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Abstract 
 
Numerical simulations on pulsatile flow within sinusoidally wavy shaped vessels were conducted for mean Reynolds number of 350, 

which is in the range of physiological flow rates. We considered the constant pitch of six tube diameters 6D and relatively small ampli-
tudes from A = 0.1D to 0.5D for sinusoidal vessel geometry and investigated the secondary velocity profiles and particle mixing charac-
teristics. The results showed that relatively small amplitude of wavy vessel geometry has significant influence on the nature of flow pat-
terns and particle mixing characteristics. This implies that characterizing accurate geometry is essential for accurate prediction of in vivo 
hemodynamics and may motivate further study on any possibility of reflection of secondary flow on vascular remodeling and patho-
physiology.  
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1. Introduction  

Since Caro et al. [1] suggested that local blood flow dynam-
ics have controlling effects on atherosclerosis, there has been 
much evidence showing that the development of cardiovascu-
lar diseases such as atherosclerosis and aneurysm are influ-
enced by local hemodynamic environments. In particular, 
blood flow induced endothelial shear stress, known to be one 
of the most important hemodynamic factors, has been demon-
strated to be strongly correlated with biological responses of 
vascular system [2].  

Many experimental and computational studies on blood 
flow dynamics have demonstrated that vessel geometry is the 
primary determinant of hemodynamics [3, 4] explaining the 
focal nature of atherosclerosis with its predominant occur-
rence at the bend or the bifurcation.  

Although a vessel appears relatively straight in the majority 
of vascular structure and it is quite common in the literature 
that wall shear stress is simply estimated based on an assump-
tion of fully developed axisymmetric velocity profile, wavy 
shaped vessels rather than straight tubes are often observed in 
in vivo vascular systems. Earlier in 1990, Caro et al. [5] im-
aged the flow in the human common carotid using Phase-
contrast magnetic resonance (PC-MR) angiography and 

showed the development of secondary flow motion by small 
vessel curvature. Similarly, Ford et al. [6] recently presented 
that the secondary curvature (minor wiggle) in common ca-
rotid artery is not exception, but more common by characteriz-
ing the shape and degree of skewing of velocity profile from 
cine PC-MR images. Myers et al. [7] demonstrated the pres-
ence and significance of small-amplitude out-of-plane curva-
ture in a study of blood flow dynamics within human right 
coronary artery. The observations of these kinds of wavy as 
well as helical vascular structure have been frequently made in 
other literatures [8-10].   

The small-amplitude wavy geometry may have some clini-
cal implication on endothelial function and the activation of 
platelet through enhancing particle mixing process induced by 
secondary flow. A study for mixing effectiveness within heli-
cal tubes by Cookson et al. [11] showed that secondary curva-
ture in helical geometries induces significant effect on flow 
structures and mixing and then may reduce platelet activation 
and atherosclerosis. But the study considered only steady in-
flow with constant flow rate in time. 

In the present study, we hypothesized the in-plane small-
amplitude sinusoidal curvature may induce significant secon-
dary flow and effective mixing, and conducted Computational 
fluid dynamics (CFD) simulations with various sinusoidally 
wavy geometries rather than complicate in vivo human vascu-
lar geometry. We considered the constant pitch of six tube 
diameters 6D and relatively small amplitudes for sinusoidal 
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vessel geometry and pulsatile inflow condition which is intrin-
sic in cardiovascular flow, based on canonical carotid flow 
rate waveform [4].  

 
2. Method 

2.1 Geometry and boundary conditions 

We selected sinusoidal curve formulation for the centerline 
of vessel geometry (Fig. 1) in three-dimensional space of Car-
tesian coordinate which can be described as 

 
( ) sin /y A x c=                                   (1)  

 
where the wave length or pitch of the curve is 2 6c Dl p= =   
and A is the amplitude of the sine curve. Various amplitudes 
were considered from 0.1D to 0.5D with increments of 0.1D. 

The total length of the vessels is five wavelengths (30D). 
These parameters of vessel configuration basically follow the 
ones in a study for steady flow in small amplitude helical ves-
sels by Cookson et al. [11]. The minimum radius of curvature 
with the amplitude of 0.5D corresponds to ~2D. Meyers et al. 
[7] reported the presence of significant secondary curvature in 
a right coronary artery through CT imaging and Caro et al. [5] 
also demonstrated the common carotid arteries are curved 
with the radius of curvature 10D by PC-MR angiography. 
Many other studies showed notably higher secondary curva-
tures in various vasculatures qualitatively [9, 12, 13]. 

To investigate effects of pulsatile inflow, canonical flow 
rate waveform [4] that was derived from in vivo measurement 
in common carotid and normalized by mean flow rate was 
imposed at the inlet of the tube as shown in Fig. 2. The mean 
Reynolds number Re based on mean velocity U and vessel 
diameter D was 350, which matches representative physio-
logical conditions in common carotid arteries [4]. Another 
scaling parameter for pulsatile flow, Womersley number, de-
fined as Wo 0.5 2 /D fp n= , where f is the cardiac fre-
quency and ν is the kinematic viscosity of the blood was 4.0 in 
this study. For all cases, unsteady fully developed velocity 
profiles derived from Womersley solution in rigid pipe was 
imposed as inflow velocity boundary conditions. No slip and 
zero pressure conditions were applied on the vessel wall and 
on the outlets, respectively. 

 
2.2 Computational fluid dynamics 

Three-dimensional unsteady incompressible momentum 
and continuity equations for Newtonian fluid flow were 
solved as  

 

,p
t

r r¶
+ ×Ñ = -Ñ +Ñ ×

¶
u u u T                   (2) 

0,Ñ × =u                                       (3) 
 

where u and p is fluid velocity vector and pressure, respec-
tively. The stress tensor T is defined as 

( ).Tm= Ñ +ÑT u u                               (4) 

 
Non-Newtonian rheology of blood is known to have only 

minor effect on global hemodynamic characteristics in rela-
tively high Reynolds number within large normal vessel [14, 
15].  

In numerical technique, the Galerkin finite element method 
based on iso-parametric P2-P1 Taylor-Hood tetrahedral ele-
ments [16-18] was used to solve Eqs. (2) and (3). The convec-
tive terms were decoupled from the unsteady Stokes equations 
using a second-order operator-integration-factor time-splitting 
approach [16] and integrated by a direct Lagrangian integra-
tion method. Stokes equations were solved using a precondi-
tioned conjugate-gradient Uzawa method. 

Each CFD model was discretized finely into approximately 
1400000 quadratic tetrahedral elements. Each simulation was 
run for three cardiac cycles to ensure fully developed flow and 
damp out initial transients and the data from simulation of the 
third cardiac cycle are used for analysis.  

 
2.3 Particle tracking 

To quantify the mixing performance in a sinusoidally wavy 
tube, it is necessary to trace their positions with initial seeding 
of differently color-labeled particles. In the present study,  
60000 massless passive particles are initially distributed at the 
inlet of the fluid domain. Fig. 3 shows the initial distribution 
of two species of particles, black and grey particles, at the 
vessel inlet. The black and grey particles are seeded in such a 
way that the black particles are distributed near the wall and 
the grey particles are located near the center of the vessel. The 
number of black and grey particles is set to be equal. It conse-
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
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Fig. 1. Geometry of sinusoidally wavy vessel. 

 

 
 
Fig. 2. Pulsatile flowrate waveform for inflow boundary condition. 
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quently leads to the same areas of black and grey particles if 
we assume that the particles are generated uniformly. Then, 
the position of particles throughout fluid domain was traced 
by numerically integrating the following advection equation, 
based on unsteady flow field for a cardiac cycle obtained by 
CFD simulations.  

 

( ), t .
t

d
d

=
x u x      (5) 

 
Here, x is the position vector of the particle in Cartesian co-

ordinates and u is velocity which is a function of space and 
time. The equation was integrated in time by applying the 
Runge-Kutta method. 

 
2.4 Quantification of mixing degree 

Previously, mixing behavior caused by helical tube was 
visualized by using numerical and experimental techniques for 
tracking fluid particle trajectory [19]. 

However, this was merely qualitatively demonstrated by 
comparing visualization of secondary flow and particle trajec-
tories at specific cross section between numerical and experi-
mental results. In another study for chaotic micromixers, a 
formulation of entropy mixing measure was introduced to 
quantify mixing degree by obtaining the position of different 
color labeling particle in cross sections [20]. This entropic 
measure of mixing was also used to quantify of mixing per-
formance induced by helical geometries with various curva-
tures [11]. However, this study considered only steady flow 
condition.  

In the present study, we considered time-varying pulsatile 
flow condition, which is intrinsic in cardiovascular flow with-
in sinusoidally wavy tube.  

Here, we briefly introduce the formulation and technique 
for calculation of entropy to be interpreted as a measure of 
particle mixing. Generally, entropy can be interpreted as a 
tendency of a process or an expression of disorder of random-
ness. Thus, non-uniformity or an increasing disorder leads to 
an increasing in entropy value. Formulation for calculating 
mixing entropy was introduced in Ref. [20] as  

 

, ,
1 1

log .
c sN N

i i k i k
i k

S w n n
= =

=å å  (6) 

Here, Nc and Ns are the total number of the cell and the spe-
cies, respectively. wi is the weighting factor defined in such 
way that wi is zero if there is no particle in the cell or there are 
only particles with single color inside the cell. For the cells in 
which there are both black and grey particles, wi is one. ,i kn  
is the particle number fraction of the kth species in the ith cell. 
In the present study, we used Nc = 14400 for the cell and Ns = 
2 for the species. Since the entropy S itself does not have an 
adequately physical meaning, an alternative property, relative 
entropy k , is introduced.  

 
0
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S S
S S

k -
=

-
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where 0S  is minimum mixing entropy at the inlet, maxS  is 
uniform mixing state where maximum entropy mixing can be 
obtained. From Eq. (7), greater mixing or a better mixing per-
formance indicates an increasing of k . In particular, k  = 1 
indicates ideal perfect mixing where black and grey particles 
totally mix together and k  = 0 is the case that there is no 
mixing occurs. Note that the relative entropy only exists 
meaningfully at appropriate number of cells, and comparing 
the values of relative entropy between different cases has a 
physical meaning only when the same number of counting 
cells was considered. As a result, we kept the same number of 
counting cells for whole studies.  

 
3. Results and discussion  

3.1 Axial velocity fields 

Axial velocity distributions on various cross-sections at two 
different time points in a cardiac cycle including peak systolic 
(t = t1) and deceleration phase (t = t2) (ref. Fig. 2) are shown 
in Figs. 4 and 5, respectively. At the peak systolic phase, when 
the amplitude of sinusoidal vessel is small, which is the case 
of A = 0.1D, axial velocity profile resembles the one of 
straight pipe, that is, parabolic distribution with maximum 
velocity at the center. However, as the amplitude of the vessel 
increases, velocity profiles change to the crescent shape, 
which is typical velocity profile (Dean flow) in a curved pipe. 
Axial velocity peak alternately skewing upward or downward 
the vessel wall depending on the slice position is evidently 
shown in higher amplitude vessel. On the other hand, some-
what peculiar velocity profiles were observed at the decelera-
tion phase. For A = 0.1D, the maximum velocity region in 
elliptic shape was located at the center of the vessel. However, 
with increase of the amplitude, crescent shaped velocity pro-
files were generated, but with facing opposite wall compared 
to the one in normal Dean flow. Similar velocity patterns were 
observed in in vivo measurement of individual human carotid 
artery flow by PC-MR imaging [21]. It may be inferred that 
such velocity patterns are caused by periodic varying of curva-
ture. Moreover, comparisons of velocity pattern at two pair 
sections A-A, C-C and B-B, D-D (Fig. 5) visually revealed 

Initial distribution Perfect mixing  
 
Fig. 3. Initial particle distribution at the inlet of the vessels and perfect 
mixing overlaid with grid. 
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that velocity is relatively unstable and still developing in the 
cases of the amplitude beyond 0.4D.  

 
3.2 Streamwise vorticity 

Considering temporal influence on the behavior of vorticity 
at an interest section such as A-A in Figs. 6-8, vortices in the 

core becomes weakened as time goes from systolic to diastolic 
phase and only a weak vortex pair remains at the diastolic 
phase. Similar behavior was obtained in two stronger vortices 
near the wall. During periodic cardiac cycle, vorticity at the 
same section mostly keeps its profile while its magnitude 
tends to decline due to reducing inflow rate.   

Moreover, it was demonstrated that four dominant vortices 

 
 
Fig. 4. Axial velocity contours at the peak systolic phase. 

 

 
Fig. 5. Axial velocity contours at the deceleration phase. 

 

 
 
Fig. 6. Axial vorticity contours at the peak systolic phase. 

 

 
Fig. 7. Axial vorticity contours at the deceleration phase. 
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are created when the amplitude is above A = 0.4D, although 
there are only two dominant (single counter-rotating pair) 
vortices in lower amplitude cases. The difference of vorticity 
contours in the symmetric pair of cross-sections in axial direc-
tion (A-A & C-C, and B-B & D-D) at higher amplitude cases 
than A = 0.3D indicates the flow is not fully developed.   

3.3 In-plane velocity and streamtraces  

In-plane velocity magnitude profile overlaid by stream-
traces in the in-plane reference is shown in Figs. 9-11 at three 
different time points. The in-plane velocity can be calculated 
as 

 
 
Fig. 8. In-plane velocity contours and streamtraces at the end diastolic
phase. 

 

 
Fig. 9. In-plane velocity contours and streamtraces at the peak systolic
phase. 
 

 
 
Fig. 10. In-plane velocity contours and streamtraces at the deceleration 
phase. 

 

 
Fig. 11. In-plane velocity contours and streamtraces at the end diastolic
phase. 
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,inplane Cartesian translationV V V= -                 (8) 

 
where translationV  can be derived by taking the derivative of the 
geometric equation of sinusoidal wavy centerline with respect 
to time [11]. Vortical structures are clearer in streamtrace plot. 
In all pitch-length sections, two counter-rotating symmetric 
vortices are evident in the case of lower amplitude than A = 
0.3, but additional pairs of counter-rotating vortices are 
evolved with higher vessel amplitude. Since particle trajecto-
ries generally correspond to the streamtrace patterns from Figs. 
9-11, considerable particle mixing would be expected by the 
simple sinusoidal wavy tube with relatively small amplitude.  

Streamtrace patterns in Figs. 9-11 also show that increasing 
curvature of vessel leads to produce four vortices with strong-
er intensity instead of only two vortex in case of A = 0.1D.   

 
3.4 Mixing characteristics 

Fig. 12 shows distribution of colored particles at four sub-
sequent pitch-length sections for sinusoidal tubes with various 
amplitudes. Initially, 60000 particles are seeded uniformly on 
the inlet surface. In the case of A = 0.1D, due to the small 
amplitude of the vessel, axial velocity profile skewed toward 
the wall slightly. Hence, only small amount of black particles 
near the wall came into the core even at four pitch down-
stream location of x = 24D (Sec. 4.4) and mixing occurred 
very little. Higher curvature vessel induced stronger mixing 
behavior by secondary flow with more distorted particle dis-

tribution pattern between two kinds of species. In case of A = 
0.3D, after only three pitch length, most of black particle rap-
idly moved into the core and mixed with grey particles. Com-
paring mixing at downstream location of x = 24D (Sec. 4.4), it 
is clear that considerable amount of mixing occurs in case of 
higher amplitude than A = 0.3D. The degree of mixing is ap-
parently higher than that of helical pipe in steady flow shown 
in Cookson et al. [11]. The strongest mixing in which black 
particles strongly mingled grey particles was found in the case 
of A = 0.5D. However, for all cases, very little mixing was 
observed at one pitch length.  

The pattern of black particles also reveals a good agreement 
with the in-plane velocity profile. In case of A = 0.1D, accord-
ing to Figs. 9-11, the vorticity pattern shows that there are 
merely two vortices dominant in in-plane frame for the whole 
periodic cycle. However, in a vessel with higher curvature 
beyond A = 0.3D, it is easily realized that besides two domi-
nant vortices near the wall, another smaller vortex pair in the 
core obviously observed. 

To quantify the degree of mixing, the normalized mixing 
entropy was calculated as shown in Fig. 13. The results clearly 
showed that relative entropy κ increases and mixing becomes 
stronger with each pitch length. At the first pitch length (Sec. 
1.1), small value of κ indicates a minor mixing at this section 
even in the vessel with high amplitude. Magnitude of κ be-
comes greater in sequence of pitch along the vessel and keeps 
increasing gradually as amplitude of curvature increases up to 
A = 0.4D. In the range beyond this amplitude, the value of κ 
stays similar or is even lower despite increasing amplitude of 
sinusoidal tube. These mixing effects by relatively small am-
plitude wavy geometry of the vessel may suspend activation 
of particle adhesion and red blood cell aggregation.  

 
3.5 Wall shear stress 

In Fig. 14, Wall shear stress (WSS) distributions with dif-
ferent amplitude of sinusoidally shaped vessel are presented. 

 
Fig. 12. Particle mixing for various sinusoidal amplitudes at the 
deceleration phase. 

 
 

 
 
Fig. 13. Relative entropy k  as the measure of mixing for various 
sinusoidal amplitude.  
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The WSS was normalized by that of the Poiseuille flow with 
the mean Reynolds number in the straight tube with constant 
radius.  

The skewed peak axial velocity core to the wall by the sec-
ondary flow results in the asymmetric WSS distribution in a 
cross-section. WSS patterns are similar regardless of the am-
plitude of vessel and temporal phase in a cardiac cycle with 
alternating high and low WSS profile along the axis of vessel, 
which is different than in helical shaped pipe where twisted 
ribbon shaped WSS distribution was exhibited [22]. In the 
vessel of the amplitude A = 0.3D, the WSS is more than two 
times greater at the heel and 50% lower at the toe of the sinu-
ous vessel than the one in the straight tube. This trend is more 
extended to higher than four folds in larger amplitude vessel, 
in particular at the deceleration phase. This implies that the 
real in vivo WSS distributions are more complex than axi-
symmetric ones calculated based on presumptive parabolic 
velocity profile, even in seemingly normal and straight vessel. 

 
4. Conclusions 

The present numerical study of pulsatile flow within sinu-
soidally wavy vessel revealed that there is significant effect on 
the nature of flow patterns and particle mixing behavior by 
small amplitude secondary curvature of vessel geometry. This 
implies that characterizing accurate geometry is essential in 
accurate prediction of in vivo hemodynamics and may moti-
vate further study on any possibility of reflection of secondary 
flow on vascular remodeling and pathophysiology.  
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