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Abstract 
 
This paper presents a coordinated control with Electronic stability control (ESC), Active front steering (AFS) and Active rear steering 

(ARS). Direct yaw moment control is used to generate a control yaw moment. Weighted pseudo-inverse based control allocation 
(WPCA) is adopted to distribute the control yaw moment into tire forces, generated by ESC, AFS and ARS. Variable weights in WPCA 
are presented for several purposes. Simulations on vehicle simulation software, CarSim®, show that the proposed integrated chassis con-
trol is effective for maneuverability and lateral stability. Sensitivity analysis with Plackett-Burman method was done in order to check the 
effect of the variable weights. 
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1. Introduction 

Before an Electronic stability control (ESC) was commer-
cialized in middle of 1980s, 4-wheel steering (4WS) has been 
extensively studied for maneuverability and lateral stability 
since 1970s [1]. Most of the researches on 4WS have adopted 
a linear vehicle model, and feed-forward control for ARS. As 
a result, it was commercialized on passenger cars in 1980s. 
However, it had little effect on car market because of several 
drawbacks such as driver’s discomfort, high maintenance cost, 
and large side-slip angle in transient stage.  

Active front steering (AFS) was commercialized on passen-
ger vehicles in middle of 2000s. AFS has the function of su-
perposition angle in order to give a driver the steering comfort 
and active safety from variable steering gear ratio and active 
steering, respectively. Researches on AFS for vehicle stability 
control have been done in the several work [2, 3]. In these 
researches, the main function of AFS is to increase the vehicle 
speed in maintaining maneuverability and lateral stability. 
However, the use of AFS in under-steer situation is not effec-
tive because it did not reduce the vehicle speed.  

Recently, 4WS with AFS and ARS was re-developed for 
passenger cars. Typical example is Nissan’s 4-wheel active 
steer (4WAS), which consists of front and rear wheels con-
trolled by Motor-driven power steering (MDPS) or Active 
front steering (AFS) and ARS, respectively [4]. Another ex-

amples are Delphi’s Quadrasteer and BMW’s Integral Active 
Steering. The lateral force of the front wheel is easily saturated 
when AFS is applied because AFS is added into the driver’s 
steering. Compared to AFS, the most notable feature of ARS 
is that the lateral force of rear wheels is not saturated when 
ARS is applied.  

Besides AFS and ARS, an ESC has been commercialized 
for maneuverability and lateral stability since 1980s. By virtue 
of the effectiveness of ESC in preventing vehicle crashes such 
as rollover and lost-of-control accidents, ESC installation on 
passenger vehicles has been mandatory since 2012 in USA [5]. 
However, the use of ESC makes a driver experience discom-
fort when it activated. This drawback of ESC can be over-
come by using AFS or ARS.  

ESC, AFS and ARS are complementary to each other. ESC 
is capable of reducing the vehicle speed, which is effective in 
under-steer situation. AFS and ARS can maintain the vehicle 
speed with steering comfort. Hence, the coordination between 
braking-based ESC and steering-based AFS and ARS can 
improve the ride comfort, maneuverability and lateral stability. 
To fully utilize the synergetic effects of ESC, AFS, and ARS, 
it is necessary to integrate these devices in a single framework. 
However, there have been little researches on integration of 
ESC, AFS and ARS to date. Integration schemes with ESC 
and AFS or ESC and ARS have been proposed [6, 7]. In the 
previous work, 4WS and ESC have been integrated by model 
following robust control [8]. In this research, a quadratic pro-
gramming based control allocation, which requires a large 
amount of computation time, was adopted for yaw moment 
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distribution.  
In this paper, coordinated control with ESC, AFS and ARS 

is investigated in order to improve the yaw rate tracking or 
maneuverability and the lateral stability. The controller has 
two-level structure: an upper-level and lower-level controller. 
In the upper-level controller, a direct yaw moment control is 
applied to generate a control yaw moment which is needed to 
stabilize a vehicle. In the lower-level controller, the control 
yaw moment is distributed with ESC, AFS and ARS using 
weighed pseudo-inverse based control allocation (WPCA). 
WPCA is a good candidate because it can solve the problem 
in real time through the algebraic computation [9-11]. To rep-
resent the actuator combination of ESC, AFS and ARS in 
WPCA framework, variable weights of the objective function 
in WPCA are proposed. To check the effectiveness of the 
proposed method for maneuverability and lateral stability, 
simulation is performed on a vehicle simulation package, 
CarSim® [12]. 

In the previous work [11], simulation-based tuning on the 
variable weights was adopted to optimize the variable weights. 
It was time-consuming and blind because there were no 
analyses on the effect of the variable weights. In this paper, 
sensitivity analysis with Plackett-Burman method, an experi-
mental design method, is done in order to check the effects 
of the variable weights. From the analysis, it is shown how 
much a particular variable weight has an effect on the con-
trol performance.  

This paper is organized as follows: In Sec. 2, a direct yaw 
moment controller is designed with a bicycle model, and 
yaw moment distribution schemes based on WPCA. In Sec. 
3, simulation is conducted on Carsim. In Sec. 4, sensitivity 
analysis with Plackett-Burman method is done. The conclu-
sions are given in Sec. 5.  

 
2. Design of coordinated control with ESC, AFS and ARS 

In this section, the coordinated controller with ESC, AFS, 
and ARS is designed. Direct yaw moment control and WPCA 
are adopted for control yaw moment generation and yaw mo-
ment distribution in the upper- and lower-level controllers, 
respectively. Variable weights in WPCA are defined for sev-
eral objectives. 

 
2.1 Design of an upper-level controller 

The 2-DOF bicycle model is used to design a yaw 
moment controller. Fig. 1 shows the 2-DOF bicycle model. 
This model describes the yaw and the lateral motions of a 
vehicle, assuming that the longitudinal velocity vx is constant. 

The equations of motion for the 2-DOF bicycle model are 
obtained as follows: 
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The reference yaw rate, generated by driver’s steering input, 
can be algebraically calculated from the formula, given in Eq. 
(2), under the assumption that the lateral tire force is linear 
[13]. 
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There are two typical objectives in vehicle stability control. 

The first is the maneuverability, which means the yaw rate 
tracking. The second is the lateral stability, which means the 
small side-slip angle. To improve these objectives, it is neces-
sary for a yaw moment controller to make a vehicle follow the 
reference yaw rate and reduce the side-slip angle. To design a 
yaw moment controller, a sliding mode control is adopted in 
this paper. In order to achieve these objectives, the error sur-
face is defined as Eq. (3). In Eq. (3), h is the parameter used to 
tune the trade-off between the yaw rate error and the side-slip 
angle. For the error surface to have a stable dynamics, the 
condition Eq. (4) should be satisfied [14].  
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By differentiating Eq. (3) and combining it with Eqs. (4) 

and (1), the control yaw moment MB is obtained as Eq. (5). 
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2.2 Design of a lower-level controller 

Once the control yaw moment MB is computed in the upper-
level controller, it should be distributed into braking forces of 
ESC and steering angles of AFS and ARS. In this paper, a 
WPCA is adopted to distribute the control yaw moment into 
the tire forces generated by ESC, AFS and ARS.  

Fig. 2 shows the geometric relationship between the tire 
forces and the control yaw moment when the control yaw 
moment is positive. In Fig. 2, Fx1, Fx2, Fx3 and Fx4 are the lon-
gitudinal braking forces generated by ESC, and Fyfc and Fyrc 
are the lateral tire forces generated by AFS and ARS, respec-
tively. These tire forces should be determined to generate the 

 
 
Fig. 1. 2-DOF bicycle model. 
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control yaw moment MB. A WPCA is used to determine the 
tire forces [9]. 

Eq. (6) shows the geometric relation between the tire forces 
and control yaw moment, given in Fig. 2.  
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The objective function of WPCA is defined as follows: 
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In Eq. (7), the vertical tire forces should be estimated be-

cause these cannot be easily measured. The vertical tire forces 
can be estimated with the longitudinal and lateral accelerations, 
as given in the previous work [7]. 

In Eq. (7), r is the vector of fictitious variable weights ri. In 
this paper, r is used for several purposes [11]. Firstly, r is 
used to capture several actuator combinations such as ESC 
and ESC+AFS, ESC+ARS, ESC+AFS+ARS, and AFS+ARS. 

Secondly, r is used to limit excessive tire slip ratio and slip 
angle when ESC, AFS and ARS are applied. The detailed 
roles of r will be explained later. 

The optimization problem is the quadratic programming 
with an equality constraint. Applying the Lagrange multiplier 
technique to this problem, the optimum solution can be easily 
obtained as Eq. (8). After obtaining the optimum solution qopt, 
each tire force is converted into the braking pressure PB, active 
front steering angle Ddf and active rear steering angle dr as Eq. 
(8). In Eq. (9), Fyfa is the average of front lateral forces.  
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In this paper, five actuator combinations, ESC, ESC+AFS, 

ESC+ARS, ESC+AFS+ARS and AFS+ARS, are considered. 
For these actuator combinations, a particular constraint on 
yaw moment distribution is needed. For example, if only ESC 
is available and the control yaw moment is positive, then the 
longitudinal braking forces of left wheels, i.e,, Fx1 and Fx3 in 
Fig. 2, should be generated and those of right wheels, i.e,, Fx2 
and Fx4, should not be generated.  

In order to capture these actuator combinations, the vector 
of variable weights r in Eq. (7) is introduced [11]. If the vari-
able weight ri in r is decreased, then the corresponding tire 
force Fxi or Fyfc or Fyrc is increased, and vice-versa. Using this 
fact, the distribution scheme can be set for each actuator com-
bination. Let assume that all the variable weights in r are set 
to 1e-4. In this situation, if only ESC is available and the con-
trol yaw moment MB is positive, the braking pressure can be 
applied to the left wheels. For this purpose, r1, r2 , r4 and r6 
should be set to a high value, e.g., 1, as shown in Eq. (10). As 
a result of this setting, only Fx1 and Fx3 can be generated from 
WPCA. Following the fact, the sets of variable weights for 
each actuator combination can be determined as follows:  
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Fig. 2. Coordinate system corresponding to tire forces. 
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In the actuator configuration of ESC+AFS+ARS, the vari-

able weights, e1, e2, e3 and e4, correspond to the use of AFS, 
ARS, and ESC on the front and rear wheels, respectively. If a 
particular variable weight increases, then the corresponding 
actuator will be less used. For instance, if e1 increases, lesser 
AFS will be used for yaw moment distribution. The effect of 
the variation of the variable weights will be investigated in 
Sec. 4. 

 
2.3 Limit on variable weights for preventing saturation of 

the tire forces 

Generally, the tire slip ratio is bounded by an Anti-lock 
braking system (ABS) because excessive tire slip ratio causes 
the saturation of the longitudinal tire force and the reduction 
of the lateral tire force. In this paper, the tire slip ratio and slip 
angles are regulated by limiting on the variable weights in yaw 
moment distribution stage. For this purpose, limits, ei

l, on 
variable weights for Fx1, Fx2, Fx3, and Fx4, and limits, e1

a and 
e2

a, on variable weights for Fyf and Fyr are introduced to limit 
excessive tire slip ratios and slip angles, respectively. Figs. 
3(a) and (b) show these limits on variable weights. With these 
limits, the variable weights ei from Eq. (10) to Eq. (14) are 
bounded by Eq. (15).  
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3. Simulation 

In this section, simulations are performed to check the per-
formance of the proposed method. Simulations are conducted 
for five actuator combinations, i.e., ESC, ESC+AFS, 
ESC+ARS, ESC+AFS+ARS, and AFS+ARS.  

The simulation scenario is a closed-loop steering with a 
driver model. The simulation was performed on the vehicle 
simulation package, CarSim. The vehicle model used in simu-
lation was the small-sized SUV model as provided by CarSim. 
Table 1 shows the parameters of the 2-DOF bicycle model, 
which were referred from the small-sized SUV model in Car-
Sim. The path followed by the vehicle is the moose test track, 
as given in Fig. 4. The steering input is generated by the driver 
model, given in CarSim. The preview time of this driver 
model is set to 0.75 sec, which means an inexperienced driver 
[15]. The vehicle speed and the tire-road friction coefficient 
are set to 80 km/h and 0.6, respectively. The maximum AFS 
and ARS angles are bounded to 10 and 5 degrees, respectively. 
The actuators of the brake of ESC, AFS, and ARS were mod-
eled as a first-order system with the time constants of 0.12, 
0.05 and 0.05, respectively. ABS, provided in CarSim, is used 
to prevent the locking of a wheel in excessive braking.  

Fig. 5 shows the simulation results for each actuator combi-
nation. Fig. 6 shows the applied braking pressures and 
AFS/ARS angles of the actuator combinations. In Fig. 6, the 
legends FL, FR, RL and RR represents the front left, front 
right, rear left and rear right wheels, respectively. In this paper, 
the yaw rate error or the maneuverability is regarded as satis-
factory if it is less than 0.08 rad/s or 4.58 deg/s, as given by 
FMVSS 126, and the side-slip angle or the lateral stability is 
regarded as satisfactory if it is less than 3 deg [16].  

As shown in Fig. 5, the uncontrolled vehicle was drifted be-
cause the tire-road friction coefficient is lower than that of dry 
asphalt. Contrary to this case, the controlled vehicles did not 
lose its stability. Coordinated control with all the actuator 
combinations gave satisfactory results in terms of the yaw rate  

  
(a) Limit on variable weights for slip ratios  

 

 
(b) Limit on variable weight for slip angles 

 
Fig. 3. Limits on variable weights for limiting excessive slip ratio and 
slip angle. 

Table 1. Parameters and values of a small-sized SUV model in Car-
Sim. 
 

m 1146.0 kg Iz 1302.1 kg×m2 

Cf 36000 N/rad Cr 50000 N/rad 

lf 0.88 m lr 1.32 m 

vi
x 80 km/h rw 0.398 m 

KB,front 150 N×m/MPa KB,rear 70 N×m/MPa 

 
 

 
 
Fig. 4. Moose test track. 
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error and side-slip angle. Every actuator combination has 
nearly identical steering wheel angles and yaw rate errors. 
However, the side-slip angles and vehicle speeds are different 
from one another. This is caused by the fact that the brake 
pressures of ESC+AFS and ESC+ARS are reduced, compared 
to those of ESC by virtue of AFS and ARS, as shown in Fig. 
6(a). Moreover, it is shown that the effect of AFS is much 
larger than ARS in terms of brake pressure. As shown in Fig. 
6(b), the steering angles of AFS are nearly identical although 
ARS is used. This means that the coordinated control with 

ESC, AFS, and ARS gives higher emphasis on AFS than ESC 
and ARS. As shown Figs. 5(a)-(c), the actuator combination 
of AFS+ARS gives the largest side-slip angle due to the maxi-
mum vehicle speed with the small yaw rate error. This is the 
typical drawback of 4WS. 

Simulation results are summarized in Table 2. Table 2 
shows the effects of actuator combinations on vehicle per-
formance. As shown in Table 2, the maximum side-slip angle 
is proportional to the vehicle speed, and the vehicle speed is 
inversely proportional to the brake pressure. The actuator 
combination of AFS+ARS did not use the braking of ESC. As 
a result, it gave the largest vehicle speed and side-slip angle 
among others. For this reason, it is necessary to decrease the 
vehicle speed with the braking of ESC in order to reduce the 
side-slip angle.  
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(b) Side-slip angle 
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(c) Vehicle speed 

 

0 2 4 6 8 10
-400

-200

0

200

400

time [sec]

S
te

er
in

g 
W

he
el

 A
ng

le
 [d

eg
]

 

 

No Control
ESC
ESC+AFS
ESC+ARS
ESC+AFS+ARS
AFS+ARS

 
(d) Steering wheel angle 

 
Fig. 5. Simulation results for each distribution scheme. 
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(a) Braking pressure for each actuator combination 
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(b) AFS angle for each actuator combination 
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Fig. 6. Control inputs for each actuator combination. 
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4. Sensitivity analysis on the variable weights 

In this section, the sensitivity analysis with Plackett-Burman 
(PB) method is done in order to check the effects of the vari-
able weights. PB method has been widely used for screening 
factors that has little effect on outputs [17]. PB method makes 
use of two levels for each factor, the higher level (+) and the 
lower level (-), as given in Table 3. As shown in Table 3, four 
factors checked by PB method are e1, e2, e3 and e4 for 
ESC+AFS+ARS configuration. As mentioned in Sec. 2, the 
variable weights, e1, e2, e3 and e4, correspond to the use of 
AFS, ARS, and ESC on the front and rear wheels, respectively. 
In Table 3, d1, d2, and d3 are dummy factors, which have no 
physical meaning. In this paper, the higher and lower levels 
of variable weights are set to 0.001 and 0.0001, respectively. 
In WPCA framework, the larger a particular variable weight, 
the smaller the corresponding tire force. For each experiment 
or a particular set of variable weights in Table 3, simulation is 
performed on CarSim under the identical conditions as given 
in Sec. 3. Outputs of each experiment are the yaw rate error, 
the side-slip angle, and the final vehicle speed.  

The effect of a factor is calculated as Eq. (16). In Eq. (16), 
N is the number of experiments. (+) and (-) represent the 
outputs of a given factor at its higher and lower levels, re-
spectively. For analysis of variance (ANOVA), the sum of 
squares (SS) is calculated as Eq. (17). F-value of each fac-
tor is calculated by dividing its SS by the sum of SS’s of 
dummy factors. The critical value of F1,3 at p = 0.05 is 10.13. 

So, the change of a particular factor is significant if F-value 
of the corresponding factor is larger than 10.13.  

 
( ) ( ){ }2Effect N= + - -å å  (16) 

( )2 4 .SS N Effect= ´  (17) 

 
Tables 4-6 show the results of PB method for yaw rate error, 

side-slip angle and final speed. In these tables, a negative ef-
fect means that the output decreases if the corresponding fac-
tor or variable weight increases. As shown in Table 4, the 
most effective variable weight for yaw rate error reduction is 
e3, which means that the smaller use of ESC on the front 
wheels makes the yaw rate error increased. On the other hand, 
e2 (ARS) and e4 (ESC on the rear wheels) have also a large 
effect on the yaw rate error. If e3 and e4 are increased or lesser 
ESC is used, the yaw rate error increases because the vehicle 
speed is fast. As shown in Tables 4 and 5, the variable weight 
e3 or ESC on the front wheels has the largest effect on the yaw 
rate error and side-slip angle. This results from the fact that the 
use of ESC makes the controlled vehicle slow. As shown in 
Table 6, the variable weight e2 or ARS has the largest effect 
on the final vehicle speed. Moreover, e1 (AFS) and e4 (ESC on 
the rear wheels) have also a large effect on the final vehicle 
speed. From these results, it can be known that lesser use of 
ESC makes the controlled vehicle fast.  

As shown in Tables 4-6, this tendency of the effects of vari-
able weights to the yaw rate error is identical to those of PB 

Table 2. Effects of actuator combinations on vehicle performance. 
 

Actuator combination Maximum b Final speed Maximum PB 

ESC (only braking) 1.1 deg 46 km/h 5.0 MPa 

ESC+AFS 2.0 deg 61 km/h 2.8 MPa 

ESC+ARS 1.6 deg 55 km/h 4.0 MPa 

ESC+AFS+ARS 2.1 deg 63 km/h 2.1 MPa 

AFS+ARS (only steering) 3.2 deg 66 km/h 0 Mpa 

 
Table 3. 8-experiment of 7 factors in PB method. 
 

Factors 
Experiment 

e1 d1 e2 d2 e3 d3 e4 

1 + - - + - + + 

2 + + - - +  + 

3 + + + - - + - 

4 - + + + - - + 

5 + - + + + - - 

6 - + - + + + - 

7 -  + - + + + 

8 - - - - - - - 

Effect        

SS        

F-value        

 

Table 4. Result of PB method for the yaw rate error (deg/s). 
 

Factors 
 

e1 e2 e3 e4 

Effect -0.4200 -0.7600 0.8400 0.6550 

SS 0.3528 1.1552 1.4112 0.8580 

F-value 4.0351 13.2124 16.1403 9.8138 

 
Table 5. Result of PB method for the side-slip angle (deg). 
 

Factors 
 

e1 e2 e3 e4 

Effect -0.3625 -0.2075 0.6825 0.2575 

SS 0.2628 0.0861 0.9316 0.1326 

F-value 106.00 34.734 375.77 53.491 

 
Table 6. Result of PB method for the final speed (km/h). 
 

Factors 
Experiment 

e1 e2 e3 e4 

Effect -3.0000 -3.6500 2.4500 3.0000 

SS 18.000 26.645 12.005 18.000 

F-value 63.905 94.597 42.621 63.905 
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method for side-slip angle. In other words, the increase of e1 
and e2 has the negative effect on the outputs. Moreover, the 
increase of e3 and e4 has the positive effect on the outputs. 
From these results, it can be concluded that it is essential to 
use ESC with differential braking for reduction of yaw rate 
error and side-slip angle.  

 
5. Conclusion 

In this paper, the coordinated control with ESC, AFS and 
ARS was proposed. For the coordinated control, the WPCA 
was adopted to coordinate several actuator combinations, ESC, 
ESC+AFS, ESC+ARS, ESC+AFS+ ARS, and AFS+ARS. 
To use the WPCA for yaw moment distribution, variable 
weighs corresponding to the actuator combination were pro-
posed. Through simulations, it was shown that the proposed 
coordinated control with ESC, AFS, and ARS is satisfactory 
for yaw moment control. It was shown that AFS is dominant 
for reducing the brake pressure of ESC, and that the actuator 
combination of AFS and ARS can generate a larger side-
slip angle due to the lack of braking in ESC. It was also 
shown that the braking of ESC is necessary to use in order to 
reduce the side-slip angle. Sensitivity analysis with Plackett-
Burman method was done to check the effect of the variable 
weights.  
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Nomenclature------------------------------------------------------------------------ 

ax, ay : Longitudinal and lateral accelerations (m/s2) 
Cf, Cr : Cornering stiffness of front/rear tires (N/rad) 
Fyf, Fyr : Lateral tire forces of front and rear wheels (N) 
Fyrf, Fyrc  : Lateral tire force generated by AFS and ARS(N) 
g : Gravitational constant (= 9.81 m/s2) 
H : Effectiveness matrix in WPCA 
Iz : Yaw moment of inertial (kg×m2) 
Kg : DYC gain in sliding mode control 
KB : Pressure-force constant (N×m/MPa) 
lf, lr : Distance from C.G. to front and rear axles (m) 
m : Vehicle total mass (kg) 
MB : Control yaw moment (Nm) 
PB : Brake pressure (MPa) 
q : Vector of tire forces 
rw : Radius of a wheel (m) 
SS : The sum of squares on outputs of each factor 
tf, tr : Track width of front and rear axles (m) 
vx, vy : Longitudinal and lateral velocities of a vehicle (m/s) 
V : Vehicle speed (m/s) 
W : Weighting matrix in WPCA 
af, ar : Tire slip angles of front and rear wheels (rad) 
b : Side-slip angle (rad) 

e : Weight for a particular tire force 
df, dr : Front and rear steering angles (rad) 
Ddf : Active front steering angle (rad) 
g, gd : Real and reference yaw rates (rad/s) 
h : Tuning parameters on yaw rate error and side-slip angle 
m : Tire-road friction coefficient 
r : Vector of variable weights in WPCA 
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