walls for both converging/diverging cases. Etmi-
nan-Farooji et al. [18] showed that for any given dnp there is an 
optimum value of j  that results in the highest heat transfer 
coefficient. Sarkar and Ganguly [19] demonstrated entropy 
generation due to laminar mixed convection of nanofluid past 
a square cylinder in vertically upward flow with the range of 
j : 0-20 %. 

For cavity flow, Alloui et al. [20] studied natural convection 
of nanofluids and various models for calculating the effective 
viscosity and thermal conductivity of nanofluids. Noghreha-
badi et al. [21] showed an improvement in heat transfer rate 
for the whole range of Rayleigh numbers when Brownian and 
thermophoresis effects are considered. Malik and Nayak [22] 
numerically studied mixed convection flows of nanofluid in a 
lid-driven cavity. 

To our knowledge, there is no literature on the nanofluid 
flow and heat transfer around a heated square cylinder near a 
wall. The presence of nanoparticles (Al2O3/CuO) in the flow-
ing base fluid (Water) would enhance the heat transfer from 
the heated cylinder. The presence of shear in the flow and the 
wall confinement produces an asymmetry in the two separated 
shear layers emerging from the upper and lower faces of the 
cylinder. The present study deals with the heat transfer per-
formance of the nanofluids flowing over a heated square cyl-
inder near a wall by varying the parameters governing the 
fluid flow: Peclet number (Pe) and gap height ratio (L), gov-
erning the nanofluids: Particle materials (Al2O3/CuO), concen-
tration (j ) and diameter (dnp) of materials. Explicit forms of 
NuM = NuM(Pe) and NuM = NuM(L) are proposed using least 
square method. 

 
2. Methodology 

2.1 Problem formulation and governing equations 

A long square cylinder (with height A) maintained at a con-

stant temperature TW was placed parallel to the wall lying 
along the x*-axis at a gap height H (See Fig. 1). The ambient 
stream has a uniform temperature T0 (< TW). The inlet flow is 
taken as the Couette flow based linear velocity profile, which 
is in accord with the boundary layer theory (Maiti [23]).  

There are two approaches (Single-phase or two-phase 
model: Akbari et al. [24], Corcione et al. [25] and Vanaki et al. 
[26]) for numerical simulation of nanofluid flow problem. 
Akbari et al. [24] reported that single- and two-phase models 
predict almost identical hydrodynamic fields but the two-
phase model gives closer predictions of the convective heat 
transfer coefficient to the experimental data; nevertheless, the 
two-phase model over-predicts the enhancement of heat trans-
fer. Corcione et al. [25] and Vanaki et al. [26] observed that 
nanofluids behave more like single-phase fluids than conven-
tional solid–liquid mixtures. Vanaki et al. [26] confirmed that 
two-phase modeling renders a higher value of heat transfer 
coefficient than the homogeneous modeling, but because of 
contradictory results among the recently conducted numerical 
works, it is still controversial whether the two-phase approach 
gives credible results. To the best of the authors’ knowledge, 
almost all the available studies on the nanofluid flow over 
circular/triangular/square cylinders are based on a single-
phase modeling approach. Moreover, a single-phase model is 
simpler to implement and requires less computational time, 
and therefore it is adopted here. 

The flow is considered to be two-dimensional and laminar. 
The dimensional Navier-Stokes equations along with the en-
ergy equation governing the nanofluid flow are given by:  
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Here * *,V p  and *t  denote the dimensional velocity vec-

tor, pressure and time, respectively, while ,nf nfvr  and nfa  
denote density, kinematic viscosity and thermal diffusivity of 
the nanofluid, respectively. The incident velocity profile at the 
surface multiplied by A leaving 0U Al=  is taken as the ve-
locity scale. The height of the cylinder A and temperature 
difference 0WT T TD = -  are considered as the characteristic 

 
 
Fig. 1. Schematic of flow configuration. 
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length and temperature scales, respectively. 
The nanofluid flow field is characterized by the non-

dimensional parameters: Gap height L, Prandtl number Pr, 
Reynolds number Re, and Peclet number Pe which are defined, 
respectively by 

 
0, Pr , Re , Re* Pr. 
nnf f

nf UHL PA e
A na

n
= = = =  (4)  

 
At the plane wall and cylinder surface, the no-slip boundary 

condition is applied. At the far upstream, Couette flow based 
linear velocity profile * *

0 /u U y A=  is considered. The 
mathematical form of the boundary conditions used in this 
study to solve the above equations is shown in the computa-
tional domain (Fig. 1). 

The flow is assumed to start impulsively at a particular 
value of Re. The converging solution (after the transient state) 
computed at this Re is considered an initial solution for the 
case of other values (Lower/higher) of Re. A time-independent 
stable numerical solution is achieved by advancing the flow 
field variables through a sequence of short time steps of dura-
tion .tD  

The local Nusselt number (Nu), face-wise average Nusselt 
number (Nuavg) and mean Nusselt number (NuM) of the cylin-
der are defined as 
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where h and knf are convective heat transfer coefficient and 
thermal conductivity of nanofluid, respectively. 

 
2.2 Nanofluid modelling 

Water (H2O) is considered as the base fluid. The nanoparti-
cles are assumed to be of uniform shape and size. In addition, 
it is assumed that the nanoparticles are homogeneously dis-
tributed in the base fluid. The thermophysical properties of the 
nanofluids are assumed constant. The material of the nanopar-
ticles is selected as Al2O3 and CuO. Thermophysical proper-
ties are calculated as follows: 

Density: The density of nanofluids is calculated from the 
proposed equation of Pak and Cho [27].                         

Specific heat: The specific heat of nanofluids is determined 
using the equation given by Xuan and Roetzel [28] that as-
sumes thermal equilibrium between the base fluid and the 
nanoparticles. 

Thermal conductivity: The relation proposed by Koo and 
Kleinstreuer [29] and later modified by Vajjha and Das [30] 
for thermal conductivity as a two terms function (Which takes 
into account the effect of dnp, j , temperature T and the prop-
erties of the base fluid) is considered here. Kim et al. [31] 

experimentally, and Ebrahimnia Bajestan et al. [7] numeri-
cally, confirmed that this model predicts the thermal conduc-
tivity and hence the heat transfer coefficient of nanofluids 
more accurately as compared to the models based on the pure 
static conditions of the nanofluids. 

Viscosity: Masoumi et al. [32] developed a theoretical 
model for the prediction of the effective viscosity of nanoflu-
ids, and this takes care of Brownian motion, temperature of 
the base fluid, dnp, ,f  nanoparticle density and base fluid 
physical properties. The model is as follows: 
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C is the correlation factor defined by 	
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 is the distance between the centres of 

particles. It may be noted that the factor of 109 is multiplied to 
dnp in order to convert to meter. 

Thermophysical properties of water ( ,npr  , ,p bfC  bfk  and 
bfm ) are calculated at fluid temperature 300 K from the rela-

tions given in Etminan-Farooji et al. [18]. Physical properties 
of nanoparticles ( ,npr  Cp,np and knp) are taken from Etminan-
Farooji et al. [18]. 

 
2.3 Numerical method 

The pressure correction based iterative algorithm SIMPLE 
based on Finite volume method (FVM) with staggered grids, 
is applied here. A third-order accurate QUICK (Quadratic 
upstream interpolation for convective kinematics) is employed 
to discretize the convective terms and central differencing for 
diffusion terms. The numerical methodology (Staggered grid, 
FVM, QUICK and SIMPLE algorithms) used here has been 
discussed in the previous study (Bhattacharyya et al. [9]). 

 
2.3.1 Size of computational domain and consideration of 

grid 
The height of the top lateral boundary and the inflow 

boundary are chosen to be large enough so that the influence 
of the boundary conditions on the wall shear stress is very 
weak. The inflow, outflow and top lateral boundary distances 
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are noted in Fig. 1. Further changes on the boundary distances 
do not produce any significant changes in the results. The 
errors due to computational domain size and boundary condi-
tions can be regarded as very small (within a few percent).  

A non-uniform grid distribution is considered for distribut-
ing uniform grids along the surfaces of the cylinder with ex-
pansion factors for the far-fields (Away from the surfaces) 
starting with 1d = 0.004, the first grid point away from the 
body. A non-uniform grid of size 550 ´  475 with the first 
and the second number being the number of mesh points in 
the x- and y- directions, respectively, is considered in the 
computational domain. To see the effect of grid sizes on the 
hydrodynamic and heat transfer characteristics due to the 
variation of parameters governing the nanofluid, Table 1 was 
prepared by varying the grid between 196´ 140 to 800´ 600 
for j = 2 & 4 %, dnp = 30 & 100 nm at Pe = 200. The results 
of 550 ´ 475 were compared with those of 800 ´ 600 and 
196´ 140, and accordingly the relative percentage error was 
calculated. It is observed from Table 1 that the major differ-
ences of these hydrodynamic and heat transfer characteristics 
occur on the very coarse grid, while the differences of these 
characteristics are found minor between 550 ´ 475 and 
800´ 600. So, the error is tending to zero with the increase in 
the number of grids. Note that the computation based on the 
finer grid takes much more time than that on medium grids. 
Therefore the medium grid 550´ 475 was considered as a 
reasonably fine for the calculation domain. 

 
2.3.2 Validation of numerical code  

The numerical code used in the previous studies (e.g., Bhat-
tacharyya and Maiti [34] for a single square cylinder, Maiti 
[23] for a single rectangular cylinder and Bhattacharyya et al. 
[9] for a square heated cylinder near a wall) was used here. 
The previously published results of the present authors also 
show the validity of the used code for this work. The numeri-
cal code for the present case of heat transfer, also validated 

with Sharma and Eswaran [8], are presented in Table 2 for the 
cases of the uniformly heated cylinder and cylinder with con-
stant heat flux. The table shows an excellent match between 
the two results in NuM and St computations.  

The code was also validated for the case of nanofluid mod-
elling. The computed heat transfer coefficient (h) was com-
pared with that obtained by Etminan-Farooji et al. [18]. The 
comparison is presented in Table 3. As can be seen, the 
maximum percentage difference of h of the present calculation 
from those of Etminan-Farooji et al. [18] is 4.59 %. Relative 
percentage error was around 1 % in most of the cases. The 
results show the excellent agreement of the present result over 
the whole range of Pe.  

 
3. Results and discussion 

The numerical experiments were made with the choice of 
following parameter values: 

Diameter (dnp): 30 nm, 50 nm and 100 nm. 
Concentration (j ): 2 %, 4 % and 6 %. Masoumi et al. [32] 

mentioned that Eq. (7) is valid for j  < -b/a, where a and b 
are defined in Eq. (9). In the present calculation the values of 
dnp were taken as 30, 50 and 100 nm, accordingly -b/a value 
registers 6.276, 6.912 and 7.415 %, respectively. Therefore, 
the value of j  can be considered up to 6 %. The variations 
of /nf bfk k  and nfm / bfm  with j  for dnp = 30, 50 & 100 nm 
are plotted in Fig. 2. As seen, both ratios increase with j . An 
anomaly behavior of nfm  with j  while changing j  from 
5 to 6 % for the case of dnp = 30 nm may be noted here.  

Peclet number (Pe): Pe = 25, 50, 100, 150, 200, 300 and 
400. 

Prandtl number (Pr): Pr is defined based on the nanofluid 
characteristics, different for different values of dnp and j  as 
well as materials. Pr is ranged in 4.414 - 19.86. 

Reynolds number (Re): For a particular fluid (Fix Pr), Pe 
variation results in the variation of Re (= 13-96.6). Here the 
flow was steady for all the cases since the critical Re at which 
the cylinder placed at a gap height 0.5A sheds vortices is 125 
(Bhattacharya and Maiti [34]). 

Gap height L : 0.1, 0.25, 0.5, 1.0, 1.5, 2.0, 3.0 and 4.0. 

Table 1. Grid refinement study on NuM, CD and CL for the case of H2O-
CuO nanofluid at Pe = 200 for different dnp and .f     
 

dnp(j ) Re Pr Grid Nuavg CL CD 

550´ 475 7.17 1.77 4.09 

800´ 600 7.24 1.77 4.1 
30 nm 
(2 %) 35.4 5.650 

196´ 140 6.81 1.71 3.94 

550´ 475 7.55 1.83 4.17 

800´ 600 7.6 1.84 4.18 
30 nm 
(4 %) 33.3 6.001 

196´ 140 7.25 1.78 4.03 

550´ 475 7.15 1.63 3.93 

800´ 600 7.2 1.63 3.94 
100 nm 
(2 %) 40.6 4.930 

196´ 140 6.68 1.57 3.77 

550´ 475 7.7 1.51 3.79 

800´ 600 7.75 1.51 3.8 
100 nm 
(4 %) 46.0 4.348 

196´ 140 7.33 1.46 3.65 

 

Table 2. Comparison of present NuM and St with that obtained by 
Sharma and Eswaran [8]. Here S® Sharma and Eswaran [8] results, P 
® Present results. 
 

  Constant temperature Uniform Heat Flux 

  B/H = 20 % B/H = 50 % B/H = 10 % B/H = 20 % 

Re  P S P S P S P S 

St - - - - 0.18 0.18 - - 
50 

NuM 3.49 3.57 4.84 4.93 3.81 3.82 3.93 3.94 

St 0.24 0.25 0.51 0.53 0.22 0.22 0.246 0.24 
100 

NuM 4.57 4.67 6.4 6.44 5.04 5.03 5.03 5.05 

St 0.21 0.21 0.51 0.53 0.2 0.19 0.2 0.19 
150 

NuM 5.5 5.53 7.41 7.47 5.89 5.89 5.82 5.81 
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3.1 Overview of flow and temperature field 

Numerical flow visualization for H2O-CuO nanofluid with 
dnp = 30 nm and j  = 4 % at Pe = 25 (Solid line) and 400 
(Dashed line) in Fig. 3(a) for L = 0.5 suggests that there is no 
shedding of vortex/vortices from the cylinder, and the flow is 
found to be completely steady since Re = 4.1 is much smaller 
than the critical Re = 125. Lower shear layer of the cylinder 
occupies most of the surface of the cylinder and upper shear 
layer of the cylinder lies only on top of the cylinder. With the 
increase of Pe (i.e., Increase of Re for fixed nanofluid) the 

lower shear layer is slightly detached from the rear face and 
the upper shear layer is convected downstream without shed-
ding. The layers of the cylinder are not interacting with each 
other. Only a weak interaction between the wall shear layer 
and cylinder’s lower shear layer takes place. The effect of gap 
height on the flow field is discussed based on the vorticity 
contour presented in Fig. 4(a) at Pe = 25 with dnp = 50 nm and 
j  = 4 %. For a gap height larger than 0.5, the above interac-
tion between the cylinder and wall diminishes and at L = 2.0, 
no more interaction is observed and the lower shear layer of 
the cylinder takes its proper form. However, at a lower L = 0.1, 
the lower shear layer of the cylinder is almost vanished due to 
a very negligible flow through the gap (Fig. 6(b)). Though the 
increment of the gap height is mechanically similar to that of 
Re, the flow is found to be steady even at L = 4.0 (Not pre-
sented here). The effect of concentration (j ) on the vorticity 

Table 3. Comparison of present heat transfer coefficient (h) with that obtained by Etminan – Farooji et al. [18]. Here EF ® Etminan- Farroji et al. 
[18] results, P® Present results, E ® EG:W, W ® Water. 
 

Pe = 25 Pe = 50 Pe = 100 Pe = 200 
Nanofluid 

EF P EF P EF P EF P 

Al2O3, 2 %, 30 nmW 1.59 1.56 2.1 2.05 2.8 2.7 3.85 3.72 

Al2O3, 4 %, 30 nmW 1.67 1.67 2.2 2.17 2.92 2.86 4.1 3.92 

CuO, 2 %, 30 nmW 1.6 1.57 2.17 2.07 2.75 2.71 3.8 3.7 

CuO, 4 %, 30 nmW 1.68 1.73 2.27 2.25 3.0 2.97 4.01 3.9 

CuO, 2 %, 100 nmW 1.57 1.53 2.05 1.99 2.71 2.64 3.7 3.57 

Al2O3, 2 %, 30 nmE 0.89 0.9 1.13 1.11 1.49 1.43 1.9 1.86 

Al2O3, 4 %, 30 nmE 0.93 0.94 1.19 1.18 1.56 1.52 2.01 1.97 

Al2O3, 2 %, 100 nmE 0.85 0.83 1.09 1.04 1.4 1.36 1.82 1.77 

Al2O3, 4 %, 100 nmE 0.89 0.92 1.15 1.17 1.52 1.49 2.02 1.95 

CuO, 2 %, 30 nmE 0.89 0.9 1.12 1.11 1.41 1.42 1.97 1.9 

CuO, 4 %, 30 nmE 0.94 0.96 1.21 1.22 1.58 1.56 2.14 2.05 

CuO, 2 %, 100 nmE 0.85 0.82 1.1 1.06 1.4 1.37 1.82 1.78 

CuO, 4 %, 100 nmE 0.9 0.92 1.17 1.19 1.55 1.52 2.01 2.0 
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Fig. 2. Ratio of thermal conductivity and viscosity of both the nanoflu-
ids (H2O-CuO and H2O-Al2O3) at different dnp and .f     
 

               (a)                          (b) 
 
Fig. 3. (a) Vorticity contours; (b) isotherms around the heated square 
cylinder of H2O-CuO nanofluid with f = 4% and dnp = 30 nm at Pe = 
25 (Solid line) and Pe = 400 (Dashed line) for L = 0.5. 
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Fig. 4. Vorticity contours (Left side) and corresponding isotherms lines 
(Right side) of H2O-CuO nanofluid with f = 4 % and dnp =50 nm at 
Pe = 25. In vorticity contours (Left side), solid lines: Positive vorticity 
and dashed lines: Negative vorticity. 
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generated at the cylinder surfaces is exemplified in Fig. 5(a) 
for H2O-CuO nanofluid. As seen the wall vorticity ( )w  de-
creases sharply from the front-bottom corner (Point 0) and 
reaches to minimum value (First minima) at the point 1. 
Thereafter, it rapidly increases along the top face and remains 
almost steady in most part of the top face, followed by sudden 
decrease at the end of this face providing its second minima. 
Again it starts increasing to reach a constant (Close to zero-
value) on the rear face, and then reaches to a second maxima 
(First maxima being at the point 0) at the point 3. Finally, after 
a sudden decrease, it maintains a constant positive value (De-
pending on j value) and then reaches a third maximum at the 
point 4. Overall, the sharpest variation in w  can be seen at 
the front-top corner, pointing to a large variation in the veloc-
ity. The global minimum and maximum of w  register at the 
point 1 and point 0, respectively. From the variation of w  on 
the front face, it may be deduced that velocity variation along 
this face is less for j  = 6 % than that for j  = 0-4 %. Front 
stagnation is shifted very close to the bottom of the front face 

for the case of j  = 6 %. From a closer view of top, rear and 
bottom faces, the effect of j on the negativity/positivity in 
w  around the top/bottom face is negligible while changing 
j  from 0 to 4; however, the numerical value of w on these 
faces decreases with increase in j  from 4 to 6 %. These 
observations on the wall vorticity can be justified from the 
increased viscosity of the nanofluid. The effect of gap height 
(L) on w  can be seen in Fig. 5(b). As seen, the magnitude of 
w  is directly proportional to L since the increase of L is 
equivalent to expose the cylinder to higher velocity region 
under the present flow condition. A change of sign of w  on 
the rear face at a higher L may be noted here. The front stag-
nation point moves towards the bottom side as the cylinder 
moves close to the plane wall. A similar effort was made for 
H2O-Al2O3 nanofluid, not presented here, and the effect of 
nanoparticle material (Al2O3, CuO) on the vorticity around the 
cylinder surfaces is almost negligible. 

As seen in Fig. 6, the gap flow (between the cylinder’s 
lower face and the wall) becomes stronger with the increase of 
Pe and/or L and the velocity overshoots (Jet action). Velocity 
profile takes its parabolic form in the gap flow. When the con-
tour is very close to the wall (Fig. 4(a)), the gap flow is found 
almost stagnant. Therefore, the heat transfer from the cylin-

 
(a) 

 

 
(b) 

 
Fig. 5. Wall vorticity (w ) distribution around the cylinder for H2O-
CuO nanofluids for (a) different f  at dnp = 30 nm, Pe = 100 and L
= 0.5; (b) different L with f = 4 %, dnp = 50 nm and Pe = 25. 

 

 
(a) 

 

 
(b) 

 
Fig. 6. Horizontal velocity profile along the vertical direction (y) at the 
exist position (x*=a) of the gap between the cylinder’s lower face and 
the wall for (a) different Pe and f  at dnp= 30 nm and L = 0.5; (b)
different L with dnp= 50 nm, f = 4 % at Pe = 25. 
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der’s lower face is expected to be more for the case of the 
presence of the wall, in comparison to that of the absence of 
the wall. It is evident from Fig. 6(a) that because of high vis-
cosity at j  = 6 %, the flow becomes slower in comparison to 
the counterpart in j  = 0-4 %.  

As both vorticity and thermal energy are being transported 
by the flow in the wake, the contour lines of vorticity and 
temperature have similar features (Figs. 3 and 4). Moreover, 
the equation of temperature is similar to that of vorticity. The 
temperature distributions show that the heat is distributed 
within the flow field as isolated warm blobs. These warm 
blobs are captured within the vortex structures and advected 
downstream without being influenced too much by mixing 
with their surroundings. The thermal boundary layer growth 
starts almost symmetrically from the front face of the cylinder 
and becomes thicker toward the rear. A higher induced tem-
perature gradient in the vicinity of the cylinder surface is visi-
ble from the contours. Except for L = 0.1 in Fig. 4, the thermal 
boundary layer on the front surface is thinner and produces a 
higher heat transfer compared to the other surfaces. Tempera-
ture contours are clustered near the front top and bottom cor-
ners, indicating that convective cooling of the cylinder is 
maximum in these regions, while the convective cooling along 
the rear face is expected to be low. This is because of the cir-
culation generated behind the cylinder, i.e., counter-rotating 
cell sweeps the heated fluid away from the wall at a lower rate. 
Apparently, the thickness of thermal boundary is reduced at a 
higher Pe and L. At lower L = 0.1, the hot cylinder is very 
close to the cold wall, as a result conductive heat transfer 
through the wall is expected to occur, indicating higher heat 
transfer from the bottom of the cylinder. 

 
3.2 Temperature distribution, hydrodynamic and heat trans-

fer characteristics         

Fig. 7 plots the local Nusselt number (Nu) distribution 
around the cylinder surfaces for H2O-Al2O3 nanofluid for dif-
ferent j  (Fig. 7(a) at dnp = 30 nm, Pe = 100 and L = 0.5) 
and L (Fig. 7(b) at dnp = 50 nm, j  = 4 % and Pe = 25). Nu 
attains local maxima at the four corners of the cylinder since 
the thermal boundary layer at these points is thinnest, having a 
higher thermal gradient. As seen in Fig. 7(a), the front face has 
a larger heat transfer rate compared to other faces as the in-
coming cold fluid directly impacts on it. The variation of Nu 
along the rear face is almost constant since the originating 
weak vortex rotates on this surface without being shed (Fig. 3). 
Apparently, the Nu distributions around the top (Faces 1-2) 
and bottom (Faces 4-3) faces are not in symmetry since the 
incident flow is not symmetric. The heat transfer from the 
cylinder is clearly enhanced due to the addition of nanoparti-
cles in the base fluid (Water) and Nu increases with j  for j  
= 2 % to 4 %. The addition of nanoparticles is more effective 
on the front and bottom faces of the cylinder. Surprisingly, 
heat transfer is found to decrease with the increase of j  from 
4 % to 6 % and the Nu-distribution at j  = 6 % is close to 

that without nanoparticles. The increase of f  in the base 
fluid enhances the µnf as well as κnf. It is plausible that the role 
of thermal conductivity on the heat transfer is opposite to that 
of viscosity. As observed in Fig. 2, the viscosity at this dnp is 
highly sensitive to j  while changing j  from 4 % to 6 %. 
The rate of increment for thermal conductivity is around 1.05 
for both cases: j  = 2 % to 4 % and 4 % to 6 %, while this 
rate for viscosity is 1.195 and 3.40 for j  = 2 % to 4 % and 
4 % to 6 %, respectively (Fig. 2). Therefore, it shows that for 
the case of j  = 4 % to 6 % at dnp = 30 nm, Nusselt number 
increases nominally due to the increase in κnf, while decreases 
marginally due to the µnf (by reducing the speed of incident 
velocity). It is observed from Fig. 7(b) that Nu-distributions at 
different L are qualitatively similar to those at L = 0.5, but 
quantitatively different; that is, the bottom face produces 
maximum heat transfer at the lowest L = 0.1. In this bottom 
face, the Nusselt number is almost constant in the major por-
tion since the gap flow is found minimum at L = 0.1 (Fig. 
6(b)). Higher Nu-value on this face is due to the fact that the 
bottom face is very close to the cold  plane wall. As a result, 
the distance between TW and T0 becomes minimum, and the 
conductive heat transfer through the plane wall takes place 
(Fig. 7(b)). Moreover, at this L = 0.1, the maximum variation 

 
(a) 

 

 
(b) 

 
Fig. 7. Local Nusselt number (Nu) distribution around the heated cyl-
inder for H2O-Al2O3 nanofluids for (a) different j  at dnp = 30 nm and 
Pe = 100 and L = 0.5; (b) different L with j = 4 %, dnp = 50 nm and 
Pe = 25. 
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in Nu-distribution is observed on the face (Rear) where the 
Nu-variation is minimum at other L. For L ³ 0.5, the Nu at 
each point on the surfaces increases with L, because of the 
higher incident velocity.  

Face-averaged Nusselt numbers (Front face: Nuavg-f, rear 
face: Nuavg-r, top face: Nuavg-t and bottom face: Nuavg-b) as a 
function of Pe, j  and dnp are presented in Fig. 8. At any 
particular parameter value, the front face shows maximum 
heat transfer, while the rear face dissipates minimum heat 
transfer, among all faces. Though the flow around the cylinder 
is asymmetric, heat transfers from the bottom and top faces 
are almost equal for Pe ³  100. At a lower Pe (< 100), the 
bottom face shows slightly lower heat transfer than the top 
face. As high as Pe, the Re becomes higher, which leads to 
accelerating the gap flow. Nuavg-f almost linearly increases 
with Pe, while the effect of Pe on Nuavg-r is more at a higher 

Pe than at a lower Pe. The curves along the top face are simi-
lar to their respective curves along the bottom face. Note that 
the addition of nanoparticles does not necessarily increase the 
heat transfer from all faces. Here, the Nu from the front face 
for dnp = 30 nm and j  = 6 % is found to be less than that for 
the pure water case. The speed of the incident cold fluid on the 
front face is the major constituent of the total heat transfer 
from this face. Here, for dnp = 30 nm and j = 6 % (Re = 
21.55) the fluid velocity is lower than that of pure water (Re = 
65.15) at Pe = 400. In fact, the value of Re for the curve cor-
responding to dnp = 100 nm with j  = 6 % is 88.4. Neverthe-
less, the overall heat transfer (NuM) from the cylinder is found 
to be more for nanofluids (Fig. 9). The curves corresponding 
to highest f  lie above the respective curves for the lower f  
(Fig. 9). 

Effects of j , dnp and Pe on NuM are presented in Fig. 9(a), 
while Fig. 9(b) presents NuM as a function of L at Pe = 25 and 
400 for H2O-Al2O3. As seen in Fig. 9(a), all the NuM curves are 
qualitatively similar, not crossing each other. For a particular 
combination of j  and dnp, i.e., for a fixed value of Pr, the 
NuM increases with Pe. Here, increase of Pe is due to the in-
crease in Re for a particular curve. Therefore, the increment in 

 
(a) 

 

 
(b) 

 
Fig. 8. Face average Nusselt number (Nuavg) along the surfaces of the 
cylinder as a function of Pe, j and dnp for H2O-Al2O3 nanofluid. Here 
subscripts f, r, t and b stand for front, rear, top and bottom, respec-
tively. 

 

 
(a) 

 

 
(b) 

 
Fig. 9. Mean Nusselt number (NuM) across the cylinder as a function of 
(a) Pe for different j  and dnp ; (b) L for Pe = 25, 400, j = 0, 2, 4 %
at dnp= 50 nm. 
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NuM due to Pe is attributed to the increased intensity of the 
incident velocity. Effects of dnp and j  on the heat transfer 
rate are found to be more at a higher Pe (i.e), at a higher Re. 
The case with dnp = 100 nm and j  = 6 % maximizes the 
heat transfer enhancement from the cylinder at all Pe since the 
value of Re is more at all Pe for this case compared to other 
cases. At higher Re, Brownian motion has an important role in 
heat transfer (Ebrahimnia-Bajestan et al. [7]). With the in-
crease of j , NuM increases at all Pe for dnp = 50 nm and 
100 nm. As noted in Fig. 9(a), only for the case of dnp = 30 nm, 
NuM is found to decrease with increase of j  from 4 to 6 %. 
Though there is a large increase in µnf than the increase in κnf 
at j = 6 % and dnp = 30 nm (Fig. 2), all nanofluids considered 
here can be used as coolants compared to the base fluid. The 
increment in NuM (from the value of its base fluid case) is 
about 6.57 % to 29.02 % depending on the values of dnp, j  
and Pe. Therefore, the increased number of nanoparticles in 
the base fluid where the κnf is more effective (Than µnf) on 
heat transfer is responsible for the improved values of NuM. 
Again at j  = 6 % a reverse trend in NuM with dnp is observed 
since Pr decreases with the increase of dnp at much faster rate 
compared to j =2 % and 4 % cases. Note that the present 
results (Based on variations of Pe, j  and dnp) are analogous 
to Ebrahimnia-Bajestan et al. [7]. To discuss the effect of 
nano-materials on the heat transfer, a similar effort was made 
for the case of H2O-CuO, not presented here. The NuM follows 
similar trends of its respective curve plotted in Fig. 9(a) as the 
Pe increases. However, the presence of the CuO nanoparticle 
in water is slightly more pronounced on the heat transfer from 
the cylinder compared to that of Al2O3 nanoparticle presence. 
For example, at Pe = 200, the increment in NuM of H2O-CuO 
(from the value of base fluid water case) is about 7.18 % to 
21.24 %, while this value for NuM of H2O-Al2O3 is about 
6.57 % to 20.20 %. A similar effect on the NuM is also ob-
served due to the variations of dnp and j . As depicted in Fig. 
9(b), the NuM variation is not uniform with L, that is, with the 
increase of L, the NuM starts to decline and becomes minimum 
at L = 0.5 and 0.25 for Pe = 25 and 400, respectively, and 
thereafter increases with L. However, for the case of Pe = 25, 
NuM could not reach the value as the lowest L = 0.1 even at a 
gap height L = 4.0, because at this lower Pe, the value of Re is 
so small (Falls in (4,4.65)) that the change of the gap height 
would not give noticeable variation in the incident velocity. 
This variation of NuM with L can be observed at higher Pe (i.e., 
Re) and the heat transfer is remarkably enhanced at higher L.  

An explicit form of functional dependency of NuM on Pe 
and L is presented using the least square method in Table 4 for 
H2O-Al2O3 nanofluid with dnp = 50 nm. As seen in Table 4, R2 
is very close to 1.0 while RSS is less, indicating that the pro-
posed relations (Especially NuM = NuM(Pe)) are the best fitted 
relations. It is reconfirmed in the equations NuM = NuM(Pe) 
that the NuM increases with Pe, but the increasing/decreasing 
of NuM = NuM(L) is dependent on Pe. When the equations as 
well as their coefficients are compared to each other, all the 
observations made so far on the dependency of NuM on Pe, f  

and L (Based on its graphical representation) are consistent 
with these explicit functional forms of NuM.  

The dependence of the hydrodynamic coefficients (Drag 
coefficient CD and lift coefficient CL) on Pe, dnp and j  was 
analyzed with the help of Fig. 10(a) (for CD) and Fig. 10(b) 
(for CL). The CD at different dnp and j  shows qualitatively 
similar behavior with a change in Pe, monotonically decreas-
ing with the increase of Pe. The CD dependence on Pe be-
comes weaker at a higher range of Pe. Maiti [23] reported that 
CD decreases with the increase of Re at a lower range of Re 
( £ 200). Here the maximum value of Re among all the cases 

Table 4. Explicit form of functional dependency of NuM on Pe and L 
for H2O-Al2O3 nanofluid with dnp = 50 nm. Residual sum of squares 
(RSS) and coefficient of determination (R2) are written in first bracket 
against each relation. 
 

f  NuM = NuM(Pe) 

2 % NuM = (1.153Pe +1.579)1/2 (0.0047, 0.9998) 

4 % NuM = (1.239Pe +1.734)1/2 (0.0027, 0.9999) 

6 % NuM = (1.571Pe +1.924)1/2 (0.009, 0.9997) 

Pe NuM = NM(L) 

25 NuM = 3.599L-0.0141/L(2.274, 0.4089) 

400 NuM = 2.966L +8.189 (0.4010, 0.9966) 

 

 
(a) 

 

 
(b) 

 
Fig. 10. Variation of (a) CD; (b) CL with Pe for H2O-Al2O3 nanofluid at 
different dnp and j .  
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is around 100. Note that f  have some effect on CD only at 
the lower range of Pe. Also, the curve corresponding to j = 
6 % with dnp = 30 nm shows much more higher value of CD to 
the cylinder at all Pe. As in this case Pr = 18.85, the Re regis-
ters much lower value where viscous effect becomes more 
significant. All CL curves show qualitatively similar behavior 
with changing Pe. Like CD, CL also decreases with the in-
crease of Pe, but the variation is found continuous over the 
whole range of Pe. Moreover, the effects of j  and dnp on CL 
are pronounced over the whole range of Pe. Essentially the 
curve corresponding to dnp = 30 nm (6 %) in Fig. 10(b) also 
distinctly appears among all other curves and lift coefficient of 
the cylinder becomes much more for the case of j =6 % with 
dnp = 30 nm. For fixed nanofluid (for given material, j  and 
dnp), the present observation on effect of Re (Due to variation 
of Pe) on CL is analogous to that of Maiti [23]. Apparently, 
hydrodynamic forces for H2O-CuO nanofluid are found com-
parable to the respective force for H2O-Al2O3 nanofluid at 
each value of dnp and j , therefore not presented here. Also, 
the variations of hydrodynamic forces with the gap height for 
the present case of nanofluid are qualitatively similar to those 
(CD increases uniformly with L while CL is not uniform with L) 
for the case of without nanofluid reported in the previous 

study (Maiti [33]), consequently it is avoided here. The role of 
viscosity on the hydrodynamic forces at j = 6 % is discussed 
by presenting the drag and lift coefficients due to pressure and 
shear (Figs. 11(a) and (b)) for the case of H2O-Al2O3 and dnp = 
30, 50 and 100 nm. Values for the base fluid are also pre-
sented. As seen in Figs. 11(a) and (b), the solid curve appears 
close to the respective dashed curve, indicating that the pres-
sure force is the major constituent of the overall hydrody-
namic forces. Curves corresponding to dnp = 30 nm appear 
distinctly, and it is immediately evident that viscous forces for 
both lift and drag coefficients have an appreciable contribution 
to the total hydrodynamics forces at lower Pe, remarkably for 
dnp = 30 nm.  

To assess the heat transfer enhancement of the heated cyl-
inder together with its drag coefficient reduction/increment 
due to the variation of Pe and L in nanofluid flow, Fig. 12 is 
presented for NuM /CD against Pe (Fig. 12(a)) and L (Fig. 
12(b)). Eventually, the ratio increases with Pe in Fig. 12(a) 
since NuM increases while CD decreases with the increase of 
Pe. As seen in Fig. 12(a), the curve for dnp = 100 nm with j  
= 6 % appears at the top of all curves, while the curve for dnp = 
30 nm with j  = 6 % appears at the bottom, even below the 
curve-W. Unlike Fig. 12(a), the ratio decreases with L at both 

 
(a) 

 

 
(b) 

 
Fig. 11. (a) Comparison of drag coefficients (CD) with their counterpart 
due to pressure (CDP) and due to shear (CD Sh); (b) comparison of lift 
coefficient (CL) with their counterpart due to pressure (CLP) and due to 
shear (CL Sh) at different Pe for H2O-Al2O3 nanofluid with j = 6 %. 

 

 
(a) 

 

 
(b) 

 
Fig. 12. Ratio of Nusselt number to drag coefficient (NuM /CD) of the 
cylinder for different values of (a) Pe, f  and dnp, for L = 0.5; (b) L
with Pe = 25 and 400; f = 0, 2, 4 %.    
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Pe, and at a lower Pe the variation becomes negligible at 
higher L (> 1.5). These results indicate that the rate at which 
the heat transfer enhancement occurs with L is less than that of 
drag coefficient increment. It also suggests that placing the 
cylinder sufficiently close to the plane wall is beneficial in 
terms of the heat transfer enhancement along with minimum 
drag coefficient. It may be noted that the ratio is more for nan-
ofluids case in comparison to clear fluid case at both Pe.  

 
4. Conclusion 

The nanofluid (H2O-Al2O3/CuO) flow over a heated square 
cylinder placed near a cold wall was numerically studied un-
der the incident of Couette flow at the inlet. It was observed 
that front stagnation point shifts very close to the bottom of 
the front face for the case of j = 6 % with dnp = 30 nm and 
moves towards the bottom side as L increases. In-spite of 
asymmetry in the flow around the cylinder (Due to incident 
shear flow and presence of the wall), heat transfers from the 
bottom and top faces are reported almost equal for Pe ³  100 
at L = 0.5. Interestingly, addition of nanoparticles did not 
necessarily increase the heat transfer from all faces. At lower 
Pe = 25, the maximum heat transfer was from the bottom face 
(Among all faces) at the lowest L = 0.1. Nusselt number 
(NuM) increased with the increase of Pe. Except for dnp = 30 
nm (and j  = 6 %), NuM increased (and decreased) with an 
increase of j  (and dnp) at all Pe. Surprisingly only for the 
case of dnp = 30 nm, NuM was found to decrease with an in-
crease in j  from 4-6 % due to a sudden jump in Pr from Pr 
= 6.086 to 18.85 with j  changing from 4-6 %. Overall, 
though there was a larger increase in µnf than that in κnf at j  
= 6 % and dnp = 30 nm, all nanofluids considered here can be 
used as coolants compared to the base fluid. The increment in 
NuM was about 6.57 % to 29.02 % depending on the values of 
dnp, j  and Pe at L = 0.5. The heat transfer enhancement from 
the cylinder was slightly more for CuO compared to Al2O3. 
Effects of diameter and concentration of nanoparticles on the 
heat transfer were observed more at a higher Pe. At a lower Pe 
= 25, the maximum NuM was found at the lowest L examined, 
while at a higher Pe = 400, NuM increased with L. Observa-
tions based on the graphical representation of dependencies of 
NuM on Pe (at L = 0.5) and L (at Pe = 25 and 400) were recon-
firmed by presenting their explicit functional form NuM = 
NuM(Pe) and NuM = NuM(L). CD and CL both decreased with 
the increase of Pe. Essentially, CL and CD curves correspond-
ing to j =6 % with dnp = 30 nm distinctly appeared from all 
other curves, and CD and CL both registered much higher val-
ues. The ratio NuM /CD increased with Pe, while decreased 
with L increased, and was more at each L for the nanofluid 
case in comparison to clear fluid case at both Pe.  

An anomalous behavior of the effective viscosity of nan-
ofluid ( )nfm (Consequently of hydrodynamics and heat trans-
fer characteristics) with j  within the defined range of j  
for the case of dnp = 30 nm suggests that the mathematical 
restriction (Provided by Masoumi et al. [32] ) on the range of 

j  is not sufficient. In addition, one needs to check the conti-
nuity in variation of nfm  with j  for a particular dnp, and 
then the maximum value of j  should be taken accordingly. 
The present numerical experiment was conducted on the 
physical property of nanofluid at room temperature. It is plau-
sible that temperature has an important role on the κnf and µnf 
of nanofluid, and hence on heat transfer enhancement rate. 
This is one possible future work, which will be taken care in 
our next study.  
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