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Abstract 
 
In this numerical study, the variation of wake patterns and force coefficients of the flow past four square bodies aligned inline are in-

vestigated. A two-dimensional numerical code is developed using the Lattice Boltzmann method (LBM) for this study. The code is first 
validated for the flow past a single and two tandem square cylinders. The results are compared to those available in literature and found 
to be in good agreement. After validation the calculations are further performed to investigate the effect of gap spacing (g) for the flow 
past four inline square cylinders at two different Reynolds numbers (Re) 100 and 200. The gap spacing is chosen in the range 0.25 ≤ g ≤ 
7. Six different flow patterns: Single slender body, alternate reattachment, quasi steady reattachment, intermittent shedding, chaotic flow 
and periodic flow are found in this study with successive increment in spacing. It is found that some flow patterns existing at Re = 100 do 
not exist at Re = 200. The generated vortices at Re = 200 are much stronger as compared to those at Re = 100. The spacing value g = 3 is 
found to be critical at Re = 100 while at Re = 200 the spacing value g = 2 is critical due to abrupt changes in flow characteristics. At some 
spacing values the downstream cylinders have higher values of average drag coefficients as compared to upstream ones. In general the 
upstream cylinder (c1) have higher drag forces at Re = 200 than at Re = 100. The root mean square values of lift coefficient are found to 
be greater than the corresponding root mean square values of drag coefficient.  
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1. Introduction  

Flows around multiple structures are mostly seen in engi-
neering problems. Examples of such problems can be found in 
high rise buildings, bridges, cooling towers, chimneys and 
electronic equipments etc. Such types of structures often inter-
act with steady or unsteady fluid flows and experience flow 
induced forces like drag and lift. In case of unsteady flows the 
vortices shed alternately from the two sides of a structure. 
Structural oscillations occur as a result of alternate vortex 
shedding, which may affect the wake structure mechanism 
and impact upon fluid dynamics around downstream struc-
tures. It is of both practical and fundamental importance to 
experimentally and numerically study the possible influences 
of the upstream structure effects on the downstream flow. In 
such cases the cylinders are either in tandem, side-by-side or 
staggered arrangements. Flow around cylindrical bodies is 
affected by many parameters such as Reynolds numbers (Re = 
U∞d/υ; where U∞ is the uniform inflow velocity, d is the size 
of body and υ is the kinematic viscosity), shape and size of the 

bodies and surface roughness [1]. Most of the researchers 
have worked on the flow past a single cylindrical body 
(Square/circular) both numerically as well as experimentally 
(Shih et al. [2], Niemann and Holscher [3], Manzoor et al. [4], 
Franke et al. [5] and Saha et al. [6]). Shih et al. [2] performed 
experiments on flow past circular cylinders at large Re with 
different surface roughness values. They concluded that at 
sufficiently large Re values the drag coefficient of cylinder 
does not depend on Re but it depends on the roughness of 
surface of the cylinder. Also the roughest cylinder have lowest 
Strouhal number (St = fsd/U∞; where fs is the vortex shedding 
frequency) value. Niemann and Holscher [3] termed circular 
cylinders as semi aerodynamic bodies. According to them, 
these semi aerodynamic bodies differ from other bodies (Air-
foils and square shaped) due to separation point of the flow. 
The separation of flow from these bodies depends on different 
parameters such as free-stream velocity, flow profile, free-
stream turbulence, geometry and surface roughness. Manzoor 
et al. [4] experimentally measured the vortex-induced vibra-
tions of a square cylinder in a wind tunnel. They found that no 
significant oscillations of square cylinder were seen at lower 
mean free stream velocity Ur < 6. But at Ur ≈ 10 and 14 the 
vortex shedding frequency and the natural frequency of the 
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cylinder matched exactly. The authors termed this value of Ur 
as critical flow velocity. Franke et al. [5] performed numerical 
calculations for the flow past single circular and square cylin-
der. They reported that up to Re = 1000 and 300 flow remains 
fully laminar for the circular and square cylinders, respectively. 
Beyond these Re values the turbulent model is necessary to 
describe the flow characteristics. According to Saha et al. [6] 
flow past a square cylinder remains in steady state up to Re = 
40 and becomes chaotic around the value Re = 600. Between 
these two states it under goes a sequence of transitions by 
changing Re values. Further work on the flow past single cy-
lindrical body can be cited in Refs. [7-10]. 

In case of more than one body in the flow field a very im-
portant influencing parameter, gap spacing (g), comes into 
play. This parameter is more effective than Re in terms of 
flow characteristics. Some representative papers for flow past 
two tandem cylinders will be discussed in this section. The 
effect of g, for the flow past two tandem cylindrical bodies, 
along with other influencing parameters has been studied ex-
tensively by most of the researchers [11-20]. Xu and Zhou 
[11] experimentally measured the Strouhal numbers in the 
wake of two tandem circular cylinders in the range of Re = 
800 to 4.2 × 104 and g = 1 to 15. They observed that the spac-
ing range g = 3.5 to 5 is critical. Below this range the St be-
hind the downstream cylinder drops rapidly by increasing g 
due to the fact that vortices do not shed between the gaps 
while for spacing values above the critical range co-shedding 
occurs which results increase in the values of St with g. Kim 
et al. [12] performed experiments to measure the flow fields 
around two square cylinders in tandem arrangement in the 
spacing range g = 0.5 to 10 at Re = 5300 and 16000. They 
reported that the flow patterns for g ≤ 2 were quite different 
from those at g ≥ 2.5 due to reattachment of shear layers sepa-
rated from upstream cylinder. The authors termed g = 2.5 as 
critical value of spacing and categorized the flow characteris-
tics in two modes separated by the critical value. Lankadasu 
and Vengadesan [13] numerically studied the effect of g and 
shear parameter (K) on the flow past two tandem square cyl-
inders at Re = 100 and concluded that at lower values of g and 
K the downstream cylinder have negative values of mean drag 
coefficient (Cdmean). Also at K = 0 and 1 the flow showed 
steady behavior till g = 4 and 3 respectively and it becomes 
unsteady at early stages (smaller values of g) by increasing the 
value of K. For g < 4 vortices shed only behind the down-
stream cylinder but for g > 4 both the cylinders start shedding 
vortices. Sohankar [14] divided the flow past two tandem 
square cylinders into three regimes depending on g. (i) Single 
slender-body regime (g < 0.5), (ii) the reattach regime (g < 4) 
and (iii) the co-shedding or binary vortex regime (g ≥ 4). The 
author also concluded that at Re = 200 the three dimensional 
effects start appearing in the flow characteristics. Patil and 
Tiwari [15] performed numerical simulations in order to study 
the effect of relative cylinder sizes, g and Re on the flow 
around two square cylinders in tandem arrangement. They 
observed that for relative cylinder size greater than one the 

vortex shedding from the downstream cylinder vanishes. The 
drag coefficient (Cd = 2Fd/ρU2

∞d; where Fd is drag force, ρ is 
the density of fluid) of the upstream cylinder remains positive 
and increases with relative cylinder size values while that of 
downstream cylinder is negative and decreases by increasing 
the value of relative cylinder size. For the spacing value g < 2 
vortices do not shed behind any of the cylinder while at g = 5 
the vortices start shedding from both the cylinders. Flows past 
tandem circular and square cylinders for some important engi-
neering parameters are discussed in detail elsewhere [16-20].  

With the addition of two or more cylinders in the wake of a 
single cylinder the fluid forces and wake patterns are quite 
different as compared to those in the case of a single or two 
tandem cylinders due to the fact that there are more than one 
gap spacing. This phenomenon is also studied by many re-
searchers. Igarashi and Suzuki [21] performed experimental 
investigations on the characteristics of flow around three cir-
cular cylinders aligned inline and divided the behavior of 
shear layers in three cases. (i) Without reattachment, (ii) with 
reattachment and (iii) rolling up. They observed that the Cd of 
the middle cylinder is negative for the spacing values g < 3.53 
while that of the downstream cylinder remains positive. This 
phenomenon is different from two cylinders case in which the 
downstream cylinder has negative value of Cd. Harichandan 
and Roy [22] numerically investigated the flow around three 
inline circular cylinders at Re = 100 and 200 at different spac-
ing values. They deduced that the downstream cylinder ex-
periences very large unsteady forces which can give rise to 
wake-induced flutter. This phenomenon is more likely to oc-
cur at small values of g. At Re = 100 and g = 2 they observed 
steady wake pattern while sparse Karman street was seen at 
Re = 200 and g = 2. At g = 5 the Karman vortex streets were 
observed between the cylinders at both Re values. Vasel-Be-
Hagh et al. [23] studied the effects of Re on the force coeffi-
cients of the air flow past three circular cylinders aligned 
inline at g = 2. They found that the time averaged lift force 
remains zero for all the cylinders over the studied conditions. 
The pressure and viscous drag forces decrease while St in-
creases with increasing Re values. The flow became unsteady 
at Re ≥ 101while at Re = 105 the shedding of vortices started. 
Islam et al. [24] divided the flow around three inline square 
cylinders into five different wake modes: steady wake, nearly 
unsteady wake, sparse Karman vortex street, non-fully devel-
oped vortex street in single row and double row, with respect 
to spacing. They found a critical value of spacing at g = 3 due 
to abrupt changes in the flow characteristics. Bao et al. [25] 
numerically simulated the flow around six inline square cylin-
ders in the spacing range 1.5 ≤ g ≤ 15 at Re = 100 and catego-
rized the flow into six different patterns: Steady wake, non-
fully developed vortex street in single row and double row, 
fully developed vortex street in double row, fully developed 
vortex street in partially recovered single row and fully devel-
oped multiple vortex streets. They further reported that the 
flow mode changes from steady to unsteady state as the spac-
ing crosses a critical value. Sewatkar et al. [26] studied the 
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flow around six inline square cylinders numerically as well as 
experimentally at 0.5 ≤ g ≤ 10 and 80 ≤ Re ≤ 320. At Re = 
100 they observed synchronous flow regime in the spacing 
range 0.5 ≤ g ≤ 1.1, quasi-periodic-I regime at 1.2 ≤ g ≤ 1.3, 
quasi-periodic-II regime at 1.4 ≤ g ≤ 5 and chaotic flow in the 
spacing range 6 ≤ g ≤ 10. They concluded that the quasi peri-
odic and chaotic nature of the flow is due to the wake interfer-
ence of the upstream cylinders and it becomes more severe at 
higher Re values. It is important to mention here that for inline 
(Tandem) structures the effect of drag force is more important 
compared to lift forces because the drag forces either push 
these bodies in the direction of flow or may pull the structures 
in opposite direction due to thrust. There have been a lot of 
work in order to reduce the drag forces on the structures by 
placing small control cylinders or splitter plates in the flow 
filed. 

From above discussion it can be deduced that much less at-
tention has been given to the studies for flow past more than 
two bodies aligned inline. There is no such documentations on 
the effect of gap spacing for four tandem square cylinders for 
fixed Re to the best of our knowledge and on a best efforts 
basis. With these points in mind the present study focuses on: 
(i) The effects of spacing on the flow past four square cylin-
ders aligned in-line at fixed Re (ii) changes in these effects by 
changing Re (ii) variation of wake patterns and force statistics 
with spacing (iii) applicability of lattice Boltzmann method for 
flow past such complex geometries. Also in this work a spe-
cial emphasis is given on the effect of addition of cylinders in 
inline arrangement and spacing between these cylinders on 
drag forces. In the following sections these points will be ana-
lyzed in detail. 

 
2. Lattice Boltzmann method  

In this section the LBM is briefly introduced. The Lattice 
Boltzmann method (LBM) is an effective alternative numeri-
cal technique as compared to traditional Computational fluid 
dynamics (CFD) with some advantages, such as the natural 
parallelism and ease to handle interaction between fluids or 
phases [27]. LBM is a particle based method and it uses dif-
ferent models. In this paper we will use a two-dimensional and 
nine velocity particles (D2Q9, where D is dimension and Q is 
the number of particles) model. In LBM, at each time step the 
pressure is determined from the equation of state (P = ρc2

s, 
where ρ is the fluid density and cs = 1 / 3RT =  is the speed 
of sound for D2Q9 model) for ideal gases. The speed of sound 
does not depend on the temperature T or any other adjustable 
parameter in this method [28]. R is the gas constant. In LBM, 
it is not necessary to solve a Poisson equation for the pressure. 
Compared with common CFD methods this saves significant 
computer Central processing unit (CPU) time.   

The workhorse of the LBM is the Boltzmann transport 
equation: 

 
∂f/∂t + ∂f/∂x.e + F/m.∂f/∂e = Ω              (1) 

where f(x, u, t) is the particle distribution function, (x, e) is the 
phase space variable, t is the time, F is the external force (e.g., 
gravity) and Ω is the collision operator. In this study we use 
the LBM without external forces (F = 0).  

Using the Grad expansions or Chapman-Enskog [29] it can 
be proved that the equation is consistent with the Navier-
Stokes equations in the hydrodynamic limit. Particle velocity 
space can be reduced to a set of discrete velocities {ei|i = 
1,…,b} and the construction of the lattice, on which the calcu-
lations are carried out. Usually the equation is approximated 
along characteristic velocity vectors: 

 
fi(x + ei, t + 1) = fi(x, t)- 1/τ[fi(x, t) – fi

(eq)(x, t)] ⩝ i = 0,1,…,b  
                          (2) 
 

where fi(x, t) ≡ fi
(eq)(ρ, t) is the equilibrium distribution func-

tion of ith discrete velocity and τ is the single-relaxation-time 
parameter.  

Numerically, Eq. (2) is solved in two steps: 
Streaming: 
fi

(in)(x, t) = fi
(out)(x – e, t – 1).                      (3) 

 
Collision: 
fi

(out)(x, t) = fi
(in)(x, t) – 1/τ[fi

(in)(x, t) – fi
(eq)(x, t)].       (4) 

 
During streaming step Eq. (3) distribution functions are 

transferred to their neighbor lattice site according to their ve-
locity vectors. The particle distribution functions approach 
their equilibrium distributions in the collision step Eq. (4). The 
incoming and outgoing distribution functions, i.e., before and 
after collision, are denoted with “in” and “out” indices respec-
tively. The macroscopic density ρ and momentum ρv in a cell 
are the 0th and 1st moments of the distribution functions: 

 
 .                 (5) 

 
In terms of discrete velocities ei the equilibrium distribution 

functions are defined as 
 
fi

(eq)(x, t) = wiρ[1 + 3(ei.u)/c2 + 4.5(ei.u)2/c4 – 1.5u2/c2] .  (6) 
 
The weighting coefficients (wi) which are the constants for 

the nine-velocity two-dimensional model are  
 
w0 = 4/9,                                    (7a) 
w1 = w2 = w3 = w4 = 1/9,                        (7b) 
w5 = w6 = w7 = w8 = 1/36.                       (7c) 
 
The D2Q9 lattice structure is given in Fig. 1.  
The viscosity is defined from: υ = 1/3(τ – 0.5). 

 
3. Geometry and boundary conditions  

The schematic diagram for flow past four inline square cyl-
inders of same size ‘d’ is presented in Fig. 2. Cylinder c1 is 
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the upstream cylinder placed at a position Lu = 6d from the 
inlet position while cylinder c4 is downstream cylinder at the 
position Ld = 25d from the outlet position. The other two cyl-
inders c2 and c3 are placed between these two cylinders. Sur-
face to surface distance between the cylinders is denoted by s 
while the gap spacing (g = s/d) between cylinders is normal-
ized using the surface to surface distance and size of the cylin-
der. The computational domain has a fixed height H = 11d. 
The length (L) of computational domain varies by varying gap 
spacing (see Table 1). 

At the inlet position a uniform inflow condition (u = U∞; v 
= 0) is used, where U∞ is inflow velocity along the horizontal 
direction while v = 0 indicates that there is no flow in vertical 
direction. The convective boundary condition (∂tu +U∞∂xu = 
0) is used at the outlet position of the channel [30]. At the 
surface of cylinders no-slip condition (u = v = 0) is used. In 
LBM the no-slip condition is applied using the bounce back 
treatment in which the particles hitting the solid wall return 
back to their previous position. The no-slip condition is also 
applied at upper and lower walls of the channel. This is one of 
the advantages of the LBM that no-slip boundary condition 
can be easily handled by simple bounce-back scheme. In our 
study, in the computational domain any lattice node represents 
either a fluid node or a solid node. To use the no-slip wall 
boundary conditions it is important to implement the bounce-
back algorithm instead of the collision step before the stream-
ing step. The total fluid force on the square cylinder is calcu-
lated using the momentum exchange method [31]. It is ob-
served that the present LBM study using U∞ = 0.04385964 
give reasonably good results for τ = 0.526315784 and 
0.513157892 for Re = 100 and 200, respectively, and d = 20. 

The code for this problem was originally written and edited 
using Compaq visual fortran version 6.5.0.  

 
4. Code validation and grid independence study 

For spatial adequacy the present code was tested by varying 
the number of grid points (10, 20 and 40 points) along the 
surface of the cylinder. The resulting Cdmean, St and Clrms 
were compared at Re = 100 and 200 (Table 2). For the 10-
points grid, the computational domain comprises 320 and 110 
points along the longitudinal and transverse directions, respec-
tively. The cylinder is placed 6d from inlet and 25d from the 
outlet position. It can be observed from the table that the com-
putations on the 20-points grid gives better results in terms of 
computational time and convergence. Guo et al. [30] also 
suggested that 20-points grid is enough for convergence.  

In order to choose a suitable computational domain for bet-
ter accuracy and computational time, we have calculated the 
values of Cdmean and St for the flow past two in-line square 
cylinders at different values of inlet, outlet and height of the 
computational domain. A comparison of these values is pre-
sented in Table 3. It can be seen from the table that by fixing 
Ld and H at 25d and 11d, respectively, the Cdmean and St of 
both the cylinders decreases with increment in the upstream 
distance (Lu). That’s why we have chosen the upstream length 
Lu = 6d in our study. Although Lu = 8d gives better results 
but it takes more computational time as compared to Lu = 6d 
because it uses more number of grid points. The upstream 
distance has a great influence on the generation of vortices. 
The shedding of vortices starts as quicker as a cylinder is 
placed nearer to the inlet position. Due to this fact the smaller 
value Lu = 4d is not taken because it can affect the physical 
parameters. Also it will be seen the later paragraphs that at this 
value of Lu the values of physical parameters agrees well 
those of other researchers. Similarly by fixing Lu at 6d and 
changing the values of Ld and H, it can be seen that Ld = 25d 
and H = 11d gives better results than other chosen values. So 
we have selected Lu = 6d, Ld = 25d and H = 11d in our study 
to ensure better accuracy and less computational time. Also 
these values agree well with those of other researchers [5, 6, 
13, 15]. 

In order to validate our study we have calculated the values 
of different fluid forces like Cdmean, St, Cdrms and Clrms for 
flow past a single square cylinder at Re = 100 and 200. The 
numerical method was validated compared the results ob-
tained by other numerical techniques for the flow around a 
single square cylinder (see Table 4). It can be observed that 
the present data shows a good agreement with the experimen-
tal as well as numerical values. This indicates that the present 
code can simulate the flow characteristics in an efficient man-
ner.  

To study the effect of addition of bodies in stream wise di-
rection, on the force coefficients, we have calculated the 
Cdmean of first cylinder for flow past two inline, three inline, 
four inline and five inline cylinders. A comparison of these 

 
 
Fig. 1. D2Q9 particles direction. 

 

 
 
Fig. 2. Schematic diagram for the flow past four in-line square cylin-
ders. 
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values with Single cylinder (SC) values with percentage re-
duction is presented in Table 5. It can be seen that the percent-
age reduction in Cdmean of c1 increases with the addition of 
bodies in stream wise direction. Because the Cdmean of c1, 
for four and five inline cylinders, has highest percentage re-
duction (8.02%). In case of four and five in-line cylinders the 
drag reduction in percentage is same. From here it can be in-
ferred that more the number of bodies in inline arrangement 
lesser will be the value of Cdmean of first cylinder. It indi-
cates that the addition of bodies in stream wise direction af-
fects the flow characteristics significantly. On the basis of 
above analysis we choose four cylinders in inline arrangement 
for current numerical investigation. The selected cases, at Re 
= 100 and 200, for the current study are presented in Table 1. 

Here, firstly, some silent features and issues will be pre-
sented. Numerically researchers either interested in confined 
(Blockage) and unconfined (without blockage) effect to inves-
tigate the flow past a bluff body inside the channel. In case of 
blockage the boundary layers also plays an important role and 
affect the wake structure mechanism and force statistics as 

compared to unconfined flows. In case of unconfined we need 
to have reasonably good height of the computational domain 
to diminish the wall effect on flow past bluff body. One can 
clearly see such differences in Figs. 3(a) and (b) for flow past 
a single square cylinder at Re = 100. In case of blockage β = 
H/d = 8d and in unconfined case H = 11d. It should be noted 
that the vorticity is detected in the flow field using the follow-
ing relation 

 ∇ × u = v/x - u/y .                           (8) 
 
For convergence normally two different approaches are 

used. Firstly, calculations are terminated once the temporal 

Table 1. Selected cases for current study at Re = 100 and 200. 
 

Cases L × H Cases L × H 

g = 0.25 716 × 221 g = 3 881 × 221 

g = 0.5 731 × 221 g = 3.5 911 × 221 

g = .75 746 × 221 g = 4 941 × 221 

g = 1 761 × 221 g = 5 1001 × 221 

g = 1.5 791 × 221 g = 6 1061 × 221 

g = 2 821 × 221 g = 7 1121 × 221 

g = 2.5 851 × 221   

 
Table 2. Effect of spatial resolution on the physical parameters of the 
flow past a single square cylinder at Re = 100 and 200. 
 

 10-points 20-points 40-points 

Cdmean (Re = 100) 1.4630 (1.34%) 1.4434 (0.2%) 1.4414 

St (Re = 100) 0.1498 (0.5%) 0.1491 (0%) 0.1491 

Clrms (Re = 100) 0.1798 (3.1%) 0.1742 (1.2%) 0.1762 

Cdmean (Re = 200) 1.5214 (0.1%) 1.5198 (0.8%) 1.5086 

St (Re = 200) 0.1518 (2%) 0.1549 (0%) 0.1549 

Clrms (Re = 200) 0.4496 (0.8%) 0.4534 (0.09%) 0.4538 

 
Table 3. Domain independence study at Re = 100 and g = 5. 
 

Case Cdmean1 Cdmean2 St1 St2 

Lu = 4d; Ld = 25d; H = 11d 1.501 1.394 0.148 0.148 

Lu = 6d; Ld = 25d; H = 11d 1.432 1.303 0.143 0.143 

Lu = 8d; Ld = 25d; H = 11d 1.412 1.277 0.142 0.142 

Lu = 6d; Ld = 20d; H = 11d 1.432 1.302 0.143 0.143 

Lu = 6d; Ld = 30d; H = 11d 1.432 1.303 0.143 0.143 

Lu = 6d; Ld = 25d; H = 9d 1.476 1.377 0.148 0.148 

Lu = 6d; Ld = 25d; H = 13d 1.408 1.255 0.141 0.141 

 

 

Table 4. Comparison of Cdmean, St, Cdrms and Clrms for flow past a 
single square cylinder at Re = 100 and 200. 
 

 Cdmean St  

Re 100 200 100 200  

Saha et al. [6]  1.510 1.670 0.159 0.163  

Sohankar et al. [9] 1.444 1.424 0.145 0.165  

Okajima [32] 1.600 1.480 0.141 0.138  

Norberg [33]  … 1.450 0.140 0.152  

Abograis and Alshayji [34] 1.480 1.488 0.140 0.153  

Present 1.443 1.519 0.149 0.155  

 Cdrms Clrms  

Re 100 200 100 200 

Sohankar et al. [9] 0.002 0.012 0.130 0.240 

Abograis and Alshayji [34] 0.006 0.027 0.158 0.332 

Present 0.006 0.038 0.174 0.453 

 
Table 5. Percentage reduction in Cdmean of first cylinder (c1) with 
addition of cylinders in in-line arrangement at Re = 100 and g = 2. 
 

 Single  
cylinder 

Two  
inline 

Three  
inline 

Four  
inline 

Five 
inline 

Cdmean 1.444 1.338 1.329 1.328 1.328 

% reduction --- 7.3 7.9 8.02 8.02 

 

 
(a) 

 

 
(b) 

 
Fig. 3. Vorticity contours visualization of flow past single square cyl-
inder: (a) Unconfined flow; (b) confined flow. 
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variation of the lift coefficient becomes periodic (see Fig. 4). 
Secondly, one can stop the numerical calculation once the 
below criteria is satisfied. 

 

 .             (9)
 

 
When the temporal variation of the lift force becomes peri-

odic, the calculations will be terminated. In case of multiple 
bodies, it is almost difficult to adopt this procedure until all the 
cylinders lift forces becomes periodic. In such situation we use 
Eq. (9) for calculations termination. Interesting readers can 
also read research papers related to fluid-structure interaction 
problems, lattice Boltzmann method and flow transitions for 
bluff bodies [35-41].  

 
5. Results and discussions 

5.1 Wake patterns  

In this section a detailed analysis of different flow patterns, 
revealed in this study, is presented in terms of vorticity con-
tours, temporal histories of drag and lift coefficients, and 
stream lines. Different flow patterns reported in the literature 
for inline cylinders are single slender body, alternate reat-
tachment, quasi steady reattachment, intermittent shedding, 
chaotic flow and binary vortex street ([1, 26]). These flow 
patterns were again identified in the current study for flow 
past four square cylinders aligned inline but within different 
range of spacing and in modified form. In the following sub-
sections these flow patterns are discussed in detail. The solid 
lines in the vorticity contours represent positive vortices 
emerging from lower corners of cylinders and moving anti-
clockwise. While the dashed lines represent negative vortices 
emerging from upper corners and moving clockwise. For the 
sake of brevity only those figures are presented which show 
different behavior of flow. Similar figures are not presented to 
reduce length of paper. 

 
5.1.1 Single slender body (SSB) 

The vorticity contours for the case g = 0.25 and Re = 100, 

200 are shown in Figs. 5(a) and (b). It can be seen that due to 
narrow space there is no flow interaction in the gaps between 
the cylinders and the shear layers emerging from the upstream 
side of c1 form vortices at downstream position of c4 only. 
This can also be observed from streamlines representation 
(Fig. 19(a)). All the cylinders behave like an isolated body in 
the flow field. Zdravkovich [1] classified this flow behavior as 
Single slender body (SSB) which exists in the spacing range 1 
≤ g ≤ 1.8 for two tandem circular cylinders. This type of flow 
is also termed as ‘single bluff body’ in the Ref. [26]. It can 
also be observed that at Re = 100 sparse vortices are formed 
as compared to those at Re = 200. Also the vortex rollup point 
moves further upstream at Re = 200 as compared to that at Re 
= 100. Similar flow characteristics were observed at (Re, g) = 
(100, 0.5) and (Re, g) = (200, 0.5) (Figures not shown). 

The temporal histories of drag coefficients confirm that 
there is no flow interaction between the gaps and constant 
drag forces are exerted by the flow on cylinders (Figs. 6(a) 

 
 
Fig. 4. Time-trace analysis of lift coefficient for flow past a single 
square cylinder at Re = 200. 

 

 
 

 
 
Fig. 5. Vorticity contours visualization for SSB flow. 

 

 
 

 
 
Fig. 6. Temporal histories of drag and lift coefficients for SSB flow. 
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and (c)). It can be observed that the drag coefficients of c2 and 
c3 are negative. This is due to the fact that the spacing be-
tween the cylinders is narrow and a strong suction is created in 
the gaps due to this narrow space. As a result the drag forces 
become negative and act in the opposite direction of flow. Due 
to this phenomenon c2 and c3 are pulled upstream instead of 
being pushed downstream. While the lift coefficients have 
periodic behavior with the last cylinder having largest ampli-
tude which indicates the generation of vortices at downstream 
position (Figs. 6(b) and (d)). It can also be seen that the rela-
tive amplitudes of lift coefficients of cylinders at Re = 100 are 
less than those at Re = 200. Which is due to the fact that with 
the increment in Re the viscous forces become weaker. As a 
result strengthen vortices shed from cylinders. Due to these 
strengthen vortices the amplitude of lift cycles increases.  

The power spectrum of lift coefficients for SSB flow is 
shown in Figs. 7(a)-(d). A single peak in the power spectra 
graphs indicates the dominancy of a single frequency which is 
vortex shedding frequency for all the cylinders. According to 
Sewatkar [26] the sinusoidal nature of lift coefficient indicates 
a single frequency in the power spectrum analysis. Further it 
can be seen that spectrum energy of the consecutive cylinders 
is increasing, that is, the first cylinder (c1) have lowest spec-
trum energy while the last cylinder (c4) has largest spectrum 
energy. This shows that larger the amplitude of lift cycles 
higher will be the spectrum energy (Figs. 6(b) and 7(a)-(d)). 
Similar characteristics were observed at (Re, g) = (200, 0.25) 
(Figures not shown).     

 
5.1.2 Alternate reattachment (AR) 

With the slight increment in the spacing the flow is no more 
SSB (see Fig. 8(a)). It can be observed that the inner shear 
layers emerging from c1 reattach to c2, then to c3 and c4. This 
flow pattern is categorized as Alternate reattachment (AR). 
The shear layers are slightly suppressed inside the gaps be-
tween the cylinders due to the increment in spacing. Like SSB 
flow case the strengthen vortices can be seen at Re = 200 (Fig. 
8(b)). The alternate reattachment of shear layers can also be 

confirmed from the streamlines representation (Fig. 19(b)). 
The streamlines indicate that the flow moves from lower to 
upper corners of cylinders. Two stagnant recirculation zones 
are formed between each gap which indicates the formation of 
vortices at these points but due to small space these vortices 
diminish quickly before formation. Similar flow behavior was 
observed at Re = 100, g = 1 and 1.5 and at (Re, g) = (200, 1) 
(Figures not shown). Igarashi and Suzuki [21] named this type 
of behavior of shear layers as ‘with reattachment and roll up’ 
for flow past three circular cylinders while according to Zad-
ravkovich [1] this flow occurs in the spacing range 1.2 < g < 
3.4 depending on Re for two tandem cylinders case. 

The temporal variation of drag and lift coefficients for AR 
flow are shown in Fig. 9. The drag coefficients of all the cyl-
inders are straight lines which indicate that vortices are not 
formed between the gaps. Unlike SSB flow case here only the 
drag coefficient of c2 is negative. The lift coefficients of all 
the cylinders are periodic indicating the single frequency 
(Vortex shedding frequency) in the power spectra analysis. 
Also it can be seen that the amplitudes of lift cycles of all the 
cylinders are smaller as compared to those in SSB flow (see 
Figs. 9(b) and 6(b)). This is due to the fact that in AR flow the 
wake circulation length also increases with increment in gap 
spacing, resulting in decrease in lift amplitudes. Because lar-
ger the wake circulation length smaller will be the amplitude 
of drag and lift coefficients. The power spectra graphs are not 

 
 
Fig. 7. Power spectrum analysis of lift coefficients for SSB flow. 

 

 
 

 
 
Fig. 8. Vorticity contours snapshots for AR flow. 

 
 

 
 
Fig. 9. Variation of drag and lift coefficients with time for AR flow. 
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shown here due to similarity with Fig. 7. 
 

5.1.3 Quasi steady reattachment (QSR) 
At (Re, g) = (100, 2) it can be seen that the shear layers roll 

up neither within the gaps nor at downstream position of c4 to 
form vortices. Initially the flow is steady, exhibiting some un-
steadiness at the far downstream position but the vortices are not 
still formed. Also the flow from upper and lower sides of cylin-
ders is symmetric about the centerline of cylinders. Due to in-
crement in spacing the shear layers move further inside the gaps 
(Fig. 10). Due to this movement we observe wider stagnant 
recirculation zones between the cylinders in the streamlines 
representation (Fig. 19(c)). The initial steadiness of flow can be 
confirmed from the streamlines behaviour. Due to these charac-
teristics this flow is named as Quasi steady reattachment (QSR). 
Like SSB and AR flow the drag coefficients show constant 
behavior while the lift coefficients have periodic behavior with 
decaying amplitude of consecutive cycles (Fig. 11). This is due 
to the fact that with the passage of time the viscosity stabilizes 
the flow by reducing the unsteadiness produced in the flow. 
Similar behavior of lift coefficients was reported by Ghadiri et 
al. [17] at (Re, g) = (100, 2.5) for two tandem circular cylinders. 
It should be noted that this type of flow behavior was not ob-
served at all the chosen gap spacings at Re = 200. In the power 
spectra analysis only the primary frequency was dominant and 
the role of secondary frequency (Cylinder interaction frequency) 
was negligible (Figure not shown).  

 
5.1.4 Intermittent shedding (IS) 

The Intermittent shedding (IS) flow pattern was observed at 
(Re, g) = (100, 2.5) and (Re, g) = (200, 1.5) (Fig. 12). In this 
pattern the shear layers that detach from c1 show asymmetric 
reattachment at the downstream cylinders. As it can be seen 
that, from upper sides of cylinders, the outer shear layers first 

reattach to the third cylinder (c3). Then after detaching from 
c3 these shear layers roll up to form vortices at downstream 
position of c4 while the inner shear layers reattach to c4. From 
lower sides of cylinders, the outer shear layers after detaching 
from c1 first reattach to c4 and then roll up in the form of vor-
tices at downstream position. The strength of generated vor-
tices in IS flow pattern has increased as compared to those 
observed in SSB, AR and QSR patterns. It can be seen that the 
angle of reattachment at (Re, g) = (100, 2.5) is greater than the 
angle of reattachment at (Re, g) = (200, 1.5). Also the irregu-
larity of shear layer reattachment is more apparent at (Re, g) = 
(200, 1.5) as compared to (Re, g) = (100, 2.5). The irregular 
reattachment of flow can also be seen from streamlines behav-
ior (Fig. 19(d)). The stagnant zones can only be seen between 
the first gap. Bao et al. [25] classified this type of flow behav-
ior as ‘non-fully developed vortex street in single row’ for 
flow past six inline square cylinders. 

The variation of drag and lift coefficients with time for IS 
flow is shown in Figs. 13(a)-(d). It can be seen that at (Re, g) 
= (100, 2.5) the drag coefficient of c1 shows constant behavior 

 
 
Fig. 10. Vorticity snapshots for QSR flow. 

 

 
 
Fig. 11. Time variation of drag and lift coefficients for QSR flow. 

 

 
 

 
 
Fig. 12. Vorticity contours for IS flow. 

 

 
 

 
 
Fig. 13. Temporal variation of drag and lift coefficients for IS flow. 

 



 R. Manzoor et al. / Journal of Mechanical Science and Technology 30 (4) (2016) 1691~1704 1699 
 

  

while the drag coefficients of c2, c3 and c4 have periodic be-
havior which is due to the merging of shear layers between the 
gaps (Fig. 13(a)). At (Re, g) = (200, 1.5) it can be seen that the 
drag and lift coefficients of c1 and c4 show periodic behavior 
while those of c2 and c3 show irregular behavior which indi-
cates the asymmetrical behavior of flow (Figs. 13(c) and (d)). 

 
5.1.5 Chaotic flow (CF) 

Unlike the SSB, AR, QSR and IS flow patterns it can be ob-
served that at (Re, g) = (200, 2) the vortices are generated in 
the first gap (Fig. 14). But these vortices show complex amal-
gamation and deformation behavior at downstream position 
after hitting c2. The generated vortices do not travel in alter-
nate fashion but have irregular movement. This flow behavior 
is named as Chaotic flow (CF) due to disordered behavior of 
vortices. The streamlines representation of CF is given in Fig. 
19(e). It can be observed that the streamlines do not have 
waviness instead they have irregular behavior which indicates 
the chaos in flow. Sewatkar et al. [26] observed such type of 
flow for six inline square cylinders in the spacing range 6 ≤ g 
≤ 10 at Re = 100. Similar behavior of flow was observed at 
(Re, g) = (200, 2.5) and (Re, g) = (200, 7) (Figures not shown). 
It should be noted that this type of flow was not observed for 
any chosen spacing value at Re = 100.  

The chaotic nature of flow can also be observed from the 
temporal histories of drag and lift coefficients (Fig. 15). Due 
to generation of vortices in the first gap the drag as well as lift 
coefficients of c1 have sinusoidal behavior while the drag 
coefficients of c2, c3 and c4 have sharp peaks with higher 
amplitude as compared to other flow patterns. Similarly the 
lift coefficients also have modulated behavior indicating the 
distortion of vortices. As the lift coefficients are not sinusoidal, 
it indicates the presence of secondary frequencies (Cylinder 
interaction frequencies) in the power spectrum analysis (Fig. 
16). The smaller peaks in the power spectrum graphs refer to 
these cylinder interaction frequencies. 

5.1.6 Periodic flow (PF) 
At (Re, g) = (100, 3) and (Re, g) = (200, 3) it can be ob-

served that the vortices are generated in each gap. But due to 
insufficient space these vortices diminish quickly after hitting 
the downstream cylinders (Fig. 17). At the downstream posi-
tion of c4 a Karman vortex street seems to be formed due to 
alternate generation of vortices. The streamlines also confirm 
the alternate generation of vortices within the gaps and also at 
downstream position (Fig. 19(f)). Due to this behavior of flow 
the time signals of drag as well as lift coefficients of all the 
cylinders have periodic variation (Fig. 18). This flow pattern is 
named as Periodic flow (PF). Zdravkovich [1] categorized 
such type of flow behavior as ‘binary vortex street’ for the 
flow past two tandem cylinders due to the fact that both the 
cylinders shed vortices. Similar flow characteristics were 
found in the spacing range 3.5 ≤ g ≤ 7 at Re =100 and in the 
spacing range 3.5 ≤ g ≤ 6 (Figures not shown). The periodic 
variation of drag and lift forces indicate the dominancy of 
vortex shedding frequency in the power spectrum analysis 
(Figures not shown). For more clear understanding the veloc-
ity representation of different observed flow patterns are given 
in Figs. 20(a)-(f).  

 
 
Fig. 14. Vorticity snapshot for CF pattern. 
 

 
 
Fig. 15. Temporal histories of drag and lift coefficients for CF pattern. 

 

 
 
Fig. 16. Power spectrum of lift coefficients for CF pattern. 

 

 
 

 
 
Fig. 17. Vorticity contours visualization for PF pattern. 
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5.1.7 Variation of forces acting on cylinders 
Variation of forces acting on cylinders is presented in this 

section in order to analyze the effect of g on the forces. Fig. 21 
presents the effect of g on Cdmean, St, r.m.s values of drag 
and lift coefficients at Re = 100. The single cylinder values are 
also presented in the graphs for comparison. It can be seen that 
the Cdmean1 initially decreases approaching to its minimum 
value at g = 2.5 while Cdmean2 have negative values up to 
this spacing value (Fig. 21(a)). This is due to the fact that up to 
g = 2.5 the vortices are not fully developed in the gaps. The 
drag force acts as thrust due to pressure difference between 
rear and front side of c2. As the spacing value approaches to g 
= 3 both Cdmean1 and Cdmean2 reverse their trends. The 

Cdmean1 starts increasing behaviour approaching to its 
maximum value with increment in spacing while Cdeman2 
jumps to positive values. This can be supported by the fact 
that at g = 3 the flow mode changes to PF in which each cyl-
inder starts vortex shedding (Figs. 17(a) and 19(f)). The 
Cdmean3 and Cdmean4 have similar variation owing different 
nature from Cmean1 and Cdmean2. Three trends can be ob-
served from their curves. First one is increment in values ap-
proaching maxima at g = 3. The second trend is decrement in 
the values and then both again increase their values. It can also 
be seen from Cdmean curves that c1 have values closer to that 
of SC values while other cylinders have sufficiently less val-
ues at low gap spacing but gradually these values increase 

 
 

 
 
Fig. 18. Temporal variation of drag and lift coefficients for PF pattern. 
 

      
(a) (b) 

 

      
                                   (c)                                              (d) 
 

      
                                   (e)                                              (f) 
 
Fig. 19. Streamlines representation of wake patterns: (a) SSB; (b) AR; (c) QSR; (d) IS; (e) CF; (f) PF. 
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approaching to SC values which indicates that with increment 
in spacing the interference from rear cylinders gradually de-
creases. 

The variation of St of all the cylinders with spacing is 
shown in Fig. 21(b). A single curve can be seen for St values 
of all the cylinders up to spacing value g = 4 which indicates 
that all the cylinders have similar value of St up to g = 4. 
While at g = 5 c3 and c4 have different value of St than c1 and 
c2. Also at g = 7 c4 have different value of St than other three 
cylinders. This is due to the effect of cylinder interaction fre-
quencies. Further it can be seen that the value of St is smaller 
than SC at low spacing values. It decreases initially approach-
ing to minimum value at g = 2 where the QSR flow pattern 
was observed (Fig. 10). According to Xu and Zhou [11] vor-
tices do not generate between the gaps at small spacing values 

which results in decrease in St. After g = 2 St starts increasing 
and have a jump at g = 3 approaching towards SC values. At g 
= 7 the St of c1, c2 and c3 comes sufficiently close to SC val-
ues. This increment in values of St is due to the fact that after 
g = 2 the vortices start to generate between the gaps. While at 
g = 7 vortices are fully generated in each gap. 

The Cdrms curves of all the cylinders have similar variation 
with spacing (Fig. 21(c)). Initially these curves have constant 
behavior having almost similar values to SC. After that these 
curves increase to higher values than SC, then decrease ap-
proaching towards SC values in the spacing range 3.5 ≤ g ≤ 5. 
After that these curves again show increasing behavior. 

The Clrms of all the cylinders have less values as compared 
to SC in the spacing range 0.25 ≤ g ≤ 2.5 (Fig. 21(d)). When 
the flow mode changes to PF pattern, the Clrms of c1, c3 and 
c4 show similar variation with increment in spacing. They 
have increasing behavior in the spacing range 3 ≤ g ≤ 4, de-
creasing behavior in the spacing range 4 ≤ g ≤ 6 and then 
again have increasing behavior after that. 

The effect of g on Cdmean, St, Cdrms and Clrms at Re = 
200 is presented in Fig. 22. It can be observed from Figs. 21 
and 22 that the Cdmean1 at Re = 200 is generally higher than 
Cdeman1 at Re = 100 at a specific spacing value. This indi-
cates that at Re = 200 c1 experiences higher drag forces as 
compared to those at Re = 100. Similar trend can be observed 
in SC values at Re = 200 and Re = 100. Further it can be 
observed that the Cdmean1 slightly decreases in the spacing 
range 0.25 ≤ g ≤ 1.5 (Fig. 22(a)). But when the spacing value 
approaches to g = 2 it jumps to its maximum value. Similarly 
Cdmean2 changes from negative to positive at g = 2. While 
Cdmean3 and Cdmean4 both increase upto g = 2.5 aproaching 
to their maximum values. It sholud be noted that at g = 2 and 
2.5 the CF pattern was observed. It can be seen that at these 
spacing values some of the values of Cdmean are higher than 
those of SC. This is due to deformation of vortices. At g = 2.5 

 

 

 

 

 
 
Fig. 20. Velocity representation of wake patterns: (a) SSB; (b) AR; (c) 
QSR; (d) IS; (e) CF; (f) PF. 

 

 
 
Fig. 21. Variation of (a) Cdmean; (b) St; (c) Cdrms; (d) Clrms with 
spacing at Re = 100.   
 

 



1702 R. Manzoor et al. / Journal of Mechanical Science and Technology 30 (4) (2016) 1691~1704 
 

 

Cdmean3 attains highest value 1.9135 observed in this study. 
According to Zdravkovich [1] this is due to the effect of 
turbulance in the boundary layer which results in increasing 
the forces acting on downstream cylinders than the upstream 
ones. Also it can be seen that at g = 0.25 the downstream 
cylinders c1, c2 and c3 all have negative value of Cdmean.  

The St of all the cylinders decreases in the spacing range 
0.25 ≤ g ≤ 1.5 approaching to minimum value (Fig. 22(b)). 
But when the flow mode changes to CF pattern it increases 
approaching to SC values. At g = 1 and 7 the St of c4 is 
different from other cylinders due to the effect of cylinder 
interaction frequencies. Further it can be observed that the 
Cdrms2 and Cdrms3 curves have similar variation with 
spacing increment (Fig. 22(c)). Initially both have constant 
behavior then increase in the spacing range 1.5 ≤ g ≤ 2.5. 
After that both decrease in the range 3 ≤ g ≤ 5 and then again 
have increasing behavior. The Clrms of all cylinders is less 
than that of SC in the spacing range 0.25 ≤ g ≤ 1due to the fact 
that the vortices are not generated in the gaps due to narrow 
gaps. Also Clrms2 and Clrms3 exhibit similar trend with 
spacing (Fig. 22(d)). Both initially decrease to minimum value, 
then increase approching maximum value and after that once 
again have decreasing behavior. While the Clrms1 and Clrms4 
have similar variation to each other. Further it can be observed 
that the Clrms values are greater than the corresponding 
Cdrms values at both Re = 100 and 200 (Figs. 21(c), (d) and 
22(c), (d)). 

 
6. Conclusions 

Numerical calculations were performed in order to investi-
gate the effects of spacing on the variation of wake patterns 
and force coefficients of the flow past four square bodies 
aligned inline. A 2D-numerical code was developed at two 
different Reynolds numbers 100 and 200 using the lattice 

Boltzmann method (MRT-LBM). The code was first validated 
for the flow past single and two tandem bodies by comparing 
the results to those available in literature. The results were 
found to be in good agreement to the available data. After 
validation the calculations were further performed for the flow 
past four square bodies aligned inline. Important findings of 
this study are given below: 

Six different wake patterns were found in this study. These 
are: (a) Single slender body, (b) Alternate reattachment, (c) 
Quasi steady reattachment, (d) Intermittent shedding, (e) Cha-
otic flow and (f) Periodic flow. 

At some moderate spacing values the flow mode was com-
pletely different at Re = 100 and 200. For example, the Quasi 
Steady reattachment pattern was found at Re = 100 only while 
the Chaotic flow was observed at Re = 200 only. Generally 
strengthened vortices were found at Re = 200 as compared to 
those at Re = 100. 

At Re = 100 the spacing value g = 3 was found to be critical 
while at Re = 200 the spacing value g = 2 was found to be 
critical due to abrupt changes in flow behavior and force coef-
ficients. 

At Re = 100 the middle two cylinders have negative values 
of average drag coefficient (Cdmean) in the spacing range 
0.25 ≤ g ≤ 0.75 while at Re = 200 the negative values were 
found in the spacing range 0.25 ≤ g ≤ 1. 

The highest value of Cdmean was found in the Chaotic 
Flow pattern while the lowest value was found in the Alter-
nate Reattachment flow pattern. 

Generally all the cylinders have similar values of Strouhal 
number (St) but at some spacing values the downstream cyl-
inders have different values of St than the upstream ones. 

The root mean square values of lift coefficient were found 
to be greater than the corresponding root mean square values 
of drag coefficients. 

 
Nomenclature------------------------------------------------------------------------ 

cd     : Drag coefficient 
cd1   : Drag coefficient of upstream cylinder 
cd2    : Drag coefficient of second cylinder 
cd3    : Drag coefficient of third cylinder 
cd4    : Drag coefficient of downstream cylinder 
cl     : Lift coefficient  
cl1    : Lift coefficient of upstream cylinder 
cl2     : Lift coefficient of second cylinder 
cl3     : Lift coefficient of third cylinder 
cl4    : Lift coefficient of downstream cylinder 
c1     : Upstream cylinder 
c2     : Second cylinder  
c3     : Third cylinder 
c4      : Downstream cylinder 
Cdmean  : Mean drag coefficient  
Cdmean1  : Mean drag coefficient of upstream cylinder 
Cdmean2  : Mean drag coefficient of second cylinder 
Cdmean3  : Mean drag coefficient of third cylinder 

 
 
Fig. 22. Variation of (a) Cdmean; (b) St; (c) Cdrms; (d) Clrms with 
spacing at Re = 200. 

 



 R. Manzoor et al. / Journal of Mechanical Science and Technology 30 (4) (2016) 1691~1704 1703 
 

  

Cdmean4  : Mean drag coefficient of downstream cylinder 
Cdrms    : Root-mean-square value of drag coefficient 
Cdrms1    : Root-mean-square value of drag coefficient of up-

stream cylinder 
Cdrms2    : Root-mean-square value of drag coefficient of sec-

ond cylinder 
Cdrms3    : Root-mean-square value of drag coefficient of third 

cylinder 
Cdrms4    : Root-mean-square value of drag coefficient of down-

stream cylinder 
Clrms     : Root-mean-square value of lift coefficient  
Clrms1    : Root-mean-square value of lift coefficient of up-

stream cylinder 
Clrms2    : Root-mean-square value of lift coefficient of second 

cylinder 
Clrms3    : Root-mean-square value of lift coefficient of third 

cylinder 
Clrms4    : Root-mean-square value of lift coefficient of down-

stream cylinder 
d         : Size of the cylinder  
Fd        : In-line force component  
Fl         : Transverse force component 
fs         : Vortex shedding frequency  
g         : Gap spacing 
H         : Height of the computational domain 
K         : Shear parameter 
L         : Length of the computational domain 
Ld        : Downstream position 
Lu        : Upstream position 
Re        : Reynolds number 
s         : Surface-to-surface distance between cylinders 
St        : Strouhal number 
St1       : Strouhal number of upstream cylinder 
St2       : Strouhal number of second cylinder 
St3       : Strouhal number of third cylinder 
St1       : Strouhal number of downstream cylinder 
U∞       : Uniform inflow velocity 
Ur           : Mean free stream velocity 

 
Greek symbols 

ν         : Kinematic viscosity 
ρ         : Fluid density 
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