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Abstract

The elastomeric O-ring seals have been widely used as sealing elements in hydraulic systems. The sealing performance of O-ring seals
is related to stress distribution. The stresses distribution depends on the squeeze rate and internal pressure, and would vary with properties
of O-ring seals materials. Thus, in order to study the sealing performance of O-ring seals, it is necessary to describe the analytic relation-
ship between stress distribution and properties of O-ring seals materials. For this purpose, a novel Stress distribution analytical model
(SDAM) is proposed in this paper. The analytical model utilizes two stress complex functions to describe the stress distribution of O-ring
seals. The proposed SDAM can express not only the analytical relationship between stress distribution and Young’s modulus, but also
the one between stress distribution and Poisson’s ratio. Finally, compared results between finite element analysis and the SDAM validate
that the proposed model can effectively reveal the stress distribution under different properties for O-ring materials.
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1. Introduction

The elastomeric O-ring seals have been widely used in hy-
draulic systems because they are economical and effective.
Generally, they are working under squeeze rates and internal
pressures. In such case, the stress distribution of O-ring seals
has a great impact on the useful life, reliability and controlla-
bility. Moreover, the stress distribution is suitable indicator to
reflecting the sealing performance [1]. In fact, the stress distri-
bution will be varying with properties of O-ring seals materi-
als. In order to design optimum sealing structure and estimate
the useful life, the function relationship between stresses dis-
tribution and properties of O-ring seals materials should be
analyzed. Especially, when the working condition is specified,
the function relationship between stresses field and properties
of O-ring seals materials should be concerned. In other words,
it is necessary to obtain analytic functions between stresses
field and properties under certain boundary condition. Here,
the properties of O-ring seals mainly refer to Young’s
modulus and Poisson’s ratio.

The contact stress distribution of seals has been studied ex-
tensively by many researchers. Strozzi studied the static stress
field in an unpressurized, rounded rectangular, elastomeric
seal using both experimental and numerical techniques [2].
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Shukla and Nigam presented a numerical- experimental analy-
sis for contact stress problems by photoelastic data [3]. This
was only to obtain the contact length and friction factor as the
unknown variables for the pure contact stress problem with
complete theoretical solutions. Conway concerned the calcula-
tions of the distributions of contact pressure between two-
dimensional bodies and two transversely isotropic solids [4].
Dragoni proposed a theoretical model which is able to de-
scribe the mechanical behavior of an unpressurized, elas-
tomeric O-ring seal inserted into a rectangular groove [5].
Karaszkiewicz gave equations to determine the geometry, the
contact pressure and the force of the contact pressure of an O-
ring mounted in a seal groove loaded and unloaded by the
sealed pressure [6]. Salant and Liao established their models
respectively for hydraulic reciprocating seals. The contact
stress in their models is obtained by contact mechanics [7].
Those researchers concern stress field of contact surfaces un-
der static sealing. They don’t discuss interior stress field of
seals. Furthermore, the most of formulas are empirical for-
mula. The mathematical relationship between stress distribu-
tion and properties of O-ring seals materials is not discussed
detailed.

To find out stress distribution of elastomeric interior seals
under uniform squeeze rate, the photoelastic hybrid experi-
mental method is applied to the research. The photoelastic
hybrid experimental method was put forward by researcher [8]
and used for determining the stress concentration factors and



290 D. Wu et al. / Journal of Mechanical Science and Technology 31 (1) (2017) 289~296

stress intensity factors by the authors [9]. By this method,
Bernard analyzed the internal stresses distribution of X-ring
seals under different squeeze rate and internal pressure [10,
11]. Shin analyzed contact length and contact stresses devel-
oped in X-rings [12]. Attar investigated failure modes and
failure loads in polymeric matrix [13]. For O-ring seals, Na-
manalyzed the contact stress under 10 % or 20 % squeeze rate
using two stress functions [14]. The photoelastic experimental
hybrid method determined values of stress functions argu-
ments. Hawongstudied stress field of interior O-ring seals
under three kinds of loading conditions [15]. Namdeveloped
an O-ring molding method and loading device that will apply
a uniform load and internal pressure to the O-ring [16]. Na-
manalyzed 3-dimensional stress distributions of an O-ring
under uniform squeeze rate and internal pressure [17]. Shin
designed the proposed transmission-type photoelastic experi-
mental device which can describe actual deformation behavior
and the interior stress distributions of O-ring [18]. The stress
function in these papers can describe stress distribution pre-
cisely. However, the parameters of stress function were de-
termined by photoelastic hybrid experimental data. When the
boundary condition is determined without photoelastic hybrid
experimental data, the limitation of this method will appear.

In order to solve these issues, in this study, the stress distri-
bution of O-ring seals is analyzed under compressed and later-
ally one side restrained. A novel Stress distribution analytical
model (SDAM) is proposed. This model contains two stress
functions which can be utilized to effectively describe the
stress distribution of O-ring seals interior. Base on the pro-
posed SDAM, the analytic functions between the stress distri-
bution and properties of O-ring seals materials will be deter-
mined under certain boundary condition. The effectiveness of
the proposed model is validated by the comparative results
with Finite element analysis (FEA).

2. Problem statement and basic theory

The stress problem can be expressed as a half plane prob-
lem [19] and affected controllability of system [20, 21]. First
of all, the coordinate system is defined. The beginning point of
y-axis is set as the middle of contact surface. The direction of
y-axis is perpendicular to the contact surface. The x-axis is
line through center from upper wall to lower wall. The direc-
tion of x-axis is horizontal. The intersection of the y-axis and
x-axis is set as the origin. Fig. 1 shows the coordinate system.

The interior stress components in one material had been
driven by using the Muskhelishvili complex function [22] and
Airy stress functions as follows in:

o, +to, = 2{¢'(2) + ¢7’(z)}
o,—0, +2ir, = 2{E¢”(z) + l//'(z)} 0))
Zy(uv‘ + iuy) = K¢(z) - qu'(z) - 1/7(2)

where o, is stress vector acting along the horizontal direc-
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Fig. 1. Global ( x,v ) and local ( x,, y, ) coordinate systems of O-ring.

tion, o, is stress vector acting along the vertical direction,
7, 1is shear stress vector, A is Lamé parameters, u is
shear modulus, u_ is stress vector acting along the horizontal
direction, u, is stress vector acting along the vertical direc-
tion.

Then, Eq. (1) can be expressed as:

o, =Re[2¢/(z)-2¢'(2)
o, = Re[Z;zﬁ'(z) + E¢”(z)
T, = Im[?gb"(z) + l//,(Z):|

(2)]
(2)] @

_l//'
+y'

where Re and Im represent the real and imaginary parts of
complex, respectively.

As shown in Eq. (2), stress components are composed of
stress functions ¢(z) and w/(z). If form and parameters of
two stress functions are got, the stress distribution functions
o, and o, would be concluded. The analytical functions
between stress distribution and properties of O-ring seals ma-
terials will be obtained. Therefore, the SDAM is proposed.
The form and parameter of the two stress functions ¢(z)
and y(z) by SDAM.

3. Stress distribution analytical model (SDAM)

Generally, O-ring seals are installed in a groove and com-
pressed by a cover. The contact configuration is regarded as
the Hertz contact generally if a plane strain state is assumed.
In this case, the contact pressure profile along the horizontal
direction of an O-ring seals cross section becomes a semi-
ellipse.

In order to calculate stress distribution by two stress func-
tion, displacement function will be determined. The deforma-
tion of O-ring seals consists of two steps as Fig. 2.

The analytic model of stress distribution is as simple as pos-
sible for the purpose of convenient calculation. Moreover, it
can reflect relationship between stress distribution and proper-
ties of O-ring seals. In order to achieve this aim, the deforma-
tion processes of O-ring seals should be analyzed exhaustively
and simplified.

The shape change included two steps. The first step is de-
formation of O-ring seals under preload. The second step is
that internal pressure causes deformation of O-ring seals. The
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Fig. 2. The change of O-ring seals shape under external force.

deformation of O-ring seals shows as Fig. 2. There are two
assumptions during the first step. The first assumption is dis-
placement change of O-ring seals is linear along horizontal
and vertical direction. The second assumption is that the dis-
placement is along the x-axis of symmetry. There are two
assumptions during the second step. The first assumption is
that the displacement change of O-ring seals is linear along
horizontal and vertical direction. The second assumption is
that the displacement is along the x-axis of symmetry. Based
on the above analysis, the parameters of displacement function
will be determined. Stress functions ¢(z) and y(z) will
be got by the method in this paper. Stress distribution of O-
ring will calculated out.

According to complex function theory, the displacement
function could be describe as :

u= Zw:cnz" 3
n=0

where z=x+yi, ¢, isarbitrary real number constants.
Base on above assumptions, the displacement on the four
points could be obtained easily. They are top point, bottom
point, right point and origin point. Therefore, four parameters
are determined during displacement function.
The displacement functions can be simplified as cubic func-
tion:

_ 3 2
u=cz +c,z +cz+c,

:c3(x3—3xy2)+c2(xz—y2)+c1x+c0 4)

+[c3(3x2y —y3)+2czxy+cly}' .

The harmonic function ¢(z) will be expressed as:
¢(z):dlz3 . )

Based on Eq. (1), the equation will be concluded:

Z,Ll(ux +iuy) = Kqﬁ(z)—qu’(z)—tf(z)

. - ©)
=xdz —-3dzz 7(//(2).

Combined with Egs. (4) and (5) with d, =225 the
K

stress function i (z) may be written as:
x/7(z)=2,u0222 +2ucz—-3dzZ" +c, . @)
Eq. (7) can be transformed into:
W(z) =2uc,z° +2ucz -3dzz" +c, . ®

Both sides of Eq. (8) are differentiated:
x//’(z):4,uc23+2,ucI —3dzz. )
Now, we have:

o, = 6(33(x2 —yz) —(6c3 + 351’1)()«:2 +y2)

(10)
—4uc,x —2uc,
o,=6¢, (x2 —y2)+ (6c3 —3d1)(x2 + yz) (11
+4puc,x+2uc,
r,=-4ucy. (12)

From the above analysis, stress functions ¢(z) and z(z)
can be determined as:

{gﬁ(z) =dz’

13
(//(z) =2uc,z’ +2ucz —3dzz’ (13)

where d, :%.

K

The parameters of Eq. (13) would be estimated by four
points. They are top point, bottom point, right point and left
point. Because the O-ring seals are under compressed by pre-
load, the displacement along vertical direction will appear.
The displacement along horizontal direction is caused by rea-
son that the O-ring seals is under interior pressure. The some
displacement values can be got. The displacement value along
vertical direction on the point (0,y,) is u,. The displace-
ment value along horizontal direction on the point (x,,0)
(the rightmost point) is u . The displacement value along
vertical direction on the point (x,,0) (the leftmost point) is
u

x2

The parameters matrix will be got:

3
u, n 0 =yile
_ 2 3
Uy =145 % X G- (14)
2 3
U, X X X, G
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Furthermore, Eq. (14) can be transformed into:

-1

3
G » 0 -y u,
_ 2 3
G =% x -x u, |. (15)
2 3
C} x2 x2 xZ uxZ

Because the displacement on the upper and lower wall is
fixed, the displacement on the point (0, yl) can be expressed as:

u, =nr (16)

where 7 is compressed rate of O-ring seals, » is radius of
O-ring seals.

This paper mainly focused on the stress distribution under
boundary condition. When the boundary conditions are set
and keep consistent, Mullins effect and nonlinear elasticity
could be not considered. Therefore, the O-ring seals are as
elastomer. The displacement value on the point (xl, O) and
(x,,0) are expressed as:

u,=P/E-2nr (17)
u,=—P/E (18)

where P is interior pressure, E is Young’s modulus.
According to Egs. (10)-(15), the stress distribution of O-
ring will be obtained.

4. Results and discussion

The mechanical properties of O-ring seals and interterm
force will be set in order to validate stress distribution model.
Elastic modulus of O-ring seals is 15.6 MPa. Poisson’s ratio
of O-ring seals is 0.49. The radius of O-ring seals is 0.5 mm.
The fractional compression of O-ring seals is 20 % with an
internal pressure of 1 MPa. Because seal performance mainly
depends upon the sealing force, the maximum stress value and
stress trend should be paid more attentions and analyzed.

4.1 Stress distribution by FEA

When O-ring seals are deformed under compressed and lat-
erally one side restrained, the stress analysis method is finite
element analysis. The FEA is a numerical technique for find-
ing approximate solutions to boundary value problems for
partial differential equations. It uses subdivision of a whole
problem domain into simpler parts, called finite elements, and
variation methods from the calculus of variations to solve the
problem by minimizing an associated error function. By this
method, Chen [23] established a three-dimensional simplified
model for rubber O-sealing ring. The maximum Von Mises
stress and contact pressure can be got. Green [24] investigated
the stresses distribution of uncompressed O-rings in common
cases of restrained and unrestrained geometries. Kim [25]
Solved the classical O-ring problem. Aissaoui [26] proposed
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Fig. 3. Stress value obtained from the FEA.

an axisymmetric finite element model which is to simulate the
O-ring relaxation behavior. The contact stress profiles and the
peak contact stresses are determined versus the time relaxation
in order to specify the working conditions thresholds. There-
fore, when boundary condition is set, it is good way to analyze
stress distribution by FEA. The analysis result by FEA is
shown as Fig. 3.

Fig. 3 shows stress distribution under 20 % squeeze rate
with an internal pressure of 1 MPa. The stress distribution
along the horizontal direction is showed in Fig. 3(a). The
maximum of the absolute internal stress will be found in three
positions where are middle of upper wall, lower wall and lat-
eral wall. Their maximum values of the absolute internal stress
all were about 3.05 MPa. The stress distribution along the
vertical direction is showed in Fig. 3(b). It is almost similar to
stress distribution along the horizontal direction of Fig. 3(a).
The maximum of the absolute internal stress will be found in
three positions where are middle of upper wall, lower wall and
lateral wall. Their maximum values are greater than that of the
absolute internal stress along the horizontal direction by 0.01
MPa. The shear stress distribution is showed in Fig. 3(c). The
maximum of the absolute internal stress will be found in mid-
dle of upper right part. Its maximum value is about 0.836 MPa.
The second maximum of the absolute internal stress will be
found in middle of lower right part. Its value is about 0.804
MPa. The von-Mises stress is showed in Fig. 3(d). It is almost
similar to stress distribution along the horizontal direction in
Fig. 3(b). The maximum of the absolute internal stress will be
also found in three positions where are middle of upper wall,
lower wall and lateral wall. Their maximum values are about
3.05 MPa. The stress distribution calculated by stress function
does not draw stress contours directly. In order to compare
between finite element analysis results and SDAM values, the
path on the O-ring seals is set firstly, then stress value will
map on the path and be plotted as curve. Two straight lines
will be set as two paths. The two straight line are represented
by the equation x=0.3and y=0.3.
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Fig. 5. Stress value along horizontal direction.

4.2 Stress distribution under uniform compressed rate

The stress distribution can be obtained by SDAM based on
the boundary condition. Fig. 4 shows stress values along hori-
zontal direction are on the line which is represented by the
equation x =0.3 . Fig. 5 shows stress values along vertical
direction are on the line which is represented by the equa-
tiony=0.3.

In the Fig. 4, the circle (—>—) and triangle (—2—) sym-
bols indicate the stress distribution which are obtained from
the FEA and theoretical calculation, respectively. The maxi-
mum stress absolute value by FEA is about 1.05 MPa and
appears on the point (0.05, 0.3). Correspondingly, the maxi-
mum stress absolute value by theoretical calculation is about
1.14 MPa and appears on the point (0.3, 0.05). By contrast, the
maximums of value by FEA are moved slightly to the right
side from the point on the maximums of value by theoretical
calculation. Compared FEA results and SDAM values, the
maximum stress value and stress trend are almost identical to
each other.

In Fig. 5, the circle (—>—) and triangle (—~—) symbols
indicate the stress distribution obtained from the FEA and
theoretical calculation, respectively. The maximum stress
absolute value by FEA is about 2.45 MPa and appears on the
point (-0.035, 0.3). Correspondingly, the maximum stress
absolute value by theoretical calculation is about 1.14 MPa
and appears on the point (0.025, 0.3). By contrast, the curve

(—©—) by FEA are moved slightly to the right side from the
curve (—£—) which is on the maximums of value by theo-
retical calculation. Compared between FEA results and
SDAM, the maximum stress value and stress trend are similar
to each other. The results calculated by SDAM can be express
as analytic functions. The stress calculated by two stress func-
tions can reflect stress distribution of O-ring seals. Therefore,
the Egs. (10)-(12) can be described stress distribution as ana-
lytic functions.

4.3 Stress distribution under different properties of materials

Eq. (10) can be transform into:

o ——[M(x2 +y2)+4c2x+2cl}u

! A+3u 19)
—12¢,7 .
Eq. (11) can be transform into:
3¢, (4
o, =— M(xz -k—yz)—4czx—2cl M
’ A+3u (20

+12¢,x* .

According to the relationship between Lame constant A, shear
modulus £ , Young’s modulus £ and Poisson’s ratiov :

E 2Ev

200 Ty )

/_[:

Substituting Eq. (21) into Eq. (19), equation will be drawn:

3c
o, :—[3_2\}(}& +y2)+4czx+201j
. 2)
———12¢,3" .
2(1+v)

If point of position and Poisson’s ratio are determined, the
relationship between stress acting along the horizontal direc-
tion and Young’s modulus is shown by Eq. (22). The linear
relationship between stress along the horizontal direction and
Young’s modulus will be deduced from Eq. (22). In order to
verify the conclusions from Eq. (22), the stress value will be
simulated by FEA under the different Young’s modulus (from
10 MPa to 15.6 MPa). However, it is difficult that the stress
distribution is drawn as stress contours using stress function.
For the purpose of comparison of results, the stress data along
the horizontal direction on the point (0.04, 0.35) will be saved
and plotted as curve under different Young’s modulus.

In the Fig. 6 the circle (—>—) and triangle (—2—) sym-
bols indicate the stress values acting along the horizontal di-
rection obtained from the FEA and theoretical calculation,
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Fig. 6. Stress acting along the horizontal direction with Young’s
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respectively.

The minimum stress absolute value by FEA is about 2.45
MPa when Young modulus of O-ring seals is 10 MPa. The
maximum stress absolute value by FEA is about 3 MPa when
Young modulus of O-ring seals is 15.6 MPa. By comparison,
the minimum stress absolute value by theory analysis is about
2.44 MPa when Young modulus of O-ring seals is 10 MPa.
The maximum stress absolute value by theory analysis is
about 3 MPa when Young modulus of O-ring seals is 15.6
MPa.

As shown in the Fig. 6, a linear relationship appears be-
tween stress values on the point and Young’s modulus. It is
found that the function relationship between the results from
the FEA and that from the theory are nearly the same.

Substituting Eq. (21) into Eq. (20), leads to:

o, = —( 3¢ (x2 + yz)— 4e,x — 2c1)
‘ 3-4v
23)

. 12¢x” .
2(1+v)+ o

Also similar to the previous analysis, if point of position and
Poisson’s ratio are determined, the relationship between stress
acting along the vertical direction and Young’s modulus is
shown by Eq. (23). The relationship between stress along the
vertical direction and Young’s modulus is also linear from the
Eq. (23). In order to verify the conclusions from Eq. (23), the
stress value along the vertical direction will be simulated by
FEA under the different Young’s modulus (from 10 MPa to
15.6 MPa). For the purpose of comparison of results, the stress
value along the vertical direction on the point (0.04, 0.35) will
be saved and plotted as curve.

In the Fig. 7 the circle (—>—) and triangle (—2—) sym-
bols indicate the stress values acting along the vertical direc-
tion obtained from the FEA and theoretical calculation, re-
spectively.

The minimum stress absolute value by FEA is about 2.45
MPa when Young modulus of O-ring seals is 10 MPa. The
maximum stress absolute value by FEA is about 2.95 MPa

24
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Fig. 7. Stress acting along the vertical direction with Young’s modulus.

when Young modulus of O-ring seals is 15.6 MPa.

By comparison, the minimum stress absolute value by the-
ory analysis is about 2.46 MPa when Young modulus of O-
ring seals is 10 MPa. The maximum stress absolute value by
theory analysis is about 3 MPa when Young modulus of O-
ring seals is 15.6 MPa.

As can be seen from the Fig. 7, a linear relationship appears
between stress values on the point and Young’s modulus. The
data by FEA is almost identical to the data by theoretical
analysis.

In order to study the relationship between stress along the
horizontal direction and Poisson’s ratio, the Eq. (19) can be
transformed into:

_ 6c,E 2, 2\
o 7(3—4v)(x +)
_E
14(1+v)

(24)
(c3x2 +c,p +4e,x+2¢ ) —12¢,)" .

If point of position and Young’s modulus are determined,
the relationship between stress acting along the horizontal
direction and Poisson’s ratio is shown by Eq. (24). In order to
verify the conclusions from Eq. (24), the stress value will be
simulated by FEA under the different Poisson’s ratio (from
0.27 to 0.49). For the purpose of comparison of FEA result
and SDAM values, the stress values along the horizontal di-
rection on the point (0.04, 0.35) are saved and plotted as curve.

In the Fig. 8 the circle (—>—) and triangle (—&—) sym-
bols indicate the stress values acting along the horizontal di-
rection obtained from the FEA and theoretical calculation
under different Poisson’s ratio, respectively.

The minimum stress absolute value by FEA is about 2.95
MPa when Poisson’s ratio of O-ring seals is 0.31. The maxi-
mum stress absolute value by FEA is about 3 MPa when Pois-
son’s ratio of O-ring seals is 0.48. By comparison, the mini-
mum stress absolute value by theory analysis is about 2.46
MPa when Poisson’s ratio of O-ring seals is 0.27. The maxi-
mum stress absolute value by theory analysis is about 3.01
MPa when Poisson’s ratio of O-ring seals is 0.49.

The relationship between stress values on the point and re-
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ciprocal for Poisson’s ratio appear linear. As can be seen from
the Fig. 8, although the data by FEA is not identical to the data
by theoretical analysis, the maximum error is about 0.01 Mpa
when Poisson’s ratio of O-ring seals is 0.49. The stress distri-
bution which is calculated by two stress function in this paper
can be considered as good approximation.

For the relationship between stress along the vertical direc-
tion and Poisson’s ratio, the Eq. (20) can be transformed into:

O'y = —60—3E(x2 + yz) -
7(3-4v) 25)

14(1 N V) (szz + C3y2 —4c,x - ZCI) + lZc3x2 .

If point of position and Young’s modulus are determined,
the relationship between stress acting along the vertical direc-
tion and Poisson’s ratio is shown by Eq. (24). From Eq. (24)
the relationship between stress values on the point and recip-
rocal for Poisson’s ratio appear linear. In order to verify the
conclusions, the stress value will be simulated by FEA under
the different Poisson’s ratio (from 0.27 to 0.49). The stress
values along the horizontal direction on the point (0.04, 0.35)
are saved and plotted as curve.

In the Fig. 9, the circle (—©—) and triangle (—£—) sym-
bols indicate the stress values acting along the vertical direc-
tion obtained from the FEA and theoretical calculation under
different Poisson’s ratio, respectively.

The minimum stress absolute value by FEA is about 2.92
MPa when Poisson’s ratio of O-ring seals is 0.31. The maxi-
mum stress absolute value by FEA is about 2.97 MPa when
Poisson’s ratio of O-ring seals is 0.48. By comparison, the
minimum stress absolute value by theory analysis is about
2.92 MPa when Poisson’s ratio of O-ring seals is 0.27. The
maximum stress absolute value by theory analysis is about
2.98 MPa when Poisson’s ratio of O-ring seals is 0.49.

As shown in the Fig. 9, the data by FEA is not identical to
the data by theoretical analysis. However, the maximum error
is about 0.01 Mpa when Poisson’s ratio of O-ring seals is 0.49.
The stress distribution which is calculated by two stress func-
tion in this paper can be considered as good approximation.
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Fig. 9. Stress acting along the vertical direction with Poission’s ratio.

5. Conclusion

The novel SDAM has been proposed to describe the ana-
Iytical function between stress distribution and properties of
an elastomeric O-ring seals under certain boundary condition.
In the proposed model, first of all, the deformation behavior of
O-ring seals was analyzed under compressed and laterally one
side restrained. According to deformation analysis and SDAM,
the form and parameters of analytical function between stress
distribution and properties will be determined. When the
boundary condition is set, the analytical function will be read-
ily determined by SDAM. The comparison with finite element
analysis shows that SDAM can reflect maximum stress value
and stress trend with properties for O-ring seals materials. The
effectiveness of the proposed model can be validated.
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