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Abstract 
 
A serial-parallel dynamics simulator based on serial-parallel manipulator is proposed. According to the dynamics simulator motion re-

quirement, the proposed serial-parallel dynamics simulator formed by 3-RRS (active revolute joint-revolute joint-spherical joint) and 3-
SPR (Spherical joint-active prismatic joint- revolute joint) PMs adopts the outer and inner layout. By integrating the kinematics, con-
straint and coupling information of the 3-RRS and 3-SPR PMs into the serial-parallel manipulator, the inverse Jacobian matrix, velocity, 
and acceleration of the serial-parallel dynamics simulator are studied. Based on the principle of virtual work and the kinematics model, 
the inverse dynamic model is established. Finally, the workspace of the (3-RRS)+(3-SPR) dynamics simulator is constructed.  
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1. Introduction 

Dynamics simulators are often used in recreational facilities 
or devices for simulating the motions of cars and planes. The 
goal of a dynamics simulator is to give a realistic impression 
of a driving or flying [1-3]. With the development of mecha-
nism theory, the Stewart platform is used to design a dynamics 
simulator [4]. The Stewart platform is a good choice for mo-
tion platform because it has six Degrees of freedom (DOFs), 
which can achieve various required motions. In addition, this 
Parallel manipulator (PM) connects all six legs, forming a 
closed loop mechanism, which allows the PM to have good 
accuracy, rigidity and capability of handling a large payload. 
The idea of a dynamics simulator based on Stewart platform 
has been demonstrated by very successful applications. Exten-
sive research and application activities have been carried out 
on the Stewart-like PMs used for dynamics simulators. How-
ever, it is quite surprising that little attention has been paid to 
other novel versions that may be more effective in many prac-
tical applications. Motivated by this idea, we present a new 
concept of series-parallel dynamics simulator, which uses 
Series-parallel manipulators (S-PMs) as their mechanism body. 
The proposed concept in this paper uses 3-RRS and 3-SPR 
PMs and adopts outer and inner layout.  

In recent years, the idea of serially connected PMs has been 
employed to design S-PMs [4-14]. The generated S-PMs have 

higher stiffness than Serial manipulators (SMs) [4] and a lar-
ger workspace than PMs [5-8]. Generally, the PMs included in 
the S-PMs are selected from some well-known PMs, such as 
3-UPU PM [9], 3-RPS PM [10-13], 3-SPR PM [14], Tricept 
PM [15] and so on, which may lead to some S-PMs [16-20] 
with good performance. By serially connecting two PMs to 
form S-PMs, enhanced translational and rotational abilities, 
high stiffness and huge workspace can be achieved. Based on 
this concept, a novel (3-RRS)+(3-SPR) S-PM is proposed to 
design a novel dynamics simulator. Kinematics and dynamics 
are important issues for dynamics simulator. It is well known 
that SMs have easy forward kinematics yet difficult inverse 
kinematics. Inversely, PMs have easy inverse kinematics yet 
difficult forward kinematics [21, 22]. For the S-PMs, both the 
forward and the inverse kinematics difficulties are included in 
S-PMs. In addition, because of their highly nonlinear relations 
between joint variables and position/orientation of the end 
effectors for the S-PMs, solving the inverse dynamics of the 
S-PMs formed by the 3-RRS and 3-SPR PMs is also challeng-
ing. 

For the above reasons, we aimed at deriving  simple and 
compact formulae for the inverse kinematics velocity, accel-
eration in compact and explicit form, which is suitable for 
computer programming, and aims at establishing inverse dy-
namics for the proposed (3-RRS)+(3-SPR) serial-parallel dy-
namics simulator. The research provides a theoretical basis for 
the novel series-parallel dynamics simulator, as well as a fea-
sible approach for establishing the dynamics for other S-PMs. 
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2. Conceptual design of the novel dynamics simulator 

The general S-PMs are formed by two PMs connected in 
serials. The traditional S-PMs adopt the upper and lower lay-
out [5-12]. This layout includes a lower PM and an upper PM 
connected serially. Different from the traditional layout of S-
PMs, the concept of dynamics simulator in this paper adopts 
an outer and inner layout. Fig. 1 shows a CAD model of the 
novel (3-RRS)+(3-SPR) serial parallel dynamics simulator, 
which consists of an outer 3-RRS PM and an inner 3-SPR PM. 
The motion chair is fixed on the moving platform of the inner 
PM, which can achieve various required motions such as 
swinging, lifting, rotation. This device can be used as recrea-
tional facility in home theaters, entertainment places and so on. 

Compared with traditional dynamics simulators, this con-
cept has these advantages:  

(1) This concept has high rotation motion ability because 
the rotation of the motion chair is the superposition of the 
outer and inner PMs. 

(2) Because the motion chair is located at the inner platform, 
it has the advantage of compacted structure and small space-
occupancy.  

 
3. Displacement analysis of the (3-RRS)+(3-SPR) S-

PM 

The displacement analysis for the (3-RRS)+(3-SPR) S-PM 
mechanism includes two parts: The direct displacement analy-
sis and the inverse displacement analysis. The direct dis-
placement analysis is to calculate the pose parameters of the 
terminal platform relative to the base with the given actuated 
joint parameters. The inverse position analysis aims to calcu-
late the actuated joint parameters from the given pose of the 
terminal platform relative to the base. The forward displace-
ment of the (3-RRS)+(3-SPR) S-PM can be easily derived by 
using superposing method based on the forward displacements 
of two single PMs. However, the inverse displacement is a 
difficult work. This section aims at solving the inverse dis-
placement of the (3-RRS)+(3-SPR) S-PM. 

Fig. 2 shows the sketch of the (3-RRS)+(3-SPR) S-PM. Let 

the PM from outer to inner is the i-th PM of the S-PM. Let ni0 

and ni1 (i = 1, 2) be the base and moving platform of PM i, 
respectively. Then n10 and n21 denote the base and terminal 
platform of the whole S-PM, respectively. In structure, n11 and 
n20 are fixed with their centers kept coincident (see Fig. 2). 

The 3-RRS PM includes a base n10, a moving platform n11 
and three RRS type driving legs r1j (j = 1, 2, 3). n10 and n11 are 
two equilateral triangles. The j-th RRS leg connects n10 with 
n11 by a revolute joint R1j1 with a rotational actuator at A1j, two 
serial connected links dj1 and dj2, one revolute joint R1j2 at 
points C1j and one spherical joint S at point B1j.The 3-SPR PM 
includes a base n20, a moving platform n21 and three SPR type 
driving legs r2j(j = 1, 2, 3). n20 and n21 are two equilateral tri-
angles. The j-th SPR leg connects n20 with n21 by using a 
spherical joint S at A2j on n20, a prismatic joint P along r2j, and 
a revolute joint R2j1 at B2j on n21.   

Let ^ be the perpendicular constraint and || be the parallel 
constraint respectively. Establish coordinate frames {n2j} (i = 
1, 2; j = 0, 1) at the center of nij with Xij, Yij and Zij(i = 1, 2; j = 
0, 1) are three orthogonal coordinate axes and some con-
straints (Xij||Ai1Ai3, Yij^Ai1Ai3, Zij^nij) are satisfied in i-th PM. 
The geometrical constraints in the 3-RRS PM can be ex-
pressed as follows: 

 
111 112 12 13 121 122 11 13

131 132 11 12 1 1 1 1 1 2

|| || , || || ,
|| || , j j j j

R R A A R R A A
R R A A R d R d^ ^

（j = 1, 2, 3).   (1a) 

 
The geometrical constraints in the 3-SPR PM can be ex-

pressed as follows: 

 
211 22 23 221 21 23 231 21 22 2 1 2|| , || , || , .j jR B B R B B R B B R r^       (1b) 

 
For the 3-RRS and the 3-SPR PM, the unit vectors Rij1 of 

Rij1 (j = 1, 2, 3) in {ni0} can be expressed as follows: 

 
 
Fig. 1. CAD model of (3-RRS)+(3-SPR) S-PM used for dynamics 
simulator. 

 
 

 
Fig. 2. Sketch of (3-RRS)+(3-SPR) S-PM. 
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For the i-th PM, the points Aij(j = 1, 2, 3) in ni0 can be ex-

pressed as: 
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The points Bij(j = 1, 2, 3) in ni1 can be expressed as: 
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where Ei denotes the distance from Oi to Ai, ei denotes the 
distance from oi to Bi. 

Let 0

1
Ri

i

n
n denote the rotational matrix of ni1 relative to ni0. 

Let 0

1
Ri

i

n
n be formed by XYX Euler rotations with αi, βi and λi are 

three Euler angles; it leads to 
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where 
( 0 0 0 0 0 0 0 0 0i i i i i i i i in n n n n n n n n

li mi ni li mi ni li mi nix x x y y y z z z ) 
are nine orientation parameters of 0

1
Ri

i

n
n . 

A composite rotational matrix 10

21
Rn

n  from n21 relative to n10 
can be expressed as follows: 
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The position vectors Bij (j = 1, 2, 3) in {ni0} for each PM can 

be expressed as follows: 
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The center of o2 relative to base n10 can be expressed as fol-

lows: 
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When 10

2
n o  and 10

20

n
n R are given, the position vectors B2j (j = 

1, 2, 3) of the inner PM in {n10} can be expressed as follows: 
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3.1 The inverse kinematics analysis 

From Eqs. (1a) and (1b) it leads to,  
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When i = 1, from Eqs. (3a), (3b), (5a) and (6),  
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When i = 2, from Eqs. (3a), (3b), (5a) and (6),  
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When 10
2

n o  and 10

20

n
n R are given, 10

2
n

jB can be easily solved 
from Eq. (5c) and then sij(i = 1,2,3; j = 1,2,3,4,5) in Eqs. (8a)-
(8c) can be easily obtained.           

The points B1j have the dimensional constraints as follows: 
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By substituting Eqs. (7), (8a)-(8c) into Eqs. (9a)-(9c),  
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here tj (j = 0,1,…,4) are polynomials in 10
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From Eqs. (10a) and (11)， 
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The necessary condition for Eq. (12) to have nontrivial solu-

tions is 
 
det(M) 0 .=                                 (13) 

 
Eq. (13) is a nonlinear equation with regard to 10

12

n
BY . By us-

ing Matlab software, the unknown in Eq. (13) can be easily 
solved. Expanding Eq. (13) results in an eighth-degree poly-
nomial in 

12
.BY  It follows that there are at most eight solu-

tions for 
12BY . When 10

2
n o  and 10

20

n
n R are given, 10

12

n
BY can be 

solved from Eq. (13) and then 10

11

n
BY and 10

13

n
BY can be solved 

from Eqs. (11b) and (11c), respectively. Other coordinate 
parameters of B1j(j = 1,2,3) can be derived from Eqs. (7), (8a)-
(8c).  

After B1j(j = 1,2,3) are derived, the actuator angles of the 3-
RRS can be solved. Let θj1 be the rotational angle of R1j1. 
Since dj1^R1j1, O1A1j^R1j1, θj1 is the angle between dj1 and 
O1A1j, θj1 can be expressed as: 

 
1 1,1 1,2j j jq q q= +                              (14a) 

 
where θj1,1 denotes the angle between A1jO1 and Bj1Aj1, θj1,2 
denotes the angle between Bj1Aj1 and dj1. 

From Fig. 3, θj1,1, θj1,2, θj1 and θj2 can be expressed as fol-
lows: 

 
 
Fig. 3. Schematic representation of the RRS type leg. 
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For the 3-SPR PM, the length of r2j (j = 1, 2, 3) can be de-

rived as follows: 
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From Eqs. (14b) and (15), the inverse displacement of the 

3-RRS+3SPR S-PM can be solved. 

 
3.2 The pose decoupling equations of the 3-RRS PM 

For the 3-RRS PM, from Eqs. (3a), (3b), (5a) and (6) it 
leads to,  
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From Eqs. (3c) and (16c) it leads to,  
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From Eqs. (16a)-(16c) and (17b),  
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3.3 The pose decoupling equations for the 3-SPR PM 

From Eqs. (3a), (3b), (5a) and (6),  
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From Eqs. (3c) and (19a), 20

21

n
n R for the 3-SPR PM can be 

simplified as follows: 
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From Eqs. (19a) and (19b) it leads to,  
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4. Velocity analysis of the (3-RRS)+(3-SPR) S-PM 

4.1 Velocity constraint and decoupling analysis of 3-RRS 
PM  

From Eqs. (18a)-(18c), the linear velocity of n11 relative to 
{n10} of the 3-RRS PM can be expressed as: 
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From Eqs. (3c) and (17b), the angular velocity of n11 rela-

tive to {n10}of the 3-RRS PM can be expressed as: 
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lR are the unit vectors of the axes 

along α1, β1 and λ1, respectively. 
From Eqs. (21a) and (21b) it leads to,  
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Here, Jo1 is a 6×3 form velocity decoupling matrix of the 3-
RRS PM. 

For the 3-RRS and 3-SPR PMs, the constrained 
forces/torques which restrain the velocity of the terminal plat-
form of PMs exist. The velocity constraint equations can be 
obtained by analyzing the constrained forces/torques in the 
PMs using geometrical approach [14]. From the geometrical 
approach for determining constrained wrenches, one con-
strained force which is parallel with R1j and passes through S 
joint can be determined in each RRS leg. As the constrained 
forces/torques do no work to the moving platform ni1, the ve-
locity constraint equation for the 3-RRS PM can be deter-
mined as the following [14]: 
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Here, Jβ1 is a 3×6 form velocity constraint matrix for the 3-

RRS PM. 
 

4.2 Velocity constraint and decoupling analysis of 3-SPR 
PM  

From Eq. (20), the linear velocity of n21 relative to {n20} of 
the 3-SPR PM can be expressed as follows: 
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The angular velocity of n21 relative to {n20} of the 3-SPR 

PM can be expressed as: 
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From Eqs. (23a) and (23b) it leads to,  
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Here, Jo2 is a 6×3 form velocity decoupling matrix of the 3-

SPR PM. 
Based on the geometrical approach for determining the con-

strained wrenches, one constrained force which is parallel to 
R2j and passes through S joint can be determined in each SPR 
leg. As the constrained forces/torques do no work to the mov-
ing platform n21, it leads to [14] 
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Here, Jβ2 is a 3×6 form velocity constraint matrix for the 3-

SPR PM. 
 

4.3 Velocity analysis of the (3-RRS)+(3-SPR) S-PM  

Referring to Fig. 3, the vector loop for the j-th link 
O1A1jC1jB1jo1 for the 3-RRS PM can be expressed as:  
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Based on the rules of vector derivation, by differentiating 

both sides of Eq. (25a),  
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where

jkdω and 
jkdw denote the vector and the scalar of the 

angular velocity of djk, respectively. jkq& denotes the velocity 
of jkq .       

Dot multiplying both sides of Eq. (25b) with 10

2

n
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Dot multiplying both sides of Eq. (25b) with 10
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From Eq. (26a) it leads to,              
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From Eq. (27a), the actuation velocity of 3-RRS PM can be 

solved. 
The actuation velocity of 3-SPR PM can be expressed as 

[14] 
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Let g = [gx  gy  gz]T , h = [hx  hy  hz]T be two arbitrary vec-

tors, S(g) be a skew-symmetric matrix defined as:   
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The velocity of the terminal platform can be expressed as 

[20]: 
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From Eqs. (22), (23c) and (29),  
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Multiplying both sides of Eq. (30a) by Jo2,  
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From Eqs. (27a), (27b) and (30a), 
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In the same way, we can obtain  
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From Eqs. (31a) and (31b), 
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Here, J is the inverse Jacobian for the S-PMs. 
 

5. Inverse acceleration of the (3-RRS)+(3-SPR) S-PM 

For the 3-RRS PM, by differentiating both sides of Eq. 
(21c) with respect to time,  
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For the 3-SPR PM, by differentiating both sides of Eq. 

(23c) with respect to time,  
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where 
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By differentiating both sides of Eqs. (22) and (24) with re-

spect to time,  
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Here, Hβij(i = 1,2; j = 1,2,3) is a 6×6 form matrix. 
From Eq. (27a) it leads to,  
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For the 3-SPR PM, the scalar accelerations ari of r2j (j = 1, 2, 

3) have been derived as [14]: 
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The acceleration of the terminal platform can be expressed 

as [20]: 
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From Eqs. (33a), (33b), (34a), (34b), (36) and (37),  
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When the velocity and the acceleration of n21 relative to n10 

are given, by substituting Eq. (38) into Eqs. (33a) and (33b), 
0i

i

n
oa and 0

1

i

i

n
n ε  can be obtained. Then, by substituting this 

result into Eqs. (35) and (36), the inverse acceleration of this 
S-PM can be derived.  

 
6. Inverse dynamics of the S-PM 

The inverse dynamics analysis [23] is to determine the re-
quired forces of actuators from the given kinematics of the 
terminal platform in given poses.  

Let ,
ij ijl lω ε be the angular velocity and angular acceleration 

of the lower link in j-th leg of the i-th PM, respectively. Let 
,

ij ijl lv a and be the linear velocity and linear acceleration of the 
mass-center of lower link in j-th leg of the i-th PM, respec-
tively. Let 

ijuω and 
ijuε be the angular velocity and angular 

acceleration of the upper link in j-th leg of the i-th PM, respec-
tively. Let 

ijuv and 
ijua be the linear velocity and linear accel-

eration of the mass-center of upper link in j-th leg of the i-th 
PM, respectively. 

From Eq. (26a), the angular velocity of dj1 can be expressed 
as: 
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From Eq. (26b), the angular velocity of dj2 can be expressed 

as: 
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For the RRS leg, the velocity of the mass-center of dj1 can 

be expressed as 
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From Eqs. (39a) and (40),  
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For the RRS leg, the linear acceleration of the mass-center 

of dj1 can be expressed as 
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For the RRS leg, the velocity of the mass-center of dj2 can 

be expressed as 
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From Eqs. (39a) and (43a),  
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For the RRS leg, the linear acceleration of the mass-center 

of dj2 can be expressed as 
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Let v2j denote the velocity vector of the three vertices of the 
moving platform relative to the corresponding base, ωr2j de-
notes the angular velocity of r2j for the 3-SPR PM. The veloc-
ity of three vertices of the moving platform relative to the 
corresponding base can be expressed as: 
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Cross-multiplying both sides of Eq. (44a) by 20

2
n

jδ , it leads 
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For the SPR-type leg, the angular velocity satisfy: 
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where ωR2j1 is the velocity of joint R2j1. 20
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rω is the angular 

velocity vector of r2j.  
Since r2j⊥R2j, dot-multiplying both sides of Eq. (45a) 

by 20
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From Eqs. (44b) and (45b) it leads to,  
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Eq. (46a) can be expressed as:  
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Differentiating both sides of Eq. (46a) respect to time,  
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For the 3-SPR PM, Let rl2j be the distance from the bottom 

to the mass-center of the cylinder and ru2j be the distance form 
the mass-center to the top of the piston in the j-th leg.  

For the 3-SPR PM, the velocity of the mass-center of the j-
th cylinder can be expressed as 
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Thus, the velocity relation between the mass center of the j-

th cylinder and the moving platform of the 3-SPR PM can be 
expressed as 
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For the SPR leg, the linear acceleration of the mass-center 

of the j-th cylinder can be expressed as 
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For the SPR leg, the velocity of the mass-center of the j-th 

piston can be expressed as 
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From Eqs. (46b) and (49a),  
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For the SPR leg, the linear acceleration of the mass-center 

of the j-th piston can be expressed as: 
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For the 3-SPR PM, the following equation is satisfied: 
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Let , , ,
i i i io o o om I f n and 

ioG be the mass, inertia matrix, in-
ertia force, inertia torque, and the gravity of the moving plat-
form for i-th PM. Let Fo2, To2 be the workloads applied onto 
n21 at o2. Let , , ,

ij ij ij ijl l l lm I f n and 
ijlG (i = 1, 2; j = 1, 2, 3) be 

the mass, inertia matrix, inertia force, inertia torque, and the 
gravity of the lower link in j-th leg of the i-th PM, respectively. 
Let , , ,

ij ij ij iju u u um I f n and 
ijuG be the mass, inertia matrix, iner-

tia force, inertia torque, and the gravity of the upper link in j-th 
leg of the i-th PM, respectively. 

The inertia force, torque, and the gravity can be derived as 
follows: 

 
0 0 0

0 0 0 0 0 0

, ,

,

i i i

ij ij ij ij ij

i i i i i i

ij ij ij ij ij ij

n n n
l l l l l

n n n n n n
l l l l l l

m m= - =

= - - ´

f a G g

n I ε ω I ω( )
 

0 0 0

0 0 0 0 0 0

, ,

,

i i i

ij ij ij ij ij

i i i i i i

ij ij ij ij ij ij

n n n
u u u u u

n n n n n n
u u u u u u

m m= - =

= - - ´

f a G g

n I ε ω Ι ω( )
 

0 0 0

0 00 0 0 0 0 0
11

, ,

( ), R

i i i

i i i i

n ni ii i i i i i
nii i i i i i i

n n n
o o o oi o

n n n n n nA
o o o o o o o o

m m= - =

= - - ´ =

f a G g

n I ε ω I ω I I
 (50) 

00 0 0 0

10 10 10 10 10 21

1 11 1 2 21 2

, ,

, ,

nii i i i

ij ij ij ij

n n n n ij
l l u ij u

n n n n n n
o n o o n o

= =

= =

I I I I

I I I I

R R

R R
 

0
1 1[ ]in

ij ij ij ij ij= ´R δ R δR  

 
where 0ni

ij R  denotes the rotational matrix of {ij} relative to 
{ni0}. {ij} is a coordinate frame with 1ijR , 1ij ij´δ R  and ijδ  
are the diction vectors corresponding to their three orthogo-
nal coordinate axes, which are used to express the inertia 
matrices. 

Let Fr2j be the active force applied on rij. Based on the prin-
ciple of virtue work,  
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From Eqs. (30b), (31c), (41), (43b), (48b), (49b) and (51a),  
 

 
  (51b) 
 
From Eq. (51b), the inverse dynamics of (3-RRS)+(3-SPR) 

S-PM can be solved. 

7. Workspace 

In this section, the workspace of the (3-RRS)+(3-SPR) S-
PM is constructed using CAD variation geometry approach 

[20] and Matlab software. Generally, the workspace is con-
structed by a family of similar spatial boundary surfaces. For 
the (3-RRS)+(3-SPR) S-PM, the points of the boundary sur-
faces can be achieved when four actuators reach their mini-
mum or maximum extensions and the other two actuators 
change in the range of extensions. The construction steps of 
the workspace are as follows: 

Step 1. Construct the simulation mechanism of the (3-
RRS)+(3-SPR) S-PM in CAD software [20]. 

Step 2. Set E10 = 1.20 mm, e11 = E20 = 0.80 m, e21 = 0.60 m 
in the simulation mechanism. Set (θ1i)min = 95o, (θ1j)max = 
125o,(r2i)min = 1.0 m,(r2i)max = 1.5 m, δθ = 5 o, δr = 0.05 m. 

Step 3. Set θ13 = (θ1i)max, r21 = r22 = r23 = (r2i)max. Set θ11 = 
(θ1j)min +(j−1)δθ (j = 1, . . . , w1),where w1 = [(θ11)max -
(θ11)min]/δθ. 

Step 4. Set j = 1 and increase θ12 by δθ at each increment 
from (θ12)min to (θ12)max. Solve the position components (n10Xo2  
n10Yo2  n10Zo2) using the simulation mechanism.  

Step 5. Repeat the steps 4, except that set j = 2, . . . , w1, 
other points of the boundary surface can be obtained.  

Step 6. Repeat the steps 2-5, except set the other different 
four of the six actuators to reach their limited values and by 
varying the remaining two from the minimum extension to the 
maximum extension, respectively. 

Step 7. Based on the points obtained from the above steps, 
construct the workspace boundary surfaces using the com-
mand for drawing surfaces in Matlab software. 

The workspace of the (3-RRS)+(3-SPR) S-PM is con-
structed as shown in Fig. 4.  

 
8. Analytic solved example 

In this section, the inverse dynamics of the (3-RRS)+(3-
SPR) S-PM is computed by using the established dynamics 
model. Set the dimension parameters of the (3-RRS)+(3-SPR) 
S-PM as: E1 = 1.2/q m, E2 = e1 = 0.8/qm, e2 = 0.6/qm. Let the 
rotation of n21 relative to n10 formed by XYX Euler rotations, 
where α, β and λ are three Euler angles parameters about cor-
responding axes.   

Set the mass and inertial parameters as: mo1 = 112.47Kg, 
mo2 = 48.54 Kg, ml11 = ml12 = ml13 = 47.62 Kg, ml21 = ml22 = 
ml23 = 12.54 Kg, mu11 = mu12 = mu13 = 12.54 Kg, mu21 = mu22 = 
mu23 = 9.75 Kg, n10Io1 = diag[1.14 1.14  2.16] Kg·m2, n10Io2 = 
diag[0.83 0.83 1.64] Kg·m2, 11Il11 = 12Il12 = 13Il13 = diag[6.052 
6.052 0.037] Kg·m2, 21Il21 = 22Il22 = 23Il23 = diag[2.886 2.886 
0.004] Kg·m2,11Iu11 = 12Iu12 = 13Iu13 = diag[6.052 6.052 0.037] 
Kg·m2, 21Iu21 = 22Iu22 = 23Iu23 = diag[0.475 0.475 0.006] Kg·m2.  

Set the workloads applied onto n21 at o2 as: Fo2 = [-20 -30 -
60]T, To2 = [-30 -30 100] T. Support the independent parame-
ters (n10Xo2, n10Yo2, n10Zo2, α, β, λ) varying according constant 
accelerations with (-0.015 m/s2 0.015 m/s2 -0.02 m/s2 0o/s2 
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0 o/s2 0 o/s2) begin at initial pose (-0.19 m 0.16 m 0.45 m 5.8o 
10.2o 2.6o) from immobile state. The inverse kinematics  are 
solved as shown in Figs. 5(a) and (b), the inverse dynamics 
are solved as shown in Figs. 5(c) and (d).  

From the analytic solved example, it can be seen that when 
the displacement, velocity, and acceleration of the terminal 
platform are varied smoothly, the inverse velocity, accelera-
tion and dynamics are varied smoothly in a large range. It 
implies that the proposed series-parallel dynamics simulator 
has good kinematics and dynamics characteristics. 

9. Conclusion 

The main contribution of this paper lies in the concept de-
sign and the establishment of inverse Jacobian, velocity, ac-
celeration, dynamics and workspace of the series-parallel dy-
namics simulator formed by the 3-RRS PM and 3-SPR PM. 
The designed series-parallel dynamics simulator uses the outer 
and inner layout. This concept has high rotation motion ability 
and the advantage of compacted structure and small space-
occupancy. By choosing the proper position parameters and 

      
                       (a) The isometric view                                       (b) The top view  
 
Fig. 4. Workspace of the (3-RRS)+(3-SPR) S-PM. 
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Fig. 5. (a) Inverse kinematics of outer PM; (b) inverse kinematics of inner PM; (c) inverse dynamics of outer PM; (d) inverse dynamics of inner 
PM. 
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geometrical constraints, the inverse position solutions in close 
form are derived. The formulae for solving the inverse veloc-
ity, acceleration and dynamics are derived in compact forms 
by skillfully integrating the kinematics, constraint and cou-
pling information of the single PMs into the S-PM. The work-
space of the (3-RRS)+(3-SPR) series-parallel dynamics simu-
lator is constructed by CAD variation geometry approach. The 
result shows that this series-parallel dynamics simulator has a 
symmetric and large workspace. 
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