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Abstract 
 
Particle damping technology is widely used in mechanical and structural systems or civil engineering to reduce vibration and suppress 

noise as a result of its high efficiency, simplicity and easy implementation, low cost, and energy-saving characteristic without the need 
for any auxiliary power equipment. Research on particle damping theory has focused on the vibration response of the particle damping 
structure, but the acoustic radiation of the particle damping structure is rarely investigated. Therefore, a feasible modeling method to 
predict the vibration response and acoustic radiation of the particle damping structure is desirable to satisfy the actual requirements in 
industrial practice. In this paper, a novel simulation method based on multiphase flow theory of gas particle by COMSOL multiphysics is 
developed to study the vibration and acoustic radiation characteristics of a cantilever rectangular plate with Particle dampers (PDs). The 
frequency response functions and scattered far-field sound pressure level of the plate without and with PDs under forced vibration are 
predicted, and the predictions agree well with the experimental results. Results demonstrate that the added PDs have a significant effect 
on vibration damping and noise reduction for the primary structure. The presented work in this paper shows that the theoretical work is 
valid, which can provide important theoretical guidance for low-noise optimization design of particle damping structure. This model also 
has an important reference value for the noise control of this kind of structure.  

 
Keywords: Particle damping technology; Vibration response; Acoustic radiation; Multiphase flow theory    
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 
 
1. Introduction  

Particle damping is a promising technique of providing 
damping with granular metal particles filled within a relatively 
simple auxiliary enclosure called Particle damper (PD), which 
is attached to a vibrating structure [1, 2]. The particles dissi-
pate energy through particle-to-wall and particle-particle fric-
tion and collisions. Energy is mostly dissipated as heat and 
noise, together with the development of high-frequency vibra-
tions in the structure. Particle damping is regarded an alterna-
tive of traditional passive damping methods because of its 
extreme simplicity without the need for any auxiliary power 
equipment, high effectiveness, low cost, and ability to operate 
in adverse working conditions compared with the forms of 
viscoelastic materials, frictional devices, tuned absorbers, and 
isolators [3, 4]. Although PD is a derivative of a single unit 
impact damper referred to as impact damper, it has a tremen-
dous potential for noise reduction and vibration attenuation in 
a broad frequency range compared with impact damper. 

Particle damping has been investigated over the past dec-
ades [1, 5, 6]. It has been successfully used to satisfy the vi-
bration attenuation of steam turbine buckets [7], printing cyl-
inders [8], rotating blades [9], vehicles [10], radar antenna 
[11], and machine tools [12]. However, particle damping the-
ory significantly lags behind the development of techniques 
for vibration control, particularly for noise reduction. Most 
particle damping research has been focused on experimental 
research rather than theoretical research for analytical models 
of particle damping. Recently, several approaches have been 
proven useful and available for predicting the vibration char-
acteristics of particle damping structures. The lumped mass 
approach [13-19] and Discrete element method (DEM) [5, 20-
27] are used to predict the corresponding dynamic response of 
the particle damping structure. Nevertheless, the above appli-
cation fields are only limited to the Single-degree-of-freedom 
(SDOF) system or equivalent SDOF. In addition to the above 
methods, recent researchers have performed limited studies to 
evaluate the dissipative properties of granular materials based 
on multiphase flow theory of gas particle mathematically [28, 
29]. This new modeling approach is promising because it of-
fers the possibility of capturing the physics nature of granular 
damping using an analytical perspective with considerably 
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reduced complexity analysis and computational cost [29]. Wu 
et al. [30, 31] further developed the original mathematical 
model based on the previous work [28, 29] to improve the 
forecast accuracy of the model; in this model, particle damp-
ing is equivalent to the viscous damping, including interparti-
cle collision and friction effects using multiphase flow theory 
of gas particle. The predictions of the improved model are 
compared with the results from the original model for appro-
priate mass packing ratios and excitation levels. Numerical 
results showed that the predictions of the improved model 
agree fairly well with the experimental results in Ref. [28] and 
DEM simulations in Ref. [29]. Wang et al. [32] further applied 
the improved model to predict the dynamic responses of the 
continuum particle damping composite structure (i.e., a canti-
lever beam with PD under forced vibration). Furthermore, 
experimental verifications were performed. Good correlations 
were obtained between the analytical results and experimental 
data. Although several approaches have been proven useful 
and available for predicting the particle damping performance, 
these previous studies were all limited to the prediction of 
vibration response; they were rarely involved in the prediction 
of structural acoustic radiation for the continuous particle 
damping structure in the existing literature. 

This paper aims to bring attention to particle damping the-
ory not only for the prediction of both the vibration response 
and structural acoustic radiation. Our task is to develop a fea-
sible simulation method using multiphase flow theory of gas 
particle via a self-developed analysis model combined with a 
COMSOL Multiphysics model to predict the response of 
acoustic vibration for the continuous particle damping struc-
ture based on the previous work of Wang et al. [32, 33].          

The present study consists of theoretical research, numerical 
prediction, and experimental verification. Sec. 2 provides a 
detailed introduction to the development of our theoretical 
model. Sec. 3 presents our research plan and explains the 
process and simulation results. In Sec. 4, a forced vibration 
experiment of the cantilever rectangular plate with and with-
out PDs is conducted by comparing the results of numerical 
simulation and experiment to verify the model. Finally, con-
clusions are given in Sec. 5. 

 
2. Basic theory  

As mentioned in Ref. [34], the granular particles enclosed 
in a cavity of a vibrating structure can be considered a mul-
tiphase flow of gas particle with low Reynolds number, in 
which the particle concentration is high (i.e., the flow is 
dense).  

 
2.1 Model development 

For inelastic particles and a simple shear flow, such as a 
laminar flow, the effective viscosity caused by interparticle 
collisions can be derived from kinetic theory of dense multi-
phase flow as follows [34]:   
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The equivalent shear viscosity corresponding to the friction 

force between particles can be expressed as follows [35]: 
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where pp  is the solid pressure, which is composed of a ki-
netic term and a second term caused by particle collision [36]: 
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The fluctuation-specific kinetic energy is 2= /3xQ á ñ& . For 
harmonic motion 22 /2x xá ñ =& & , Eq. (1) can be rewritten as 
follows: 

 
21 6= (1+e )

5c p p p p pg d xm a r
p

&                  (5) 

 
with 
 

2
1

1 6= (1+e )
5 p p p p pK g da r

p
                   (6) 

 
where 

 
1=c K xm & .                                    (7) 

 
Inserting Eq. (4) into Eq. (3), Eq. (3) can be rewritten as fol-

lows: 
 

2
2

2

( +2 (1+e ) )sin
=

12
p p p p p p

f
D

g
x

I
a r r a f

m &          (8) 

 
with 
 

2

2
2

( +2 (1+e ) )sin
=

12
p p p p p p

D

g
K

I
a r r a f

            (9) 

 
where 
 

2

2=f K xm & .                                 (10) 

 
Considering that the friction and collision models have the 

same form of expression based on multiphase flow theory of 
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gas particle, the complete damping effect between particles 
can be uniformly expressed as follows: 

 
2

1 2=p K x K xm +& & .                           (11) 

 
Furthermore, the viscosity of the gas particle mixture flow 

is = +m p gm m m . Generally, p gm m? , then m pm m» . The drag 
force ,d viscousF of the equivalent viscous damping can be for-
mulated as follows [37]: 

 

,

1
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where x&  is the vibration velocity of the plate where the PDs 
are added (i.e., the velocity of cavity). 

 
1
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where eqC  represents the equivalent nonlinear viscous damp-
ing caused by the effects of collisions and friction between the 
particles enclosed in a cavity of a vibrating structure, =S dh  is 
the lengthwise section area of the cavity, and the drag coeffi-
cient dC  is given by Sarpkaya [38]: 
 

3
1/2 1 3/23 3 3

2 2 8d

fdC
x
p b b b- - -æ ö= + -ç ÷
è ø&

          (14) 

 
where 2 /m pd fb p r m= ; inserting Eq. (11) into Eq. (14), Eq. 
(14) can be rewritten as follows:  
 

1/2 1 3/22 2 23
1 2 1 2 1 2

2 2 2

3 3 3
2 2 8d

m m m

K x K x K x K x K x K xfdC
x d f d f d f
p

p r p r p r

é ùæ ö æ ö æ ö+ + +ê úç ÷ ç ÷ ç ÷= + -ê úç ÷ ç ÷ ç ÷
è ø è ø è øê úë û

& & & & & &
&

  

                       (15) 
 

inserting Eq. (15) into Eq. (13) via some mathematical ma-
nipulations, the model expression of the equivalent nonlinear 
viscous damping has a uniform expression because of the 
effects of interparticle collisions and friction as the following 
forms: 
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The equivalent viscous damping caused by interparticle 

friction and collisions for the gas particle mixture flow in a 
cavity of a vibrating structure is a kind of high nonlinear 

damping related to the velocity amplitude of the vibrating 
structure (Eq. (16)). 

 
2.2 Parametric analysis 

From the mathematical expressions of Eq. (16), eqC is the 
multiple parameter function. The change in any parameter 
value will alter the values of eqC  (such as pe  restitution co-
efficient of the particle, pa  packing ratio, pr  density of 
particle, pd  mean diameter of particles, d  inside diameter 
of the cavity, and h  height of the cavity). Based on Eqs. (6) 
and (9), the 1K  value is proportional to the above parameters 

pe , pa , pr  and pd ; the 2K  value is proportional to the 
above parameters pe , pa  and pr . The 1K  and 2K  pa-
rameters have no actual physical meaning in the article; these 
parameters are intermediate variables produced in the formula 
deduction process to shorten the length of Eq. (16). 

Generally, the value range of pe  is from 0 to 1; the value 
range of pa  is from 0 to 0.63 [18]; and the value range of 

pd  is from 0.05 to 0.5 (mm) [15]. Nominally, the pr  value 
range can be any value. We mainly discuss the influence 
of pa , pe , pd  and pr  on the value of eqC . Change in cav-
ity size means mass packing change. For cavity size, this case 
is not further discussed. To facilitate this discussion, the 
abovementioned parameters are assumed to be dimensionless. 
When one of the parameters is discussed, the values of other 
parameters are selected from Table 1 and maintained constant. 
We assume that the amplitude of vibration velocity x&  and 
frequency are 0.5 and 20, respectively. The curves of eqC  
versus pa , pe , pd  and pr  are as follows: 

Figs. 1 and 3 show that eqC  increases with the increase in 
packing ration and diameter of particle; however, the damping 
coefficient shows nonlinear characteristics. When the packing 
ration is more than 40%, the nonlinear characteristics are more 
obvious, and the increase in the value is more intense. By 
contrast, the damping coefficient increases linearly with the 
increase in density and restitution coefficient of particle from 
Figs. 2 and 4. The density of particle has a greater contribution 
to damping than the restitution coefficient of particle.  
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Fig. 1. Curve of the equivalent damping coefficient eqC  versus the 
packing ration pa . 
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Density and high packing of particle ratio significantly in-
fluence damping performance in vibration attenuation [18, 28, 
39], which is in accordance with the research conclusion of 
this article. 

From the mathematical expressions of Eq. (16), the level of 
the equivalent damping coefficient eqC is highly nonlinear (i.e., 
the amplitude of vibration velocity). Hence, we further discuss 
the influence of the amplitude of vibration velocity x&  on the 
level of damping coefficient eqC ; other parameters are selected 
from Table 2 and maintained constant. 

Fig. 5 shows that the value of the equivalent damping coef-
ficient eqC  exhibits nonlinear characteristics; it increases with 
the increase in the amplitude of vibration velocity (i.e., excita-
tion amplitude-dependent). 

In fact, the topic of the above discussion is a multiple-

Table 1. Coordinates of the Particle dampers (PDs), measurement 
points, and excitation point (mm). 
 

Item Number and coordinate 
Point 1 Point 2 Point 3 Point 4 

(300, 80, 0) (300, 0, 0) (300, −80, 0) (210, 80, 0) 
Point 5 Point 6 Point 7 Point 8 

(210, 0, 0) (210, −80, 0) (120, 80, 0) (120, 0, 0) 
Point 9 Point 10 Point 11 Point 12 

Measurement 
point 

(120, −80, 0) (30, 80, 0) (30, 0, 0) (30, −80, 0) 
Damper A Damper B Damper C Damper D 

PDs 
(270, 0, 0) (210, 80, 0) (210, −80, 0) (90, 0, 0) 

Excitation point (275, 0, −6)    
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Fig. 2. Curve of the equivalent damping coefficient eqC  versus the 
restitution coefficient of particle pe . 
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Fig. 3. Curve of the equivalent damping coefficient eqC  versus the 
diameter of particle pd . 
 

 

Table 2. Characteristics and properties of the plate, PD and particle 
used in the model. 
 

Item Characteristics and properties 

Material Young’s 
modulus (Pa) 

Density 
(kg/m3) Poisson ratio Length 

(mm) 
Aluminum 

alloy 5.6 × 1010 2646 0.27 300 

Width 
(mm) Thickness (mm)   

Plate 

200 6   

Material Weight (g) Inside  
diameter (mm)

Outside  
diameter (mm)

Height 
(mm) 

PD 
Aluminum 

alloy 14.52 16 20 20 

Material Density 
(kg/m3) 

Restitution 
coefficient 

Kinetic friction  
coefficient 

Particle 
Tungsten 
powder 17000 0.6 0.3 
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Fig. 4. Curve of the equivalent damping coefficient eqC  versus the 
density of particle pr . 
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Fig. 5. Curve of the equivalent damping coefficient eqC  versus the 
amplitude of vibration velocity density of particle x& . 
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parameter optimization problem. Determining which term is 
most important with the level of contribution to the damping 
coefficient is difficult. If one of the abovementioned parame-
ters is discussed, the values of other parameters remain con-
stant (Table 2). Based on Figs. 1-4, the contribution of the 
packing ration to the reduction of the vibration is the highest 
among them. 

Moreover, the damping performance of the whole system, 
including the plate and PDs, is closely related to the above 
parameters, as well as the dimension and material of the en-
closure, placement position of the PDS, level of acceleration 
of the primary structure, and excitation frequency [40]. 

Many researchers have concluded that particle damping is 
highly nonlinear [15, 28, 29, 41]. To obtain the optimum 
damping effect, the different combinations of system parame-
ters should be optimized. 

Considering only a single factor, brute force methods (full 
sorting) may be available; however, full sorting is not compe-
tent for the many parameters above or many inputs and out-
puts [42]. Simonian stated that when forced vibration is con-
cerned, the resulting damping performance depends on vibra-
tion amplitude and mass packing ratio [3]. In forced vibration 
applications, an optimum mass packing ratio exists for a given 
vibration amplitude. Parameter optimization is necessary to 
obtain a good damping effect for the different combinations of 
system parameters in our next work. 

 
2.3 Vibration response 

For the continuous particle damping structure, the PD con-
tribution is estimated as an equivalent spring mass system; 
nevertheless, the system does not exhibit any stiffness (i.e., 
mass damping system). The damping coefficient of the mass 
damping system responds to the equivalent nonlinear viscous 
damping coefficient eqC (Eq. (16)) determined for different 
levels of excitation and depending on the excitation velocity 
amplitude. The mas of the mass damping system responds to 
the equivalent total mass eqM , which includes the mass of the 
enclosure and total mass of particles filled. 

A simple cantilever plate with PDs is considered an attempt 
to validate the theory in this paper. Fig. 6 shows a sketch of 
the considered plate with the PDs, as well as the adopted 
model. 

The plate is modeled by finite element method using the 
discrete Kirchhoff quadrilateral element. The motion of the 
global system is governed by the following equation: 

 
.× + × + × =M X C X K X F&& &                       (17) 

 
2.4 Acoustic radiation 

For the acoustic-solid interaction, the boundary condition 
includes the following interaction from solid to gas and vice 
versa: to couple the acoustic pressure wave to the solid wall, 
the boundary load P  (force/unit area) on the wall is set to 

the following: 
 

.s p= -P n                                    (18) 
 
The structural acceleration acting on the boundaries be-

tween the solid and gas causes the normal acceleration for the 
acoustic pressure on the boundary equal to the acceleration 
based on the second derivatives of the structural displace-
ments u with respect to time: 2

n aa w= ×n u . 
To couple back the frequency response of the solid to the 

acoustics problem, a normal acceleration boundary condition 
is used, setting the normal acceleration na to ( ) 2

a w× ×n u . 
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Notably, the simulation is conducted via COMSOL Mul-

tiphysics software. This software is a multiphysics coupling 
software with powerful processing capacity; it is a flexible 
platform that allows users to enter coupled systems of Partial 
differential equations (PDEs). PDEs can be entered directly or 
using the so-called weak form. In the simulation, COMSOL 
Multiphysics software provides a simulation option for the 
spring-mass-damper system with access to self-programming. 
Thus, the equivalent viscous damping, including the interpar-
ticle collisions and friction effects, can be embedded into 
COMSOL Multiphysics software. Such an idea is novel and 
leads to a new breakthrough because it offers the possibility to 
predict the vibration response and acoustic radiation of com-
plicated continuous structures with PDs in finite element 
method via COMSOL; this model has reduced complexity 
analysis and computational cost. Once the geometric parame-
ters, physical parameters, and boundary conditions of the 
structure in simulation are set, the prediction of acoustic and 
vibration of a cantilever rectangular plate with PDs should be 
implemented by COMSOL. 

 
3. Numerical simulation 

To validate the theory developed in this paper and evaluate 
the vibration response and acoustic radiation of a cantilever 
rectangular plate with PDs under forced excitation, the process 

 
 
Fig. 6. Sketch of the cantilever plate dimension and PD arrangement. 
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of numerical simulation is organized in two steps. 
In the first step, the original plate without PD is first tested 

to characterize the dynamic behavior and acoustic radiation 
characteristics of the primary structure. This set of tests aims 
to verify the geometric model, load, and boundary condition 
applied, which includes the analysis and calibration of the 
experiment parameters that have an effect on the measurement 
precision. 

In the second step, vibration responses and acoustic radia-
tion of the plate with PDs are investigated to reveal the damp-
ing effect of the PDs. For comparison, the excitation level, 
excitation location, and measurement points are the same as 
the test used in the above step. Fig. 6 shows the positions of 
observation points, PDs, and excitation point on the plates. 
Table 1 presents the coordinates of the PDs, measurement 
points and excitation point.  

The exciter is attached to the bottom of the plate using the 
adhesive, which provides harmonic force to the structure (Fig. 
7). The harmonic force, ( )sinF A tw=  can be set by the SO 
M+P Analyzer system; the excitation signal through the 
power amplifier is transferred to the exciter. 

A total of 12 measurement points are on the top of the plate 
(Fig. 6). Table 2 provides a list of the characteristics and prop-
erties of the plate, PD and particles used in the model.  

The microphones are in the x-y plane, which are flush with 
the tops of the plate. Fig. 8(b) shows the detailed layout of the 
microphones. The microphones are evenly arranged on the 
circumference of a circle with the interval of 30° in the x-y 
plane; the circle has a radius of 1000 mm. 

Fig. 8(a) depicts the sketch of the acoustic modeled system. 
The entire system (the plate with PDs) is located inside a 
computational domain with a total radius i pmlR R+ , where iR = 
400 mm and pmlR = 80 mm. The layer of thickness pmlR  is the 
absorbing Perfectly matched layer (PML), which is indicated 

in Fig. 8(a). PML is used as a non-reflecting and absorbing 
boundary, which mimics a domain stretching to infinity. The 
scattered field is denoted as p . 

Our particle damping method uses four enclosures filled 
with tungsten particles of small size, which are attached to the 
primary structure (the cantilever rectangular plate). The mass 
packing ratio in every damper is 50%. The mass packing ra-
tio mpa , which is defined as the actual packing mass of parti-
cles to the maximum permissive packing mass of particles in a 
cavity, is introduced to describe the packing condition of the 
damper. The particle mass of each filled PD is 11.60×103 kg. 

Twelve points distributed uniformly on the plates are used 
as the observation points to acquire the vibration response of 
the plate adequately and study the dynamic characteristics of 
the structure under forced excitation. Four PDs are symmetri-
cally attached to the plate to obtain an ideal damping effect 
and avoid the effects that the asymmetry of the additional 
mass brings to the structure. The handle part in the figure re-
fers to the fixed end of the plate (Fig. 6). 

After building the geometric model of the plate, the parame-
ters of material properties, including density, Young’s 
modulus, and Poisson’s ratio of the plate, are set in COMSOL. 
The physical constraints are applied on the plates, including 
fixed end, structural damping, mass of the dampers, and 
equivalent viscous damping caused by interparticle collision 
and friction effects. The range of the frequency of sine excita-
tion is from 0 Hz to 800 Hz, with an interval of 2 Hz. 

 
3.1 Vibration response prediction  

The Frequency response functions (FRFs) of the plate are 
successively measured; these functions are the ratio of accel-
eration amplitude to the excitation force on each observation 
point. The curve of the FRFs is used to evaluate the vibration 
intensity of the plate. Notably, the value of the equivalent 
damping coefficient depends on the excitation amplitudes (Eq. 
(16)). We only consider FRFs to evaluate the level of vibra-
tion without considering the excitation amplitudes. In the ex-
perimental process, when the excitation frequency is close to 
the resonance frequency of the system, the excitation force 
will increase; when the excitation frequency is away from the 
resonance frequency of the system, the excitation force will 
decrease. The excitation force changes with the increase in 
excitation frequency, which is not a constant value. Thus, an 
exact expression for the function of excitation force is difficult 
to obtain. 

In the simulation process, if the input force (excitation 
force) cannot be given accurately, simulation cannot be calcu-
lated. The acceleration response of the whole system cannot 
also be obtained. We cannot compare the simulation results 
and experimental data, as well as assess the correctness of the 
model. For the forced vibration system, we evaluate the level 
of vibration not only from the velocity response and accelera-
tion response but also from the FRFs. For example, when the 
system is subjected to harmonic vibration, the motion of the 

 
 
Fig. 7. Schematic of experimental setup. 
 

 
           (a)                          (b) 
 
Fig. 8. (a) Sketch of the modeled system; (b) microphone layout in the 
x-y plane. 
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global system is governed by the following equation: 
 
× + × + × =M X C X K X F&& &                          

 
where = sin twF P is a harmonic excitation force, and P is an 
excitation amplitude. Laplace transform is used in Eq. (17); 
subsequently, we can obtain the transfer function of the whole 
system as follows: 
 
( ) ( ) ( )2s s s s+ + =M C K X P                     (20) 

( ) ( )
( ) 2

1s
G s

s s s
= =

+ +

X
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                   (21) 

 
where ( )G s  is the transfer function and a complex variable. 
With s iw= , ( ) ( )= s iH G s ww = , we can obtain the displace-
ment response in the frequency domain: 
 

( ) ( ) ( )= Hw w wX P .                             (22) 

 
The acceleration response in the frequency domain is as fol-

lows: 
 
( ) ( ) ( )= aHw w wX P&& .                            (23) 

 
Eq. (23) shows that the level of the acceleration response 

depends on the excitation amplitudes. We can easily obtain 
the acceleration response function in the frequency domain 
(i.e., FRFs): 
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This article aims to verify the model developed to predict 

the vibration response and acoustic radiation of the particle 
damping structure based on multiphase flow theory of gas 
particle. We do not only consider the simulation result but also 
the experimental data for comparisons. In the simulation proc-
ess, if the system is applied a unit harmonic vibration, we may 
obtain FRFs. Therefore, the FRFs (acceleration /force) of the 
rectangular plate with PD are used to describe the damping 
effect and verify the validity of the model in this article for the 
sake of convenience for comparative analysis between simula-
tion results and experimental data. Moreover, we do not con-
sider the contribution of the excitation amplitude. 

Other researchers also used FRFs to present the characteris-
tics of particle damping. Trigui et al. used FRFs to show the 
influence of the two configurations of PD positions on vibra-
tion attenuation [40]. Veeramuthuvel et al. [43] used FRFs to 
present the influence of different packing rations and granular 
materials on the damping effect. 

Any four points at the plate can then be used as observation 
points to display the vibration response of the whole plate; 

these points are points 2, 6, 8 and 11. 
Fig. 9 shows that the acceleration amplitude of each point 

declines obviously after the PDs are exerted on the plates at a 
number of resonance frequencies over a certain band of fre-
quencies. The presence of PDs causes an increase in modal 
damping, thereby suggesting that PDs are highly efficient for 
the plate-like structure to suppress vibration from the use of a 
minimal quantity of particles. The rate of the total particle 
mass (34.8 g) to the primary structure mass (1 kg) is only 
3.5%. Particle damping exhibits a reduction in the response 
amplitude by 87.5% from the vibration amplitude of the first-
order natural frequency in Fig. 9(a). The damping effect is 
also high and remarkable in the whole frequency range, which 
allows us to investigate the broadband effect of particle damp-
ing.  

In Fig. 9, natural frequencies shift to the left in the FRF 
curves when the PDs are exerted on the plate compared with 
the case of the plate without PDs. This phenomenon is specifi-
cally obvious within the frequency range of 300-800 Hz be-
cause the added PDs change the mass matrix of the whole 
system. However, the particle damping effect can reach rela-
tively high levels for the first- and second-order modes of the 
plate without significant changes in the natural frequencies 
and mode shapes compared with the case of the plate without 
PDs. This result indicates that particle damping technology 
shows a small effect on the natural frequencies and mode 
shape for the low-order model. In addition, the original plate 
(without the PDs) has a high level of response, specifically 
within the frequency ranges of 0-50 and 400-550 Hz. The 
particle damping treatment of the plate causes a significant 
improvement in reducing the vibration response, whereas the 
vibration reduction in the lower range of 200-300 Hz is mod-
est. This result shows that this particular treatment of the plate 
may have some trade-offs.  

Fig. 9 also shows that the vibration mode around 470 Hz is 
more energetic than the fundamental mode. Through the 

 
 
Fig. 9. Simulation result comparison of the Frequency response func-
tions (FRFs) on the rectangular plate with and without PDs. 
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analysis of the eigenfrequencies of the cantilever rectangular 
plate without PDs, the first and fourth orders of natural fre-
quencies along the z-direction are obtained, which are 25 and 
470 Hz, respectively. Figs. 10 and 11 present the longitudinal 
vibration mode shapes of the first and fourth orders of natural 
frequencies. 

When the excitation frequency is equal to the fourth natural 
frequency, we find that the vibration amplitudes of the rectan-
gular plate at measuring points 2, 6, 8 and 11 are higher than 
the case of the first natural frequency from the range value of 
color legend in Figs. 10 and 11 through the analysis of modal 
frequencies and mode shapes. For a better view of the com-
parison, the data of the acceleration amplitude are retrieved 
from the same observation points on the rectangular plate 
without PDs in different natural frequencies. The vibration 
mode around 470 Hz is more energetic than the fundamental 
mode (Fig. 12). The vibration amplitude at measurement 
points is related to mode shapes. Similar phenomenon can also 
be observed from Fig. 9 when the plate has PDs, which may 
originate from the same reason. 

 
3.2 Acoustic radiation prediction 

3.2.1 Sound pressure level (SPL) 
Figs. 13 and 16 show that the model calculates the fre-

quency response from the solid and subsequently feeds this 

information back to the acoustics domain so that it can analyze 
the wave pattern. The air acoustic domain is truncated as a 
sphere with a reasonably large diameter, which depends on the 
performance of the computer. Four frequencies, namely, 50, 
150, 400 and 600 Hz, are investigated for the plate with and 
without PDs. 

Figs. 13 and 16 display the sound pressure as a slice plot. 
These figures clearly show from which direction the accelera-

 
 
Fig. 10. Vibration mode shape of the cantilever rectangular plate with-
out PDs under the first order of natural frequency. 

 

 
 
Fig. 11. Vibration mode shape of the cantilever rectangular plate with-
out PDs under the fourth order of natural frequency. 

 

 

 
 
Fig. 12. Comparison of the acceleration amplitude at the same observa-
tion point on the rectangular plate under different natural frequencies. 

 
 

 
(a)  

 

 
(b) 

 
Fig. 13. (a) Sound-pressure plot (dB) of the acoustic waves in the 
coupled problem at f = 50 Hz for the plate without PDs; (b) sound-
pressure plot (dB) of the acoustic waves in the coupled problem at f = 
50 Hz for the plate with PDs. 
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tion propagates into the air domain. The values of deformation 
are very small, but the acceleration is sufficiently large to influ-
ence the sound waves. The arrow lengths are proportional to 

the surface acceleration, which is a direct measure of the 
sound-pressure interaction between the air and plate. By con-
trast, with the same imposed vibration under identical frequen-

      
                              (a)                                                   (b) 
 
Fig. 14. (a) Sound-pressure plot (dB) of the acoustic waves in the coupled problem at f = 150 Hz for the plate without PDs; (b) sound-pressure plot 
(dB) of the acoustic waves in the coupled problem at f = 150 Hz for the plate with PDs. 

 

      
                            (a)                                                     (b) 
 
Fig. 15. (a) Sound-pressure plot (dB) of the acoustic waves in the coupled problem at f = 400 Hz for the plate without PDs; (b) sound-pressure plot 
(dB) of the acoustic waves in the coupled problem at f = 400 Hz for the plate with PDs. 

 

      
                            (a)                                                   (b) 
 
Fig. 16. (a) Sound-pressure plot (dB) of the acoustic waves in the coupled problem at f = 600 Hz for the plate without PDs; (b) sound-pressure plot 
(dB) of the acoustic waves in the coupled problem at f = 600 Hz for the plate with PDs. 
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cies, the plate with PDs presents a better damping effect com-
pared with that without PDs, regardless of the overall sound 
pressure level or normal acceleration of the solid surface. 

 
3.2.2 Far-field SPL 

Using the far-field calculation feature, SPL in the scattered 
field at a given distance outside the computational domain is 
used to reflect the acoustic radiation ability of the plate. The 
plate is excited by a sinusoidal mechanical boundary load on 
the bottom surface of the plate and at a frequency specified in 
the study: 50, 150, 400 and 600 Hz. The far-field SPL outside 
the modeling domain at a radius of 1000 mm in the x-y plane 
is calculated. Fig. 17 depicts the SPL distribution at 50, 150, 
400, and 600 Hz. The result is presented as 2D plot groups 
and polar plots of the scattered far-field SPL. The data are 
retrieved in the x-y plane and presented as a polar plot, with 0° 
corresponding to the positive x-direction (Fig. 8(b)). 

Figs. 17(a)-(d) demonstrate that the scattered acoustic pres-
sure performance may be effectively improved by the added 
PDs. The results also indicate that the sound field has obvious 
symmetry; the SPL in the head of the model plate is bigger 
than that of the tail of the model plate. This phenomenon may 
be caused by the excitation location, which is close to the front 
of the plate. 

Table 3 illustrates that the SPL value on the circumference 
of a radius of 1000 mm in the x-y plane in Fig. 17 indicates a 
mean value. The average rate of decrease in the SPL value of 
the plate with PDs to the value of the plate without PDs is as 
high as 11.45% in the excitation frequency of 600 Hz. This 
result confirms that the acoustic radiation characteristic of the 
particle damping structure is sensitive to the excitation fre-
quency. This result also reveals that the mode shape of the 
structure has a fairly significant effect on acoustic radiation 
modes. 

4. Experiment verification 

To verify the theoretical model developed in this study, an 
experiment for the cantilever rectangular plate with and with-
out PDs is set up. The specifications for the experiment are 
maintained the same as those in the simulation for comparison. 
Fig. 18 presents a picture of the experimental apparatus used. 

 
4.1 Vibration response verification 

The experimental model consists of the primary structure 
(cantilever rectangular plate) and four aluminum enclosures 
containing tungsten particles. The enclosures are partially 
filled with tungsten particles, which are attached to the top of 
the rectangular plate that is itself attached to an electromag-
netic shaker (MB MODAL 50A), providing an excitation 
force. The signal of the harmonic excitation amplified by 
power amplifier (M B500VI) is transferred to the shaker. A 
microphone (Dytran 40AE/26CA) is used to measure the far-
field sound pressure. The force and acceleration signals are 
measured with a force transducer (Dytran1051V4) and accel-
eration transducer (Dytran 3133B1), both with a mass of 0.6 g. 
A dynamic signal analyzer (M+P SO Analyzer) made in Ger-
many is used to collect and process the data. The whole proc-
ess is tested in a semi-anechoic room. 

In this experiment, the frequency range of sine sweep exci-
tation is 2-800 Hz, and the frequency step is 2 Hz. The sweep 
rate is 300 Hz/min, and the total measuring time is 399.6 s. 

 
 
 
Fig. 17. Comparison of the far-field Sound pressure level (SPL) of the 
plate with and without PDs at a radius of 1000 mm in the x-y plane. 

 

Table 3. SPL mean value of simulation in the far-field at a radius of 
1000 mm in the x-y plane when the plate is with and without PD. 
 

Mean value (dB) Excitation 
frequency 

(Hz) Without PDs With PDs 
Amount of 

reduction (dB) 
Rate 

decrease 

50 57.07 53.72 3.35 5.87% 
200  68.19 63.83 4.36 6.39% 
400 69.03 64.06 4.97 7.20% 
600 77.72 68.82 8.9 11.45% 

 
 

 
 
Fig. 18. Picture of the experimental apparatus used. 
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The sampling rate is 8192 Hz. The FRFs are measured by an 
SO analyzer. The curve of the FRFs in each observation point 
is compared with the experiment results when the plates are 
with and without PDs (mass packing ratio is 50%). We also 
use the same four observation points for comparison and veri-
fication of the accuracy of the simulation results in Sec. 3. 
These points are 2, 6, 8 and 11 (Fig. 6). 

Fig. 19 presents a comparison of the FRFs (accelera-
tion/force) of the cantilever rectangular plate without PDs 
between the simulation results and experimental data. The 
simulation curves fit well with the measured curves from the 
experiment within the range of 0-800 Hz.  

Remarkably, the simulation results in COMSOL differ 
slightly from the experimental results; structural damping 
considered in the simulation model is not exactly the actual 
intrinsic structural damping of the plate in the experiment. A 
similar trend is observed in Figs. 19 and 20 for harmonic exci-
tation. The amplitude peak in the FRFs shifts in the simulation 
results compared with the case of the experimental data. In 
this case, such a phenomenon is possibly caused by the con-
nection type between the rectangular plate and electromag-

netic shaker (Fig. 18), which are connected by an adhesive. 
Obviously, the adhesive is an additional constraint condition 
for the boundary conditions of the rectangular plate, which 
leads to natural frequency shifts. This constraint is not exerted 
on the plates in the simulation. 

Fig. 20 presents a comparison of the FRFs (accelera-
tion/force) of the cantilever rectangular plate with PDs be-
tween the simulation results and experimental data. This fig-
ure shows that the acceleration responses between the theo-
retical results and experimental data agree well. Differences 
also exist at the amplitude peaks in the vicinity of the natural 
frequencies between the numerical and experimental re-
sponses for the plate with PDs. These differences stem from 
the hypothesis considered when modeling the system. Never-
theless, the simulation results show the ability of the model 
developed in this work to predict the dynamic behavior of the 
structure, considering the effect of particle damping for a wide 
frequency range. The results also prove that the theoretical 
model based on multiphase flow theory of gas particle is effi-
cient for estimating the vibration response of the particle 
damping plate. 

 
4.2 Acoustic radiation vibration 

Another series of tests is conducted to identify the effect of 
PD on the acoustic radiation response of the system versus the 
excitation frequency. The polar plot of the far-field SPL at a 
radius of 1000 mm in the x-y plane is measured. A sine sweep 
excitation is used with 50, 150, 400 and 600 Hz. 

Figs. 21 and 22 show the polar plot of the SPL of the simu-
lation and experiment when the plate is without and with PDs, 
respectively. Good correlations are obtained between the ana-
lytical results and experimental data. 

Differences also exist within a certain azimuth range be-

 
 
Fig. 19. Comparison of the FRFs on the rectangular plate without PDs 
between the simulation results and experimental data. 

 
 

 
 
Fig. 20. Comparison of the FRFs on the rectangular plate with PDs 
between simulation results and experimental data. 

 

 
Fig. 21. Comparison of the far-field SPL of the plate without PDs at a 
radius of 1000 mm in the x-y plane between simulation results and
experimental data. 
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tween the numerical and experimental results for the plate 
without and with PDs. Figs. 21(b) and 22(b) show that the 
SPL values of the experiment are larger than those of the sim-
ulation within the angle range of 30°-270°. However, the SPL 
values of the experiment are smaller than those of the simula-
tion within the angle range of 0°-30° and 330°-360° in Figs. 
21(c) and 22(c), respectively. On the contrary, the SPL values 
of the experiment are larger than those of the simulation 
within the angle range of 60°-150°. 

For a better view of the comparison, the mean values (SPL) 
of the experiment in the far-field at a radius of 1000 mm in 
the x-y plane are compared with those of the simulation, as 
shown in Tables 4 and 5. Based on the simulation model, the 
simulation data are compared with the experimental data; the 
fractional error between the data is within 3.83% when the 
plate without PDs is excited at 50, 150, 400 and 600 Hz (Ta-
ble 4). 

Table 5 lists the predicted mean values (SPL). These values 
are compared with the measured overall mean values, with a 
maximum error of 3% when the plate with PDs is excited 
using the same excitation frequencies.  

Notably, the two curves between simulation results and ex-
perimental data do not match perfectly in Figs. 21 and 22 be-

cause the value of the mesh used is coarse in the model. The 
size of the mesh in the model is set to the default setup of this 
model, which is not sufficiently fine. Finer mesh is suited to 
resolve the acoustic boundary layer. The coarse mesh is se-
lected to reduce the required memory to about 4 GB of RAM. 

These aforementioned errors possibly stem from the hy-
pothesis considered when modeling the system. First, we ig-
nore the interaction between particles and wall of enclosure, 
and we use numerical analysis methods to obtain the model 
expression of equivalent nonlinear viscous damping. The 
theoretical model is not a complete description for particle 
damping but only an approximate expression. Second, the 
exciter is attached to the plates in the experiment, which actu-
ally causes another constraint to the plates; nevertheless, this 
constraint is not exerted on the plates in the simulation. Third, 
every condition and material property is ideal in the simula-
tion; however, the plates used in the experiment are not made 
of uniform aluminum alloy sheet. The actual values of 
Young’s modulus, Poisson’s ratio, and structural damping 
coefficient are difficult to obtain. Based on the abovemen-
tioned factors, the accuracy of simulation is affected. Never-
theless, the analysis of the simulation results of the structure 
with PDs shows the ability of the model developed in this 
work to predict the vibration and acoustic radiation response 
of the continuous structure, considering the effect of particle 
damping. Compared with the DEM simulation, this theoretical 
model is less time consuming and presents calculation ease 
and wider applicability. 

The theoretical model based on multiphase flow theory of 
gas particle is efficient for estimating vibration and acoustic 
radiation of the particle damping structure with good accuracy 
and reliability. 

 
5. Conclusion 

To predict the vibration and acoustic radiation responses of 
particle damping composite structures rapidly and effectively, 
combined studies of theoretical derivation, numerical simula-
tion, and experimental research are conducted. An analytical 
model based on two-phase flow theory of gas particle is de-
veloped, in which equivalent viscous damping for interparti-
cle collisions and friction is introduced. The sound-structure 
interactions of the plate with PDs is solved using a self-
developed analysis model combined with a COMSOL Mul-

Table 4. Comparison of SPL mean value in the far-field at a radius of 
1000 mm in the x-y plane for the plate without PDs. 
 

Mean value (dB) Excitation 
frequency (Hz) Experiment Simulation 

Relative  
error 

50 57.40  57.07 0.58% 

150 70.90 68.19 3.83% 

400 69.25 69.03 0.32% 

600 77.03 77.72 0.89% 

 
 

 
Fig. 22. Comparison of the far-field SPL of the plate with PDs at a 
radius of 1000 mm in the x-y plane between simulation results and 
experimental data. 

 

Table 5. Comparison of SPL mean value in the far-field at a radius of 
1000 mm in the x-y plane for the plate with PD. 
 

Mean value (dB) Excitation 
frequency (Hz) Experiment Simulation 

Relative 
error 

50 54.72  53.72 1.8% 

150 65.82 63.83 3% 

400 63.87 64.06 0.29% 

600 67.87 68.82 1.40% 
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tiphysics model. Investigating the performance of particle 
damping using this method is convenient, which makes the 
entire model convenient for further in-depth studies. An ex-
perimental verification process to evaluate the validity of the 
theoretical model is carried out to study the vibration and 
acoustic radiation characteristics of particle damping plates. 
The results of the simulation show excellent agreement with 
those obtained from the experiment. The following conclu-
sions are drawn from this study. For particle damping plate, 
the PDs are effective to restrain the vibration of the structure 
and attenuate the far-field sound pressure of the host struc-
tures. As a sort of passive technology, PD shows high effi-
ciency over a wide frequency range. PD as an added mass 
type of passive vibration device should make the inherent 
frequencies shift and decrease because of the added mass. 
The theoretical model based on multiphase flow theory of gas 
particle is efficient for estimating vibration and acoustic ra-
diation of particle damping plate with good accuracy and 
reliability. Compared with DEM simulation, this theoretical 
model is less time consuming and presents calculation ease 
and wide applicability. 

The prediction accuracy of the theoretical model developed 
in this paper should be improved, and further research and 
experiments should be conducted. The above questions will be 
studied further in subsequent work. The present work will 
help stimulate more developments in particle damping tech-
nology, specifically toward understanding the damping behav-
ior characteristics to facilitate design. 

In conclusion, the research results show that the analytical 
model based on two-phase flow theory of gas particle is sim-
ple and effective. This study does not only lay an important 
theoretical foundation for the further study of the vibration and 
acoustic radiation of the particle damping composite structure, 
but it also provides important theoretical guidance for low-
noise optimization design of particle damping structures. Fur-
thermore, the proposed model has an important reference 
value for the noise control of such structures. 
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Nomenclature------------------------------------------------------------------------ 

cm    : Effective viscosity caused by interparticle collisions  
pe     : Restitution coefficient of the particle 
pa     : Packing ratio defined as the volume of particles to the 

total volume of the cavity 
pr     : Density of particles 
pd     : Diameter of particles 
Q    : Fluctuation-specific kinetic energy 

pg     : Radial distribution function  
f     : Angle of internal friction 

2DI    : Second invariant of the deviatoric stress tensor 

pp    : Solid pressure 
mm    : Viscosity of the gas particle mixture flow 
gm    : Viscosity of gas 

d     : Diameter of the cavity 
h      : Height of the cavity 

mr    : Equivalent volume density of the mixture flow related to 
the densities of the gas and particle 

x&     : Amplitude of vibration velocity 
f     : Excitation frequency 
X     : Nodal displacement of the whole system 
F     : External force applied to the system 
K     : Stiffness of the plate with PDs 
M    : Mass matrix of the plate with PDs 
p     : Pressure to the solid wall 

sn     : Outward-pointing unit normal vector observed from 
inside the solid domain 

p      : Pressure (N/m2) 
u     : Calculated harmonic-displacement vector of the solid 

structure 
an     : Outward-pointing unit normal vector observed from 

inside the acoustics domain 
q      : Optional dipole source (m/s2) 

op     : Amplitude of a harmonic pressure source 
pmlR    : Absorbing perfectly matched layer 

p      : Scattered field 
mpa    : Mass packing ratio 
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