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Abstract

This work presents a new alternative to studying and determining the shear or torsion modulus, G. For this purpose, a measuring sys-
tem was constructed with a rotational motion sensor coupled to a torsion pendulum that allowed the determination of the angular position
as a function of time. Through an equation derived from studies of mechanical spectroscopy and the theory of relaxation of materials, G
was calculated, and experiments were focused on validating it. The advantage of this technique, compared to other dynamical methods, is

that it is not necessary to know the Poisson's ratio of the sample.
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1. Introduction

The elastic modulus is a measure for the rigidity of a mate-
rial and represents an important property in materials that
could potentially be used as implants [1-5]. A significant dif-
ference in the elastic modulus of the implant compared to the
bone can lead to bone loss and deployed material. Its value
depends on the atomic bonds and the distances between the
atoms in the crystalline lattice; therefore, this value is sensitive
to the addition of elements, thermo-mechanical treatments and
deformation processing. Traditionally, the elastic modulus is
obtained by static (stress-strain curves) and dynamical (ultra-
sound or vibration) methods [6-8].

This paper establishes an alternative technique for determin-
ing the torsion modulus, G, for biomaterials. The main goal is
to validate the equation for the calculation of G. This equation
was derived from the study of mechanical spectroscopy [8]
and the theory of relaxation of materials and depended on
system rotational inertia, geometry parameters of the samples,
frequency of oscillation and internal friction. The equation
was developed to measure G. In this case, the analyzed sam-
ples show a constant circular cross-section, but the equation
can be applied to other uniform cross-sections. These meas-
urements are considered dynamic because, unlike conven-
tional methods, they are not performed statically. In addition,
since the value of G modulus depends on the system oscilla-
tion frequency, this technique is of mechanical spectroscopy
type and when applied to biomaterials is possible to identify
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by comparative studies as the addition of a chemical element
or thermal treatment modifies its rigidity G. The advantage of
this technique when compared to other dynamical methods to
obtain E is that it is not necessary to know the Poisson's ratio
of the sample. The elastic modulus, E or G, depends on the
atomic bonds in the crystalline lattice and is sensitive to the
addition of other elements and thermo-mechanical treatments.
Therefore, it is possible that Poisson's ratio be different if,
instead of the present material, it was used, for example, Ti
alloys with thermo-mechanical treatments. The latter fact may
compromise the results of £ that depend on Poisson's ratio. As
the technique presented here does not depend on Poisson's
ratio, it cannot change the result of G. The cost of the meas-
urement system is low and easy to use. It is not necessary to
use a vacuum system and internal friction is small and it not
influence the values of G in a significant way.

Several techniques to determine the moment of inertia of a
body can be found in the Refs. [9-14]. To determine the rota-
tional inertia of the torsion pendulum, /, independent meas-
urements were realized using a method developed in our re-
search laboratory [15, 16].

The rotational inertia values were adjusted and modified for
each measurement to obtain a different frequency response. A
rotation sensor was used to study this movement in order to
obtain a record of angular position as a function of time. The
function of the “wave form” kind was adjusted to the experi-
mental results, and then some parameters were determined
that could provide information about the oscillation frequency,
Jo, and the total internal friction of the system, O;'=6/27 .
These parameters were used in the equation to calculate the G
modulus. Using an electromagnet, torsion was applied at one
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Fig. 1. Measurement system: (1) The masses of the torsion pendulum,
(2) electromagnet, (3) three-step pulley in the position above the shaft
of the Rotational system (RS), (4) sensor of force (FS) — PASCO: CI-
6537, (5) torsion pendulum, (6) RS shaft rod, (7) sample, (8) sample
fixing base, (9) Rotary motion sensor (RMS) — PASCO: CI-6538, (10)
measurement system structure. (a) Complete view of the system; (b)
detailed view of the system: RMS and sample fixing base; (c) FS and
electromagnet; (d) pendulum.

end of a sample fixed to a pendulum where the other end was
attached to the base of a static structure, which allowed the
pendulum to oscillate freely until it stopped.

2. Measurement of torsion modulus

2.1 Equation to determine the torsion modulus

After applying a torque to the torsion pendulum and leaving
it to oscillate freely, it stopped oscillating after a certain inter-
val (see the system in Fig. 1). A rotational movement sensor
was fixed to the base of the measuring system by attaching a
wire to a pulley and connecting it to two rods, which formed
part of the pendulum. This made it possible to register the
pendulum’s angular position (6) as a function of time (7). The
generated curve in this record is the differential equation solu-
tion describing this movement, that is, € =6(¢). This equa-
tion, describing the oscillation [8] and based on Newton's
second law and relaxation studies, is expressed by:

10+G,(1+i1gp)0=0. 1)

The symbols 7, G, and i represent the rotational inertia, the
torsion constant of the wire or sample of the pendulum and the
imaginary number i, respectively. In this case, by hypothesis,
we discounted air resistance and the friction of the bearings on
the rotational motion sensor and Rotational system (RS) be-
cause they should not significantly influence the movement

[17]. The solution of the above equation is of the form,
0=0,¢"",where @ =aw,(1+i5/2x)and tgp=35/r .

Calculating the first and second derivative of
0 =0,¢" and substituting in Eq. (1), that is, 6=6,e""io
and 0 =6,¢""iw*io*=-0,¢" "0} [1+i5/2x] , then Eq. (1)
is expressed as

I[-6,”" @} (1+i25/2 7 — 8 [47n7)] +
+G, (1+i1gp)f,e”" =0. Q)

The real part of Eq. (2) is expressed as
~Ia} + 1w} 8°[4n* +G, =0, 3)
and the imaginary part by the equation is expressed as

—Ia)ji£+Goitg¢))=0 : 4)
r

From Eq. (3), it is written that

52
Ar’

G =Iloj(1-——). Q)

The latter equation suggests that G is obtained by knowing
the moment of inertia of the pendulum, /, the angular velocity,
y, and the term 6/27z. It is possible to alter the masses in the
torsion rod of the pendulum, and it is possible to change 7,
which modifies the value w,. This makes it possible to find G,
depending on the frequency of the oscillation system. There-
fore, we have a dynamic measure. On the other hand, if it is
necessary to obtain / using Eq. (5), a wire will be needed with
a torsion value G,, which can be experimentally determined
[17]. To do this, simply use the force sensors and rotation and
find the best fit of the force depending on the angular position.
We know that for small angles of oscillation, in which the
measuring system has a linear behavior, a straight line is the
best fit to force versus angular position. The constant G, is
determined by the slope of the force curve, F, as a function of
the angular position, 6, for the two quantities recorded with
force sensors and rotation, respectively. With the value of the
slope, (AF/AQ), multiplied by the radius of the pulley, rp,
you can determine G, which is

AF applied torque
G, =, =", 6
o (M) ) 7 (6

since the main objective is to determine the shear modulus, G,
for a solid sample radius of a uniform circular section R and
length L. Therefore, when considering issues that take into
account the resistance of the material [18-20], we can calcu-
late the resistive torque to which the sample is submitted, that
is, when it undergoes torsion by means of a pendulum or a
torque is applied (see Figs. 1 and 2). This torque is calculated
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Fig. 2. Schematic drawing representing all quantities considered in
order to obtain Eq. (7).

by the following equation:

2z 4
J-Grﬁrdrda ZEGQR__ )

resistive torque =
° L 2 L

St—x

Fig. 2 shows a schematic drawing representing all the quan-
tities considered in Eq. (7) that can facilitate the understanding
of this result.

Comparing Egs. (6) and (7), we arrive at

7 R
G =—G—. 8
=262 ®

Thus, the magnitude of interest, G, is obtained by substitut-
ing Eq. (5) with Eq. (8). As a result,

2 L o’

G==—G, == —=Io}(1-—)=
R xR b ( 4712) ©)
32 L o’
=22 Z 1w (1- .
7 d* @ 4712)

If you replace o =w,(1+i5/27) in the solution,
0=0,¢", relative to the differential equation that describes
the motion of the free pendulum [8], which we expressed, then

S i
. 00wyt
=0e ¥ 7=

0 (10)

5
5! .
=6 (cosmyt +isenmyt).

s
o (14+i—)1
iy ( i )

0=0e

In Eq. (10), a consideration of the real part arrives at the fol-
lowing:

S5

0:49067'cosa70t. 11

The values of the ¢ and @, parameters were obtained from
experimental results for the curve @ versus ¢, which was ob-
tained using the rotational motion sensor software and the
Pasco interface for a given value of L, d and /. For this pur-
pose, a fit function similar to Eq. (11) was devised with the
Origin 7.0 software application by selecting a “wave form”
function, such as:

xt,.
w

¢:Aexp(7t/to)*sin(%tf ). (12)

By comparing this with Eq. (11), we established a compari-
son that takes into account the parameters ¢, and W, obtained
by fit of Eq. (12) to the experimental values. We were also
able to obtain the J and @, parameters:

r=2" _ow and 5= (13)
a)(J t()

Finally, with the W and ¢, parameters and Eq. (13), we cal-
culated (8/27)" and w,=27/T, and using Eq. (9), we
determined G.

2.2 Method to determine rotational inertia

We need the inertia moment (M) of the torsion pendulum 7/
because the objective of this work is to determine the shear
modulus of materials using mechanical spectroscopy and to
verify the validity of Eq. (9). We determined this by removing
the sample and the electromagnetic system. In this situation,
the same procedure was adopted as in Refs. [15, 16], where
the authors considered the resulting torque, 7, to be responsible
for the rotational movement of the measured pendulum sys-
tem:

r=1,-7,=10q,. (14)

Here, 7 is the torque of the friction force acting on the ro-
tating shaft, while / and ¢, are the MI and angular accelera-
tion of the pendulum, respectively. It must be remembered
that the torque of the traction force is 7, =m(g-a,r,)7,,
where r,= (18.75+0.03)10° m and g = (9.79+0.01) m/sf. By
means of Eq. (14), it can be shown that the inclination

(A7, / Aey,) is equal to 1.

3. Experimental results

3.1 Measure of torsion pendulum’s rotational inertia

The results of the torque applied to the torsion pendulum, 7,
by means of a traction wire, with one end tied to a pulley of
radius 18.75 mm (Fig. 1(3)) and the angular acceleration, a,
using a rotary motion sensor; see Refs. [15, 16], are used to
construct the Fig. 3. The inclinations obtained by a linear fit,
provide the values .
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Table 1. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 17.50+0.05 mm.

Table 2. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 24.80+0.05 mm.

2 2
Ifl‘gf)‘ 100.6£0.7 21441 399.6+0.8 537+1 Ixal‘(%f)‘ 100.6£0.7 21441 399.6+0.8 537+1
G(Gpa) 3044 3144 3044 3144 G(Gpa) 3843 3843 3743 3843
fu(Hz) 6.70 4.62 3.35 291 fo(Hz) 6.30 433 3.13 2.73
s 0.033 0.0304 0.0322 0.039 s 0.0314 0.033 0.036 0.0338
+0.001 +0.0004 +0.0006 +0.002 +0.0009 +0.001 +0.001 +0.0006
700+ a Exeri ) Table 3. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 37.65+0.05 mm.
. . perimental result:
Rotational Inertia, | 1 =(53721) 10"kgm?
600 ® Experimental result: [(kgrn2
1 =(399.640.7) 10*kgm® x10%) 100.6+0.7 214+1 399.6+0.8 53741
< 500 A Experimental result:
o | =(2141) 10"kgm’ G(Gpa) 38+2 3742 37£2 3742
- 4001 W Experimental result:
E 1=(100.6£0.7) 10 “kgm’ fo(Hz) 5.08 3.48 2.52 2.19
2 3004 s 0.062 0.060 0.0540 0.056
- +0.002 +0.002 +0.0004 +0.001
i 2004
100 Table 4. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 45.30+0.05 mm.
0 T T T T T T I(kgmz
a (rad/s’) G(Gpa) 3712 3742 362 3622
Fig. 3. Values of / determined through linear fit with the experimental fo(Hz) 4.601 3.15 228 1.98
results. Four configurations were used with different positions and 0.0515 0.052 0.0517 0.055
masses of the pendulum, corresponding to the four values of /. J +0.0004 +0.001 £0.0003 +0.001

3.2 Validating the equation to determine the torsion modulus

We deduced Eq. (9) in Sec. 2.1, which will be the object of
study and whose validity is to be verified in the following
sections. First, we chose a material interest, commercially

pure titanium, cp Ti, and then we fixed a diameter of 3.20 mm.

For each fixed L (six L values were used), we changed the
values of 7 (the four / values of item 3.1) by altering the pen-
dulum configuration. Then we determined G, the oscillation
frequency, fy, and the parameter, J, to calculate the total fric-
tion of the pendulum, which is Q;' =&/27 (see Tables 1-6).
This last parameter represents the sum of the internal friction
of the sample cp Ti and friction bearings and means the air;
for this reason, we used the total friction denomination. Fur-
ther details and considerations have been extracted from Ref.
[17]. With this system, it is possible to evaluate the interfer-
ence of the sample and means (air and bearing) to which the
torsion pendulum oscillates, but these effects cannot be deter-
mined separately [17]. To make it possible to eliminate the
bearing and air, the same traditional method can be employed
as that used to study the structural properties of the samples
with mechanical spectroscopy. In this situation, a vacuum
system must be added to the measuring equipment and the
bearing removal. In this case, the system becomes more un-
stable mechanically and more expensive.

3.2.1 Varying the length with a fixed diameter

Tables 1-6 show the results for cp Ti, which were deduced
by varying the length with fixed diameter.

Table 5. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 61.00£0.05 mm.

2
Ifl‘gf)‘ 100.6+0.7 214+1 399.6£0.8 5371
G(Gpa) 4312 4312 42+1 4242
fi(Hz) 426 291 212 1.83
5 0.0459 0.0419 0.0396 0.0338
+0.0004 +0.0004 +0.0004 +0.0005

Table 6. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 72.40+0.05 mm.

2
Ixal‘gﬁ; 100.6:0.7 2141 399.6+0.8 53741
G(Gpa)| 47+l 4741 46+1 4841
fiHz) 4.12 2.82 2.04 1.79
5 0.0185 0.01802 0.0181 0.0194
+0.0001 +0.00007 +0.0002 +0.0004

These results in these tables are presented in Fig. 4.

The experimental points and curves that resulted from the
linear fit (see Fig. 4) provided a way to verify the validity of
Eq. (9). In this case, a fixed diameter was used for the sample
because the influence of the parameter J was very small com-
pared to / in the calculus of G. This latter assertion is dis-
cussed in Sec. 3.2.4. By calculating the proportion between
the moments of inertia used, /, and their inclinations, B, we
can check whether they are the same. If this is true, we show
that Eq. (9) describes G for the considered interval of L, that is,
17.50 to 72.40 mm.
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Table 7. Proportions of experimental values of / and B with the respec-
tive percentage deviation between them, with fixed d and varying L.

Proportion between / | Proportion between B Percentazg; ;i eviation
0
214/100.6 =2.13 81/39=2.08 -2.35
399.6/214=1.87 152/81=1.88 0.535
537/399.6 =134 205/152=1.35 0.746
399.6/100.6 =3.97 152/39=3.90 -1.76
537/214=2.51 205/81=2.53 0.797
537/100.6 =5.34 205/39=5.26 -1.50
= 1=(100.6 £0.7) 10”kgm’

—— G=B(Lf}) + A; B=39 % 1 and A=0.06 + 1.
® 1=214£1) 10%kgm®

65 G versus Lfg
603

—— G=B*(Lf}) + A; B=811 3 and A=0.6 £ 1.
Sample Cp Ti: d=(3.20 £ 0.05) mm 4 1=(399.6:0.) 10"kgm®
—— G=B*(Lf) + A; B=152 £ 3and A=0.2 £ 0.7.
v 1,=(537 £1) 10 kgm’
50 3 —— G=B*(Lf}) + A; B=205 £ 6 and A=0.1 £ 1.

55

45
40
35
30

Shear Modulus, G (GPa)

25

20 T T T T T T |
0,0 0,2 0,4 0,6 0,8 1,0 1,2 1,4

2 2
Lfg, (m Hz")

Fig. 4. Curves of G in function Lf;’. For each fixed rotational inertia, 7,
the length, L, and frequency, fj, are altered. The angular coefficient of
the linear fit, such as the diameter of the sample, was set, depending
only on the parameters J and /.

The table below provides these proportions and the per-
centages of deviation between them.

The 7 values in Sec. 3.1 were determined independently of
G in Eq. (9). However, as can be seen in Table 7, the ratio
between the values of G, valid for the established experimen-
tal conditions, should reflect the ratio between the values of /,
if the parameter J does not interfere significantly. This should
occur since the percentage deviations were small. In this case,
Eq. (9) can be used to determine G.

3.2.2 Frequency in the function of the rotational inertia for
varying lengths and fixed diameters
The oscillation frequency, f;, changes with the values of in-
ertia, /, as shown in Fig. 5. For fixed values of 7, the f, value
decreases by increasing the length, L, of the sample and keep-
ing d unchanged. This could not have happened if a sample
had been used in which the internal structure was modified.

3.2.3 Values of the torsion modulus for different lengths and
fixed diameters

Fig. 6 shows that G depends on the length of the sample, L,

as was expected based on Eq. (9). Another important fact is

that G is independent of the / values because these G values

are practically the same as considering the error associated

with each of them. In the Ref. [21], the modulus of elasticity,

50 -
fo versus |
_ 451 » 0
N A
T 40- " Sample Cp Ti: d= (3.20 £ 0.05) mm
5
= 3% —=—L,=17.50 £ 0.05 mm
2 30 —e—1,=24.80 +0.05 mm
8 5] —A—L =37.65+0.05 mm
T —v—L,=45.30 £ 0.05 mm
S2] ™ : )
w207, ——L_=61.00 + 0.05 mm
g 151 \ \ —<4—L=72.40 £ 0.05 mm
2
5 104
©
o 54
(o]
0

160 2(|)0 360 4(|)0 560 660
Rotational Inertia, | (10'4kgm2)

Fig. 5. Oscillation frequency as a function of rotational inertia, /, with a
fixed and constant diameter sample.

—=—L =17.50 £ 0.05 mm
—e—L,=24.80 £ 0.05 mm
60

G versus | —A—L =37.65%0.05 mm
. —v—L,=45.30 £ 0.05 mm
= 55 sample Cp Ti: d=(3.20£0.05) mm _,_ L,=61.00 £ 0.05 mm
o —4—L_=72.40 £ 0.05 mm
504 ©
o -
pre s . —
O 451 *
4 ¥
S 404
o
S 351
S
3 304 —_— "
»
25
20 T T T T T 1
100 200 300 400 500 600

Rotational Inertia, | (10'4kgm2)

Fig. 6. Experimental values of G in function of / to cp Ti samples, with
diameter 3.20 mm and L varying in the interval of 17.50 mm to 72.40 mm.

E, for a commercially pure titanium sample, has shown results
in an interval of 100 GPa to 110 GPa. This value can be ob-
tained by means of G if we use the equation that takes into
account the Poisson coefficient, v, of the elasticity theory;
this is v =FE/2G—1. For an L between 24.50 mm and 45.30
mm, wherein G has approximately the same value, G = 37+2
GPa, using the Poisson ratio, v =0.33, we find a value for £
of 9842 GPa. Even though this value is below the lower limit,
if we consider its error, it is still within the interval of 100 GPa
to 110 GPa. For L = 61.00 mm, using the same reasoning as
before, we find E = 113+£2 GPa, in which case it is slightly
higher than the value of the upper limit, £. For L = 17.50 mm
and L = 72.40 mm, respectively, we found that £ is equal to
8144 GPa and 12541 GPa for each of the sample lengths. In
this case, the values are outside the reference range [21]. It
should be recalled that v =0.33 is of questionable value
because it is known that this value varies from 0.31 to 0.36
[22], and it depends upon the degree of purity of the cp Ti
sample used. Average values of E for cp Ti, which were ob-
tained by either nanoindentation or ultrasonic techniques,
showed values of 11944.6 GPa and 121+0.87 GPa, respec-
tively [23]. This indicates that the values of £ may be different,
depending on the measurement technique used. In reference
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A —m—L =17.50 £ 0.05 mm
Qy versus| ——L,=24.80 £0.05 mm
121 —A— L =37.65+0.05 mm
1 Sample Cp Ti: d=(3.20 + 0.05) mm —v—L,=45.30 £ 0.0 mm
—#—L,=61.00 £ 0.05 mm
© 10 - — ., —4—L,=72.40£0.05 mm
e o] T,
‘TGI— 81 Y y y
74
=" ‘\’\’ .
o 64 °
o I E =
Q5] I=—m———p—— = ¢
L 4]
8 3 — « e
o
= 2]
1
0 T T T T T |
100 200 300 400 500 600

Rotational Inertia, I (10™*kgm?)

Fig. 7. Values of Q;'in the function of rotational inertia, I, to cp Ti sam-
ples of diameter 3.20 mm, and L varying from 17.50 mm to 72.40 mm.

[22], which provides values for titanium alloys, G values are
tabulated between 39 GPa and 44 GPa, and E between 100
GPa and 120 GPa. Given that we used a different technique
from those mentioned above, it is perfectly understandable
that the values found here would be slightly different from
those in the Ref. [21]. In our case, the samples with the short-
est length (17.50 mm) and those with the longest length
(72.40 mm) were the ones with the greatest differences in
relation to the literature.

3.2.4 Total friction with fixed diameters and varying lengths

Fig. 7 represents the total internal friction as a function of
the rotational inertia of the torsion pendulum, /. Sec. 3.2.1
affirms that 0 should not influence the values of G in a signifi-
cant way, and this may be seen from the results in Fig. 6. We
use the expression Q;' =8/27 to calculate the total friction
of the pendulum. When calculating G using Eq. (9), we have
the factor, (1-6°/4x%), which depends on Q,'. Consider-
ing O;' to be the highest value — that is, 10x10” (see Fig. 7)
— and calculating that factor, we find 0.9999. Note that in
terms of percentage, this modifies the value of G to become
0.01 %. So in fact, the influence of J is not significant in the
value of G determined in this work.

3.2.5 Varying the diameter and maintaining the fixed length
for each rotational inertia

The tables below present the experimental results of the cp
Ti samples for four different diameters while maintaining the
length, L, at 33.45 mm. Since our goal is to check Eq. (9), we
use four values, /, (the same as those used in Sec. 3.1) to
change the value of /.

Figs. 8-11 were constructed based on Tables 8-11, such that
a linear fit was carried out on the experimental data for each /
studied.

The experimental data and the experimental curves with the
appropriate linear fit (see Figs. 8-11) was a way to verify the
validity of Eq. (9). In this case, different diameters with fixed
L values were used because the influence of the parameter §

Table 8. Experimental result, cp Ti: d = 3.20+0.05 mm, L = 33.45+0.05 mm.

2
[kem™ )00 6207 2141 399.6+0.8 53741
x10™)
G(Gpa) | 4143 4143 4143 4143
fiHz) 5.63 3.86 2.82 2.44
5 0.0181 0.0168 0.022 0.030
+0.0003 +0.0004 +0.0006 +0.001

Table 9. Experimental result, cp Ti: d = 3.80+0.05 mm, L = 33.45+0.05 mm.

2
Tlem™ |00 6407 2141 399.6+0.8 53741
x10%)
G(Gpa) 3842 3842 3742 3842
fi(Hz) 7.64 524 3.79 329
s 0.021 0.0270 0.030 0.030
+0.001 +0.0003 +0.001 +0.001

Table 10. Experimental result, cp Ti: d = 4.70+£0.05 mm, L = 33.45+
0.05 mm.

2
[kem™ 00 640.7 21441 399.6£08 | 53741
x10%)
G(Gpa) 32+1 32+1 3241 32+1
f(H2) 1077 736 536 465
5 0.023 0.0189 0.025 0.0191
£0.004 £0.0004 £0.001 +£0.0003

Table 11. Experimental result, cp Ti: d = 5.00+£0.05 mm, L = 33.45+
0.05 mm.

2
1;11‘(%‘}; 100.6+0.7 21441 399.6+0.8 53741
G(Gpa) 31£1 31+1 311 3141
fo(Hz) 12.00 823 5.98 5.19
P 0.0210 0.0207 0.0218 0.0180
+0.0002 +0.0003 +0.0009 +0.0002
2
441 G versus , / a*
= 421 Sample Cp Ti: L= (33.45 + 0.05) mm
& 40- d=3.20 mm
O 38
3
2 36
'g d=4.70 mm
O 34
=
o 324 = Experimental result with 1=100.6 % 0.7 10" *kgm”.
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d=5.00 mm
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Fig. 8. Values of G in function of the relation (fy)*/d”, to cp Ti samples,
with L = 33.45 mm and diameters 3.20 mm, 3.80 mm, 4.70 mm and
5.00 mm. Rotational inertia of 7= (100.60.7) 10*kgm? was used.

was very small, compared to 7, for calculating G. This last
statement is discussed in Sec. 3.2.6.
Calculating the proportion between the moment of inertia
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Shear Modulus, G (GPa)
8
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=R* 2 4 = .
d=5.00 mm G=B*(f’/d")+A, A=-1%8 e B=296 + 67.
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Fig. 9. Values of G in function of the relation (f;)*/d”, to cp Ti samples,

with L = 33.45 mm and diameters 3.20 mm, 3.80 mm, 4.70 mm and
5.00 mm. Rotational inertia of 7= (214%1) 10“*kgm? was used.
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= Experimental result with 1=399.6 £ 0.8 10~*kgm’.
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d=5.00 mm
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2
o d*, (Hzimm?)2

Fig. 10. Values of G in function of the relation (f;)*d*, to cp Ti sam-
ples, with L = 33.45 mm and diameters 3.20 mm, 3.80 mm, 4.70 mm
and 5.00 mm. Rotational inertia of 7 = (399.6+0.8) 10"kgm? was used.

2 4
44 G versus fo Id

42+ d=3.20 mm
" Sample Cp Ti: L= (33.45 £ 0.05) mm

38
36
34

32

Shear Modulus, G (GPa)

304 = Experimental result with I=537 1 10™kgm’.
d=5.00 mm G=B*(f/d")+A, A=-2+8 e B=758 £ 179.

28 T T T T T T T )
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2
f0 I d4, (Hzlmmz)2

Fig. 11. Values of G in function of the relation (f;)*/d”, to cp Ti sam-
ples, with L = 33.45 mm and diameters 3.20 mm, 3.80 mm, 4.70 mm
and 5.00 mm. Rotational inertia of / = (537<1) 10*kgm? was used.

used, /, and the related inclinations, B, we can check to see
whether they are the same. If this is the case, we show that Eq.
(9) describes G for the studied interval of L, that is, 17.50 mm
to 72.40 mm. It is observed that the error associated with the
linear coefficient is always greater than the setting value,
which means that it can be discarded and the adjusted line
passes through the origin. This confirms that Eq. (9) really

Table 12. Proportions of experimental values of / and B with the re-
spective percentage deviation between them, with fixed L and by vary-
ingd.

. . Percentage
Proportion between / Proportion between B deviation (%)
214/100.6 =2.13 296/140=2.11 -0.939
399.6/214=1.87 524/296 =1.77 -5.35
537/399.6 = 1.34 758/524 =145 8.21
399.6/100.6 =3.97 524/140=3.74 -5.79
537/214=2.51 758/296 =2.56 1.99
537/100.6 =5.34 758/140 =5.41 1.31
5,5 - A
Qp versus|
2 5,0 )
P= Sample Cp Ti: L=33.45 + 0.05 mm
- o——— o
- "'_ 4,5 /
(¢} o »
c 4,0
2
2 35
L Ad
£ 304 « \‘
- —=— d=3.20 £ 0.05
. B Ry i
254 —A—d=4.70 £ 0.05mm
—v— d=5.00 £ 0.05mm
2,0

160 260 360 460 560 660
Rotational Inertia, I (10" *kgm?)

Fig. 12. Values of Q,'in the function of rotational inertia, /, to cp Ti
samples with L = 33.45 mm and diameters of 3.20 mm, 3.80 mm, 4.70
mm and 5.00 mm.

passes through the origin.

The table below provides these proportions and the per-
centages of deviation between them.

The values of 7 in Sec. 3.1 determined G in an independent
manner by means of Eq. (9); however, as can be seen in Table
12, the proportions between the values of G should be valid
for established experimental conditions and should reflect the
ratio between values of / if the parameter 0 does not interfere
significantly. Sec. 3.2.6 shows that the percentage deviations
in Table 12 are not due to J parameters. As can be seen from
the linear fits in Figs. 8-11, the values of the inclination, B,
and its associated errors are greater than the errors found in
Sec. 3.2.1. This explains and justifies the greatest deviations
found. In this case, it is confirmed that Eq. (9) can be used to
determine G.

3.2.6 Total friction with fixed lengths and varying diameters
Fig. 12 represents the total internal friction, Q;', as a func-
tion of the rotational inertia of the torsion pendulum, /. In Secs.
3.2.1 and 3.2.4, we stated that ¢ does not influence the value
of G in a significant way, and this can be observed in the re-
sults shown in Fig. 11. For the calculation of the total friction
of the pendulum, we use the expression, Q;'=5/27 . In the
calculations of G, using Eq. (9), we have the factor
(1-5°/4x), which depends on Q,'. By considering the
highest value of O;', which is 5.0x10°, and calculating that
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Fig. 13. Values of G in function of (f;)* to cp Ti samples with L =
33.45 mm and diameters of 3.20 mm, 3.80 mm, 4.70 and 5.00 mm.

factor, we find 0.99998. Note that this modifies the value of G
to become 0.001 % in percentage terms. Therefore, the inter-
ference of Q;' is not significant in the value of G.

3.2.7 Torsion modulus as a function of (fa)z to fixed lengths
and varying diameters

Fig. 13 shows that when the length of the sample remains
unchanged, G decreases as the values of the diameters increase.
For the 3.20 mm and 3.80 mm diameters, respectively, using
the same reasoning as in Sec. 3.2.3, with v =0.33, we come
to E being equal to 109 GPa and 101 GPa. For the diameters
4.70 mm and 5.00 mm, the values are below 100 GPa; there-
fore, they are 85 GPa and 83 GPa, respectively. This shows
that £ decreases as d increases. We observe that the G values
do not depend on the frequency squared. Since the f;, frequency
is related to the rotational inertia of the torsion pendulum (see
Fig. 5), they experience changes in oscillation frequency so that
G becomes unaltered, as was expected. This was probably due
to the increasing value of 7 and samples that maintain the same
internal structure. This can be seen in Fig. 13.

4. Conclusions

The presentation of this measurement technique and method,
plus the fact that it obtained excellent results in this work,
reinforces it as an alternative way to study the elastic modulus
of the torsion of titanium and its alloys. The experimental
validation of the equation deduced through mechanical spec-
troscopy studies and the theory of relaxation was a way to
verify the proposed method. According to the results, this
alternative experiment is different from others that have been
used to determine the G modulus. Therefore, this research can
be used in the study of mechanical properties of materials.

Acknowledgment

The authors thank the Brazilian agency, FAPESP, process
number: 2007/04094-9, and Capes, process number: BEX
6571/14-0.

C. A. F. Pintdo et al. / Journal of Mechanical Science and Technology 31 (5) (2017) 2203~2211

Nomenclature
G : Torsion or shear modulus
O;'  :Total internal friction
1 : Rotational inertia
Gy : Torsion constant
% : Angular position
6y : Initial amplitude
Wy : Angular frequency
fo : Oscillation frequency
T : Radius of the pulley
R : Radius of the sample
d : Diameter of the sample
F : Force
¢p Ti  : Commercially pure titanium
T : Period
ty : Parameter from the linear fit corresponding to T
w : Parameter corresponding to m,
tc : Parameter from the linear fit program
A : Parameter from the linear fit, amplitude
7, : Torque of the traction force
T : Torque of the friction force
a, : Angular acceleration
m : Mass
B : Angular coefficient or inclination
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