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Abstract 
 

This paper presents a mathematical model of torque for Single screw expanders (SSEs). Instantaneous torque and torque ratio were 

analyzed and discussed. The periodic variation of instantaneous torque is the same for different inlet pressure levels. The torque ratio, 

with its value close to 1, is independent of the inlet pressure of SSE. An experimental system was established to measure the torque, 

power and shaft efficiency of the self-developed SSE prototype, and results were used to validate the model. Comparison shows that the 

difference between calculated and experimental torque values is small (6.58 N.m to 7.55 N.m). The calculated and experimental output 

power is similar, with a difference of 2.07 kW to 2.37 kW. Therefore, the proposed model can be used to estimate the torque and output 

power of SSEs.  
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1. Introduction 

Organic Rankine cycle (ORC) is a promising and effective 

technology widely studied and used to recover low-grade 

waste heat [1-5]. The ORC system includes four main parts: 

Expander [6], pump [7], condenser and evaporator [8-10]. The 

expander, as a power machine, is the core and crucial to the 

performance of the ORC system [6]. 

Among many expanders such as turbine expander [11-13], 

scroll expander [14-18] and screw expander [19, 20-28], Single 

screw expander (SSE) has received considerable research at-

tention in recent years because of its distinct advantages, such 

as balanced loads, long working life, simple structure, low 

vibration, etc. Experimental studies of ORC units based on 

SSE demonstrated that SSE is suitable for ORC system. SSE 

exhibits the maximum isentropic efficiency of 73.25 % and 

64.78 %, as reported in Refs. [21, 24], respectively. 

Selection of SSE is crucial to the performance of ORC sys-

tems and strongly depends on the operating conditions and 

magnitude of output power [6]. When an ORC system is de-

signed for certain working conditions and the output capacity 

of the selected SSE is less than the heat energy recoverable 

from the waste heat, the system efficiency will be limited; this 

phenomenon may lead to erroneous selection of the motor 

coupling connected with the SSE. The output power of a ma-

chine can be calculated using torque. Therefore, it is a funda-

mental issue to establish a mathematical model of torque for 

SSE with given dimensions under given working operating 

conditions. 

Previous studies on SSE mainly focused on applications and 

performance tests. He et al. [25] and Wang et al. [26] studied 

the performance of SSE with compressed air as working fluid. 

In Ref. [25], the measured torque of SSE considerably in-

creases as the intake pressure increases. In Ref. [26], the shaft 

power exhibits a linear increasing trend with the increasing 

measured torque. Zhang et al. [24] tested an SSE-based ORC 

system for recovery of waste heat from truck engines. The 

performances of the ORC and SSE were investigated under 

different diesel working conditions and SSE torque values. It is 

shown that the maximum ORC efficiency was 6.48 % when 

the output of diesel engine was 250 kW and the torque of SSE 

was 64.43 N.m. Desideri et al. [21] evaluated the performance 

of an SSE modified from a standard compressor and developed 

a steady-state model of the entire ORC unit for low-capacity 

waste heat recovery. It is indicated that, when the rotational 

speed and expansion ratio were 3000 r/min and 7.7, respec-

tively, the highest output power and isentropic efficiency  
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were 7.8 kW and 64.7 %, respectively. In the above-

mentioned experimental studies, the torque of SSEs was 

measured using dynamometers, but the mathematical model-

ing of torque for SSEs has not been investigated. 

This paper aims to theoretically establish a mathematical 

model of torque for SSEs. The model can be used to predict 

instantaneous torque, torque ratio, and output power, and pro-

vides a basis for engineers to estimate the output magnitude of 

the SSE under given dimensions and operating conditions.  

 

2. Mathematical modeling of torque for SSE  

Two methods can be used to establish a torque mathemati-

cal model of SSE. The first method is determination of pres-

sure, tangential projected area of the left groove surface, right 

groove surface and bottom surface on contact and length of 

the lever arm connecting the axis of screw rotor to the point of 

force application (Fig. 1). The mathematical model of torque 

is difficult to establish using this method because of the com-

plexity of the screw groove surface. On the basis of Newton's 

third law, if the force on the screw rotor surface is the action 

force, the force on the tooth area of gate rotor is the reaction 

(Fig. 2). Hence, the second uses the product of the normal 

force F  on the gate rotor meshing tooth area and centroid 

distance R  from the centroid of the gate rotor tooth area to 

the center of the main rotor. Force can be calculated from 

pressure p  and gate rotor meshing tooth area .A  Further-

more, pressure at any rotational angle of gate rotor can be 

obtained by calculating the basic volume of SSE at any time 

and inlet pressure. In addition, the basic volume can be ob-

tained using the meshing tooth area A  of gate rotor and cen-

troid distance R . Therefore, in order to establish the torque 

model, it is of great importance to find the meshing tooth area 

A  of gate rotor and the centroid distance .R  

 

2.1 Geometric analysis of the single screw meshing pair 

2.1.1 Meshing tooth area A  of gate rotor and centroid dis-

tance  

The meshing tooth area of gate rotor, as shown in Fig. 4, 

can be calculated by numerical integration. The relevant equa-

tion is as follows: 
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The distance R  can be obtained by finding the centroid 

( , )x y  of meshing tooth area of gate rotor and the center 

distance .C  The centroid ( , )x y  and the distance R  can 

be expressed as:  
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Fig. 3. Geometry relationship of meshing pair. 

 

 
 

Fig. 4. Geometric analysis of meshing tooth area of gate rotor. 

 

 
 

Fig. 1. Force diagram of screw rotor. 

 

 
 

Fig. 2. Force diagram of single screw meshing pair. 
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2.1.2 Basic volume of screw rotor 

As illustrated in Fig. 5, the entire expansion process in SSE 

can be divided into three phases: Suction, closed expansion 

and discharge. The first part of volume is an inherent suction 

volume for each main rotor when the angle of the gate rotor is 

between 0 and 2δ . The suction volume of SSE at any time 

during the suction phase can be given as follows: 
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The closed expansion volume at any time during the closed 

expansion phase can be written as follows: 
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The discharge volume at any time during the discharge 

phase can be calculated as: 
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2.2 Mathematical modeling of torque 

Assuming that the pressure on the lower teeth surface of 

gate rotor is equal to the discharge pressure, the instantaneous 

torque is divided into three phases according to the operation 

of SSE. Assuming that the process is reversible process during 

the closed expansion, the instantaneous torque for one tooth of 

gate rotor can be expressed as follows: 
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Inlet pressure losses are not considered, because there is no 

inlet valve for single screw expander and the inlet port is large. 

Moreover, the discharge pressure 
out
p  and ( , )

ce in
p V s  are 

derived after considering the leakage losses and can be esti-

mated by the formulae given by Shen et al. [28].  

The gate rotor teeth are circumferentially equispaced; thus, 

the angel between adjacent two teeth is 
2

360 ./ zγ =  When 

the screw rotor meshes with a pair of gate rotors which is 

symmetrical along the axis, almost two or three meshed teeth 

for one gate rotor are present. Therefore, the instantaneous 

torque in SSE can be established as: 
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Consequently, the average torque is given as follows: 
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The shaft efficiency can be divided into the product of the 

leakage efficiency ,
le

η  the internal flow efficiency 
in

η  and 

the mechanical efficiency .
me

η  The leakage losses have been 

considered in the above pressure calculation, so the following 

calculated torque only needs to consider the internal flow effi-

ciency 
in

η  and the mechanical efficiency .
me

η  The calcu-

lated torque can be obtained as: 

 

.
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According to the experimental data in Table 2, the shaft ef-

ficiency is set to 50 % in theoretical calculation. According to 

the empirical volumetric efficiency, the leakage efficiency is 

assumed as 80 %. Thus, based on the above empirical data, 

in me
η η  is set to 62.5 % in the following calculation. 

The calculated output can be described as: 
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Fig. 5. Simplified working process diagram of SSEs. 
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Torque ratio is defined as the theoretical torque at different 

angles of screw rotor to the average torque of SSE, which can 

reflect whether SSE runs smoothly or not. If the torque ratio is 

close to 1, it indicates that the SSE runs relatively smoothly. 

The torque ratio can be calculated as: 
 

.S
T

T
λ =  (13) 

 

3. Experimental study 

3.1 Test bench description 

An experimental study on an SSE prototype with 155 mm 

diameter screw rotor was carried out on a self-made com-

pressed-air-based test bench; the general layout is given in Fig. 

6. As described in the Fig. 6, this experimental system consists 

of five parts: air intake and exhaust circuit, oil lubrication 

circuit, power testing system, water cooling system, and data 

acquisition system. The SSE prototype was specifically de-

signed by our laboratory, and thus it is not originally a single 

screw compressor in reverse. It drives an electric eddy current 

dynamometer, which is used to measure the torque and output 

power of SSE. The air source is a compressed air storage tank 

with high-capacity. The air pressure flowing into the expander 

can be controlled by adjusting the governor valve. The dyna-

mometer is cooled with water. A water pump drives water 

from cooling tower to the dynamometer exhaust. The experi-

mental platform is shown in Fig. 7, and the key parameters of 

SSE are listed in Table 1. 

 

3.2 Achieved performance 

Performance analyses were carried out by varying the in-

take pressure 
in

p  from 4.971 to 9.975 bar and maintaining 

the speed at 2999~3000 rpm. The expander shaft power and 

shaft efficiency are taken into account. The experimental re-

sults are given in Table 2. 

 

4. Results and validation 

Based on the established torque model, relevant Matlab 

codes are programmed and developed to obtain the pressure,  

 

 
 

Fig. 6. General layout of the test bench. 

 

 
 

Fig. 7. Test bench platform.  

 

Table 1. SSE key parameters. 
 

Parameters  

Diameter of main rotor 155 mm 

Diameter of gate rotor 155 mm 

Transmission ratio 11/6 

Center distance 124 mm 

Volume ratio 5 

Tooth width of gate rotor 23.4 mm 
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product of meshing tooth area A and centroid distance R , 

instantaneous torque of SSE and toque ratio with the rotational 

angle changes of screw rotor, the average torque, the calcu-

lated torque and the output power. The inlet pressure is as-

sumed equal to the values measured in experiments, and ex-

pansion process is a perfect adiabatic expansion. 

In Figs. 8 and 9, it is shown that the pressure value after 

considering leakages is higher than that without considering 

leakages during closing expansion and discharge starting 

phase. It indicates that the leakage losses lead to increase in 

discharge pressure. Fig. 10 describes the product value of 

meshing tooth area of gate rotor A and centroid distance R  

when a tooth of the gate rotor meshes with a single groove of 

the screw rotor used in experimental system and shows that 

the product value first increases and then decreases with rotary 

angle of gate rotor.  

It can be seen from Fig. 11 that the instantaneous torque 

varies with a period of 60°. In a period, all the relative highest 

and lowest points occur at the same degrees, despite varied 

levels of inlet pressure. The output torque of SSE increases 

with the growth of inlet pressure. This trend is consistent with 

that of the experimental results. 

The torque ratio is close to 1, which indicates that the SSE 

runs smoothly. As observed in Fig. 12, the torque ratio is inde-

pendent of the inlet pressure, and there is a small fluctuation 

(between -0.2 and +0.2) of torque ratio around the horizontal 

line (the torque ratio at the horizontal line is equal to 1). 

Therefore, the SSE runs steadily. 

On the basis of the trapezoid rule of numerical integral for-

mulas, the average torque in one period can be obtained using  

Table 2. Experimental results of SSE. 
 

Inlet pressure, 

in
p (bar) 

Rotate speed, 

n (r/min) 

Torque, 

ex
T (N.m) 

Output power, 

ex
P (kW) 

Outlet pressure, 

ds
p (bar) 

External expansion ratio, 

d
ε  

Shaft efficiency, 

s
η (%) 

4.971 

5.976 

7.033 

8.010 

8.975 

9.975 

2999 

3000 

2999 

2999 

3000 

3000 

11.464 

15.785 

20.166 

24.028 

27.776 

31.583 

3.600 

4.958 

6.333 

7.457 

8.72 

9.92 

0.500 

0.600 

0.700 

0.800 

0.967 

1.100 

3.981 

4.340 

4.725 

5.005 

5.073 

5.226 

48.189 

51.387 

54.046 

56.393 

57.679 

58.274 
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Fig. 8. Pressure versus rotary angle of gate rotor. 
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Fig. 9. Pressure versus rotary angle of gate rotor. 
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Fig. 10. Product value of AR  versus rotary angle of gate rotor. 
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Fig. 11. Instantaneous torque of SSE versus rotary angle of screw 

rotor. 
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Eq. (10). In Fig. 13, the average, calculated and experimental 

torque shows a linear increasing trend with increasing inlet 

pressure. Hence, torque is proportional to the inlet pressure of 

SSE. Furthermore it can be seen that the average torque is 

greater by 19 N.m than the experimental torque because the 

mechanical and internal flow losses are not considered. After 

considering the mechanical and internal flow efficiency, the 

calculated torque is slightly greater than the experimental 

torque. The difference between calculated torque and experi-

mental torques is small (6.58 N.m~7.55 N.m). Thus the torque 

can be estimated using the proposed model.  

In the Fig. 14, the calculated output power and experimental 

output power of SSE increase linearly with the growth of inlet 

pressure. It is shown that the calculated output power is much 

closer to the experimental one, and that the difference value 

(
cop
P∆ ) in the output power ranges from 2.07 to 2.37 kW. 

Therefore, there is a minor difference value between calcu-

lated output power and experimental output power. Thus, to 

some extent, the calculated output power can be used to esti-

mate the output power of SSEs. 

 

5. Conclusions 

The intention of this paper is to present a mathematical 

model of torque for SSE, which is a promising power machine 

in ORC and refrigeration systems. Experimental studies on 

SSE by using compressed air as working fluid were carried 

out to validate the proposed torque model. The following con-

clusions can be drawn: 

(1) The periodic change in instantaneous torque with 

changes in rotational angle of screw rotor is the same under 

different pressure levels. The instantaneous torque increases 

with the rise of inlet pressure, consistent with the test results. 

The torque ratio remains constant despite variations in the 

inlet pressure of SSE, indicating that the SSE runs steadily. 

(2) Comparison between predicted values and experimental 

results shows a fairly good agreement, particularly when the 

mechanical losses, internal flow losses and leakages are taken 

into account. Hence, the proposed torque model can be used to 

estimate the torque and output power of SSEs under given 

dimensions and operating conditions. 
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Nomenclature------------------------------------------------------------------------ 

i  : Transmission ratio (−) 

1
θ  : Rotary angle of screw rotor (rad) 

2
θ  : Rotary angle of gate rotor (rad) 

2
z  : Number of gate rotor teeth (−) 

γ  : Indexing angle of gate rotor (rad) 

0
k  : Ratio of the main rotor radius in to the gate rotor 

radius (−) 

k  : Meshing depth coefficient (−) 

1
r  : Radius of screw rotor (mm) 

2
r  : Radius of gate rotor (mm) 

H  : The distance from center of gate rotor to outer side of 

screw rotor (mm) 

C  : Center distance of single screw meshing pair (mm) 

l  : Axial length of the discharge side (mm) 
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Fig. 12. Torque ratio of SSE versus rotary angle of screw rotor. 
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Fig. 13. Torque of SSE versus inlet pressure. 
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α  : Meshing angle of the discharge side (rad) 

α ′  : Meshing angle of the suction side (rad) 

α ′′  : Key angle deciding the discharge starting angle (rad) 

l′  : Axial length of the suction side (mm) 

ξ  : Coefficient of the groove wall (−) 

e  : Minimum width of the groove wall (mm) 

b  : Tooth width of the gate rotor (mm) 

s
b  : Tooth width coefficient (−) 

δ  : Half angle of the tooth width (rad) 

A  : Area of gate rotor tooth meshing with main rotor 

(mm
2
) 

s
T  : Instantaneous torque of SSE (N.m) 

R  : Centroid distance from centroid of the gate rotor 

tooth area to the center of screw rotor (mm) 

in
p  : Inlet pressure of SSE (Mpa) 

out
p  : Outlet pressure of SSE (Mpa) 

ce
V  : Basic volume during closing expansion (Mpa) 

se
θ  : Suction ending angle (rad) 

ds
θ  : Discharge starting angle (rad) 

T  : Average torque (N.m) 

ca
T  : Calculated torque after considering the efficiency 

(N.m) 

le
η  : Leakage efficiency (%) 

in
η  : Internal flow efficiency (%) 

me
η  : Mechanical efficiency (%) 

s
η  : Shaft efficiency (%) 

λ  : Torque ratio (−) 

cop
p  : Calculated output power (kW) 

n  : Rotational speed of SSE (r/min) 

in
s  : Inlet entropy of SSE (kJ/kg.K) 
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