
 
 

 
Journal of Mechanical Science and Technology 29 (8) (2015) 3141~3151 

www.springerlink.com/content/1738-494x(Print)/1976-3824(Online) 
DOI 10.1007/s12206-015-0713-x 

 

 

 
Mathematical modeling of reciprocating pump† 

Jong Kyeom Lee, Jun Ki Jung, Jang-Bom Chai and Jin Woo Lee* 
Division of Mechanical Engineering, Ajou University, 206 World cup-ro, Suwon-si, 443-749, Korea    

 
(Manuscript Received October 30, 2014; Revised March 20, 2015; Accepted April 6, 2015)   

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Abstract 
 
A new mathematical model is presented for the analysis and diagnosis of a high-pressure reciprocating pump system with three cylin-

ders. The kinematic and hydrodynamic behaviors of the pump system are represented by the piston displacements, volume flow rates and 
pressures in its components, which are expressed as functions of the crankshaft angle. The flow interaction among the three cylinders, 
which was overlooked in the previous models, is considered in this model and its effect on the cylinder pressure profiles is investigated. 
The tuning parameters in the mathematical model are selected, and their values are adjusted to match the simulated and measured cylin-
der pressure profiles in each cylinder in a normal state. The damage parameter is selected in an abnormal state, and its value is adjusted to 
match the simulated and measured pressure profiles under the condition of leakage in a valve. The value of the damage parameter over 
300 cycles is calculated, and its probability density function is obtained for diagnosis and prognosis on the basis of the probabilistic fea-
ture of valve leakage.  
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1. Introduction 

Reciprocating pumps have been widely used as fluid power 
pumps in nuclear power plants and hydraulic drive systems of 
ships and boiler plants. In general, a reciprocating pump sys-
tem consists of a few cylinders, an outlet manifold, and an 
accumulator, and the piston in each cylinder is connected to 
the crankshaft via connecting rods. While the crankshaft is 
rotating at low speeds, the low-pressure fluid flowing into 
each cylinder is compressed and discharged through a dis-
charge port when the pressure in the cylinder is greater than 
that in the outlet manifold. The discharge valves in the cylin-
ders are opened in order, and the opening times of the dis-
charge valves overlap. An abrupt increase in the volume flow 
rate that occurs when two discharge valves are opened simul-
taneously is regulated by the accumulator. Therefore, a math-
ematical-model-based analysis is required to accurately pre-
dict the mechanical behavior of each component in the pump 
design stage and diagnose damage during operation [1-3]. 
This kind of approach has been applied to not only the recip-
rocating pump system but also various fluid machines such as 
compressors and centrifugal pumps [4-6].  

A large pressure variation and repetitive contact of active 
components in the reciprocating pump result in damage to the 
active and passive mechanical components, which reduce its 

remaining useful lifetime [7]. Cavitation bubbles can occur in 
several regions of the pump system owing to an extreme 
change in the local static pressure [8]. The collapse of these 
bubbles can result in the application of an impulse-like exter-
nal force to the mechanical components. The high-speed con-
tact of a valve with a valve stopper generates a repetitive con-
tact force, which could result in cracks around the valve port 
or the edge of the valve. Therefore, it is crucial to evaluate the 
existing state of the reciprocating pump from measured physi-
cal quantities. A recently proposed condition-based mainte-
nance method requires an improved mathematical model for 
accurate diagnosis and prognosis [9]. 

Several researchers have proposed theoretical and numeri-
cal models for analyzing the normal state of a reciprocating 
pump. Johnston [10] numerically modeled a reciprocating 
pump system with self-acting valves and compared his nu-
merical results with measurement results. Singh and Madavan 
[11] presented a computer model for the analysis and simula-
tion of a reciprocating pump installation, and their model in-
cluded the effect of cavitation. Shu et al. [8] employed the 
Galerkin finite element method for developing a distributed 
parameter model of pipeline transmission line behavior. Hen-
shaw [12] developed a valve dynamics model for calculating 
pressure drops in a valve assembly. Able [13] further ex-
plained the acceleration head phenomena by modeling the 
pump and the suction system as a damped, forced vibration 
system. Shcherba et al. [14] analyzed the impact of major 
design and operational parameters on the efficiency and per-
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formance of a reciprocating pump. Rudolf et al. [15] deter-
mined optimum parameters for maintaining flow at minimum 
reservoir pressure through modeling and experimental data. 
These research results certainly contributed to model-based 
theoretical approaches for identifying the parameters of nor-
mally operating systems. However, these models considered 
only one cylinder or ignored the flow interaction between 
more than two cylinders, and it is difficult to apply them to 
system diagnosis problems because they do not describe an 
abnormal state of a reciprocating pump system. 

The flow interaction between cylinders whose discharge 
valves are simultaneously open should be considered in an 
analytical model of a reciprocating pump system. For a three-
cylinder reciprocating pump, one end of each connecting rod 
whose other end is connected to the associated piston is con-
nected to the same crankshaft. In a normal operating condition, 
the crank angles when each cylinder starts to open its dis-
charge valve differ by 120°, and the outgoing flow from each 
cylinder merges in the outlet manifold. Since the open dura-
tion angle of each discharge valve is more than 150°, the 
opening times of two discharge valves are always overlapping. 
When two discharge valves are open, the flow interaction 
between two associated cylinders could affect the pressure in 
the outlet manifold, which in turn would change the pressure 
of the outgoing flow of the reciprocating pump system.  

A mathematical model used in model-based diagnosis 
methods should well describe not only the normal state but 
also the abnormal state of the actual system. In the normal 
state, normal state parameters in the model developed under 
ideal assumptions are tuned by comparing the measured and 
simulated results. In the abnormal state, damage parameters 
should be defined to determine whether damage has occurred 
and to represent the degree of the damage. We calculated a 
damage parameter, which is defined for valve leakage, over 
300 cycles and obtained its probability density function for 
diagnosis and prognosis on the basis of the probabilistic fea-
ture of valve leakage.   

This paper is organized as follows. A new mathematical 
model of a reciprocating pump system is developed using 
kinematics, hydrodynamics, and thermodynamics. The model 
considers the flow interaction in the outlet manifold and the 
effect of valve leakage. Then the tuning parameters and dam-
age parameter in the mathematical model are selected for 
identifying the normal and abnormal states. The specific val-
ues of the tuning parameters and the probabilistic distribution 
of the damage parameter are obtained by comparing experi-
mental and simulated results. 

 
2. Mathematical modeling 

Fig. 1(a) shows the schematic diagram of the flow loop 
manufactured in this work, wherein the reciprocating pump 
system shown in Fig. 1(b) consists of three identical cylinders, 
one outlet manifold, and one accumulator, as shown in Fig. 
1(c). Each cylinder has one suction valve, one discharge valve, 

and one piston, as shown in Fig. 2(a). In an actual system, 
each piston is connected to the same crankshaft, even though 
each crankshaft is illustrated separately in the schematic dia-
gram in Fig. 1(c). The suction valve is open or closed depend-
ing on the pressure difference between the cylinder and the 
suction pipe, and the discharge valve is open or closed de-
pending on the pressure difference between the cylinder and 
the outlet.  

Several reasonable assumptions are made for developing a 
simplified mathematical model, as follows. The operating 
fluid is an incompressible fluid, e.g., water. The crankshaft 
rotates at a constant speed. The suction valve is closed at the 
Bottom dead center (BDC), and the discharge valve is closed 
at the Top dead center (TDC). Two valves open only by the 
pressure difference between two sides of one valve and the 
valve spring force. Under these assumptions, a mathematical 
model is first developed for a single cylinder reciprocating 
pump in the normal state and then extended for three-cylinder 

 
(a) 

 

 
(b) 

 

 
(c) 

 
Fig. 1. Reciprocating pump system: (a) Schematic diagram of flow 
loop manufactured in this work; (b) reciprocating pump with three 
cylinders; (c) schematic diagram of reciprocating pump. 
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models with the outlet manifold and accumulator. Then, the 
abnormal state of valve leakage is considered in the model. 

 
2.1 Normal operating state 

2.1.1 Modeling of single cylinder reciprocating pump 
As shown in Fig. 2(a), the piston in a single cylinder recip-

rocating pump moves up and down between the BDC and the 
TDC while the crankshaft is constantly rotating. The volume 
flow rate ( cQ ) of the cylinder as expressed in Eq. (1) is devel-
oped using the Reynolds transport theorem [16]:  

 
c p s dQ Q Q Q= - + , (1) 

 
where pQ  is the volume flow rate attributed to piston dis-
placement, sQ  is the volume flow rate of the fluid flowing in 
through the suction port, and dQ  is the volume flow rate of 
the fluid flowing out through the discharge port. All the vol-
ume flow rates are functions of the rotation angle q  of the 
crankshaft, and pQ  is defined as in Eq. (2): 

 
p

p
dV

Q
dt

= , (2a) 

p p p cV A x V= + ,  (2b) 

( ) ( )2 2 21 cos 1- 1- / sinpx r l r lq q= + + ´ ,  (2c) 

 
where pV  is the cylinder volume changing with the piston 
displacement px , which is a function of the connecting rods 
( r and l  in Eq. (2c)) and the rotation angle q  of the crank-
shaft [17]. Further, pA  and cV  denote the cross-sectional 
area of the piston and the clearance volume, respectively. The 
volume flow rates through the valve port ( sQ  and dQ ) are 
expressed as Eqs. (3) and (4), respectively [18]: 

 
( )2 /s sp in in cQ A C P P r= - ,  (3) 

( )2 /d dp out c outQ A C P P r= - , (4) 

 
where spA  and dpA  are the cross-sectional areas of the suc-
tion and discharge ports, respectively, and inC  and outC  are 
flow coefficients. The variables inP  and outP  denote pres-
sures in the suction pipe and the outlet, respectively. Further, 

cP  and r  denote the pressure in the cylinder and the fluid 
density, respectively.  

Consider the elastic bulk modulus b  in Eq. (5), which 
correlates the volume and pressure inside the cylinder chang-
ing with the rotation angle of the crankshaft: 

 
c

p
p

dPV
dV

b = - , (5) 

 
which is converted by using the angular speed w  of the 
crankshaft to Eq. (6): 

 
c c

p

dP Q
d V

b
q w
= - .  (6) 

 
The opening angles of the suction and discharge valves are 

determined by the force difference between two sides of each 
valve. Just before each valve starts to open as shown in Figs. 
2(b) and 2(c), the cross-sectional areas to which pressures on 
both sides are applied should be determined carefully. The 
variables sA  and dA  denote the cross-sectional areas of the 
suction and discharge valves, respectively. The vertical cross-
section of the actual valve in Fig. 3(a) is illustrated in Fig. 3(b). 
Since the surfaces of the two sides of the actual valve are not 
flat while the pressure is applied normally to the valve surface, 
the multiplication of the pressure and the horizontal cross-
sectional area of the surface is not equal to the net force result-
ing from the associated pressure. Therefore, the additional 
force ( sFD  or dFD ) should be considered in the free body 
diagram for each valve as shown in Figs. 3(c) and 3(d), where 

sx  and dx  denote the displacements of the suction and dis-
charge valves, respectively [19]. The initial compression of 
suction and discharge valve springs with spring constants ks 
and dk  is denoted by ini

sx  and ini
dx , respectively. While the 

suction valve is open when cP  satisfies Eq. (7a), the dis-
charge valve is open when cP  satisfies Eq. (7b). The opening 
angles ( 3q  and 1q ) of the suction and discharge valves in 
Eqs. (8a) and (8b) are determined by the equality conditions in 
Eqs. (7a) and (7b), respectively. 

 
ini

in sp c s s s sP A P A F k x³ + D + , (7a)  
ini

c dp out d d s dP A P A F k x+ D +≥ , (7b) 

3At q q= , 

1, 1
ini

s sp s s s
c in s

s s sp in

A k x ΔFP P
A A A P

e
e= - = -  (8a) 

1At q q= , 

inP

spA
sk

sA

cP

 
(b) 

clrl ++

cl

pV cV

px

 

outP dA

dk

dpAcP  
(a) (c) 

 
Fig. 2. Single cylinder reciprocating pump: (a) Schematic diagram; (b) 
suction valve; (c) discharge valve. 
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1, 1
ini

d d d d d
c out d

dp dp d out

A k x ΔFP P
A A A P
e

e= + = + , (8b) 

 
where se  and de  are the correction factors of the cross-
sectional areas. 

The kinematic and thermodynamic behaviors of a recipro-
cating pump system are divided into four operating modes 
depending on the opening and closing of the discharge and 
suction valves and the piston displacement, as shown in Fig. 
4: (a) compression mode, (b) discharge mode, (c) expansion 
mode, and (d) suction mode. Therefore, the volume flow rate 
of the cylinder in each mode is specified differently depending 
on the operating mode, as expressed in Eq. (9): 

 
Compression mode: c pQ Q= , (9a) 

Discharge mode: c p dQ Q Q= + , (9b) 
Expansion mode: c pQ Q= , (9c) 
Suction mode: c p sQ Q Q= - . (9d) 

 
2.1.2 Modeling of outlet manifold 

As shown in Fig. 5, the outgoing flow of each cylinder 
merges in the outlet manifold with the accumulator, and the 
high-pressure fluid in the outlet manifold flows into the outlet 
pipe. To develop a mathematical model for the outlet manifold, 
the control volume is defined and represented by the brown 
dotted line as shown in Fig. 5. Eq. (10) is obtained by consid-
ering the mass conservation law for the control volume and 
assuming that the density of fluid is constant [18]: 

 
0in outQ Q- = , (10a) 

1 2 3in d d dQ Q Q Q= + + , (10b) 

out e aQ Q Q= + , (10c) 

 
where the volume flow rate of the fluid flowing into the mani-
fold, inQ , is the sum of the volume flow rates of the fluids 
flowing out from each cylinder ( ,1 ,2 ,3, ,d d dQ Q Q ); and the 
volume flow rate of the fluid flowing out from the outlet 
manifold, outQ , consists of the volume flow rates ( eQ  and 

aQ ) of the fluid flowing into the outlet pipe and accumulator. 
Eq. (11a) is obtained by considering the mechanical energy 

balance for the control volume and by assuming that the tem-
perature change and the height difference are ignored [18]: 

 
- - 0m e aE E E =& & & , (11a) 
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Fig. 3. Valve used in suction and discharge ports: (a) Actual valve; (b) 
vertical cross-section of valve; (c) free body diagram for suction valve; 
(d) free body diagram for discharge valve. 

 

 
      (a)             (b)             (c)            (d) 
 
Fig. 4. Operating modes of one cylinder in reciprocating pump: (a) 
Compression mode; (b) discharge mode; (c) expansion mode; (d) suc-
tion mode.  

 

 
 
Fig. 5. Analysis model of outlet manifold with accumulator connected 
to three cylinders and outlet pipe. 
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where eE&  and aE& denote the mechanical powers of the flu-
ids flowing into the outlet pipe and accumulator, respectively. 
The total mechanical power mE& of the fluids flowing into the 
outlet manifold in Eq. (11c) is expressed as the functions ,c iP  
and ,d iQ which denote the pressure inside cylinder i (i = 
1,2,3) and the volume flow rate of the fluid flowing out from 
cylinder i, respectively. Furthermore, the equivalent pressure 

mP  and equivalent volume flow rate mQ  of fluid flowing 
into the outlet manifold are defined as in Eq. (11d). 

The accumulator used to regulate the volume flow rate of 
the outlet manifold is filled with nitrogen gas and liquid. The 
pressure aP  and volume flow rate aQ  of the liquid in the 
accumulator are related as in Eq. (12), where nP  and nV  are 
the pressure and volume, respectively, of the nitrogen gas 
[13]: 

 
n a

a
n

V dPQ
P d

w
q

= . (12) 

 
The pressure eP  and volume flow rate eQ  of the fluid 

flowing in the outlet pipe of cross-sectional area eA  from the 
outlet manifold are related as in Eq. (13), where eZ  is the 
flow resistance due to the cross-sectional shape of the outlet 
pipe and friction [12]: 

 
e e eP Z Q= . (13) 

 
2.2 Abnormal operating state 

The abnormal operating state considered in this work is as-
sumed to be attributed to valve leakage. In the normal state, 
the fluid flows into the cylinder from the inlet pipe only during 
the suction mode and flows out from the cylinder to the outlet 
manifold only during the discharge mode. However, when 
there is a leakage in the discharge/suction valve, the flow be-
tween the inlet pipe and the cylinder or between the cylinder 
and the outlet manifold occurs even during the other operating 
modes. The volume flow rate lQ  attributed to the leakage is 
expressed as in Eq. (14): 

 
for suction valve leakage

for discharge valve leakage
ld

l
ld

Q
Q

Q
ì

= í
î

, (14a) 

( )2 / - /ls ls in in c in c in cQ A C P P P P P Pr= - × - , (14b) 

( )2 / - /ld ld in c out c out c outQ A C P P P P P Pr= - × - , (14c) 

 
where Als and Ald are the effective cross-sectional areas related 
to the valve leakage. The volume flow rate cQ  of the cylin-
der in Eq. (9) is replaced with that expressed in Eqs. (15) and 
(16) in the abnormal state under consideration.  

 
In case of suction valve leakage 
Compression mode: c p lsQ Q Q= - , (15a) 
Discharge mode: c p d lsQ Q Q Q= + - , (15b) 

Expansion mode: c p lsQ Q Q= - , (15c) 
Suction mode: c p sQ Q Q= - . (15d) 

 
In case of discharge valve leakage 
Compression mode: c p ldQ Q Q= + , (16a) 
Discharge mode: c p dQ Q Q= + , (16b) 
Expansion mode: c p ldQ Q Q= + , (16c) 
Suction mode: c p s ldQ Q Q Q= - + . (16d) 

 
3. Probabilistic estimation of damage parameters 

3.1 Experiment 

Fig. 6(a) shows the schematic diagram of the experimental 
setup. Five pressure sensors (Kistler 211B2 and Wise P116) 
were used to measure the pressures of the reciprocating pump 
system used in the experiment (KA-4815, Bertolini), as shown 

 
(a) 

 

 
(b) 

 

 
(c) 

 
Fig. 6. Experiment for measuring pressures in reciprocating pump 
system: (a) Experimental setup; (b) actual reciprocating pump used in 
this work; (c) locations of pressure sensors. 
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in Fig. 6(b). Two pressure sensors measured the pressures 
( inP  and eP ) of the inlet and outlet pipes of the reciprocating 
pump system, and the remaining three pressure sensors meas-
ured the pressure ( ,c iP ) inside each cylinder, as shown in Fig. 
6(c). A flow rate sensor (Flowtron VORTEX) was installed in 
the outlet pipe to measure the volume flow rate of the outgo-
ing flow. The experiment was performed over 300 cycles.  

The measured pressure profiles well represented the flow 
interaction and damage effect. Fig. 7(a) shows the measured 
pressure profiles of the inlet and outlet pipes during one cycle 
in the normal state, and Fig. 7(b) shows the simultaneously 
measured pressure profiles of the three cylinders. Whenever 
the discharge valve of one cylinder started to open, pressure 
fluctuation was observed in one of the other two pressure pro-
files owing to flow interaction between two cylinders (see the 
brown dotted circles in Fig. 7(b)). Fig. 8 shows a comparison 
of the pressure profiles of the three cylinders in the normal and 
abnormal states. The abnormal state was implemented by 
intentionally wearing the suction valve of cylinder 1, whose 
pressure is denoted by 1cP  in Fig. 6(a). This comparison 
reveals that only cylinder 1 underwent wear of the suction 
valve. Owing to the suction valve leakage, the discharge valve 
started to open later in comparison to its opening in the normal 
state. It was difficult to observe a noticeable difference be-
tween the pressure profiles in the normal and abnormal states 
in the other two cylinders.  

 
3.2 Simulation 

Tuning parameters were selected for improving the accu-
racy of the developed mathematical model in the normal state, 
and the damage parameter was established for describing the 
degree of damage in the abnormal state. The parameters of the 

mathematical model in the normal state were classified as 
either fixed parameters or tuning parameters. Fixed parame-
ters are the intrinsic parameters of the mechanical system un-
der consideration, such as the lengths of connecting rods and 
the cross-sectional area of the piston. Tuning parameters, on 
the other hand, are adjusted to match the simulated behavior 
of the mathematical model to the measured behavior of the 
actual system. The values of the fixed parameters are listed in 
Table 1. The specific values of the tuning parameters were 
determined by comparing the calculated and measured pres-
sures of the three cylinders in the normal state. The damage 
parameter describes the degree of valve wear, which results in 
valve leakage. Its specific value was also determined by com-
paring the calculated and measured pressures of the three cyl-
inders in the abnormal state. 

The pressure inside each cylinder was calculated by consid-
ering the opening and closing of the suction and discharge 
valves of each cylinder and the flow interaction between the 
cylinders. On the basis of detailed investigations of the meas-
ured pressure profiles for the three cylinders, the operating 
mode of the reciprocating pump system was divided into 12 

 
(a) 

 

 
(b) 

 
Fig. 7. Measured pressures: (a) Inlet pipe and outlet pipe; (b) three 
cylinders. 

 

 
(a) 

 

 
(b) 

 

 
(c) 

Fig. 8. Comparison of pressure profiles in normal and abnormal states 
in the case of damage at suction valve of cylinder 1: (a) Cylinder 1; (b) 
cylinder 2; (c) cylinder 3. 
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sets of operating modes, as listed in Table 2. In the simulation, 
the derivative terms with respect to the crankshaft angle in Eqs. 
(2a), (5), and (12) were calculated with qD  by using the 
forward Euler method as expressed in Eq. (17): 

 
( ) ( ) ( )dF F F

d
q q q q
q q

+ D -
@

D
, (17) 

 
where ( )F q  denotes the functions of the rotation angle in 
Eqs. (2a), (5), and (12). 

3.3 Values of tuning and damage parameters 

The specific values of the tuning parameters were deter-
mined by comparing the measured and simulated pressure 
profiles inside the cylinders in the normal state, especially the 
pressure profiles in the compression mode. In the simulation, 
the measured pressures at the inlet and outlet pipes were used 
as input data, and the pressure in each cylinder was calculated 
as output data. The bulk modulus b  and correction factor 
( de ) were selected as the tuning parameters because the slope 
and peak values of the pressure during the compression mode 
in the normal state depend strongly on b  and de , respec-
tively. The linear and quadratic equations in Eq. (18) were 
used as the fitting equations, which are functions of pressure 
inside the cylinder: 

 
1 for   c c refa P P Pb = £ , (18a) 

2
2 2 2 for  c c c refa P b P c P Pb = + + ³ , (18b) 

 
where 1a , 2a , 2b , 2c  are the fitting coefficients, and the 
reference pressure refP  is set to 3 bar. Fig. 9(a) compares the 
pressure profiles simulated by using Eqs. (18a) and (18b) and 
by using the constant value of b  at 1 bar with the measured 
result. Fig. 9(b) compares the pressure profiles simulated by 
using the adjusted value of de  and by using 1de =  with the 
measured result. The peak value of the simulated pressure was 
matched to the peak value of the measured result by adjusting 
the value of de . The value of se  was adjusted to match the 

Table 1. Values of fixed parameters in mathematical model of recipro-
cating pump. 
 

Symbol Parameter Value 

Aa (m2) Cross-sectional area of accumulator pipe 2×10-3 

Ad (m2) Cross-sectional area of discharge valve 3.94×10-4 

Adp (m2) Cross-sectional area of discharge port 2.14×10-4 

Ae (m2) Cross-sectional area of outlet pipe 2×10-3 

Ap (m2) Cross-sectional area of piston 4.91×10-4 

As (m2) Cross-sectional area of suction valve 3.94×10-4 

Asp (m2) Cross-sectional area of suction port 2.14×10-4 

ks (N/m) Spring constant of suction valve 420 

kd (N/m) Spring constant of discharge valve 420 

l (m) Length of longer connecting rod 0.48 

r (m) Length of shorter connecting rod 0.12 

Pn (bar) Pressure of nitrogen gas in accumulator 100 

Vn (m3) Clearance volume 1.45×10-4 

xd
ini (m) 

Initial compression of discharge valve  
spring 0.001 

xs
ini (m) Initial compression of suction valve  

spring 0.001 

Ze
 (kg/m4s) Flow resistance at outlet 1.57×1010 

ρ (kg/m3) Fluid density 1000 

ω (rad/s) Angular velocity of crankshaft 122.5 

 
Table 2. Operating modes of reciprocating pump system with three 
cylinders. 
 

Mode Cylinder 1 Cylinder 2 Cylinder 3 

1 Compression Suction Discharge 

2 Discharge Suction Discharge 

3 Discharge Suction Expansion 

4 Discharge Suction Suction 

5 Discharge Compression Suction 

6 Discharge Discharge Suction 

7 Expansion Discharge Suction 

8 Suction Discharge Suction 

9 Suction Discharge Compression 

10 Suction Discharge Discharge 

11 Suction Expansion Discharge 

12 Suction Suction Discharge 

 

 
(a) 

 

 
(b) 

 
Fig. 9. Comparison of pressure profiles: (a) b fitting; (b) de fitting. 
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dip values of the simulated and measured pressures during the 
suction mode. The pressure profiles inside the cylinders calcu-
lated using the adjusted values of the tuning parameters listed 
in Table 3 are shown in Fig. 10(a). The brown rectangle inset 
represents the flow interaction, which was also observed in the 
measured results shown in Fig. 7(b). The adjusted values were 
averaged over 300 cycles.  

The specific value of the damage parameter was also de-
termined by comparing the measured and simulated pressure 
profiles inside the cylinders in the abnormal state. The normal 
state valve and abnormal state valve are compared in Fig. 11. 
In this work, we considered two abnormal states depending on 
the damage degree of the valve as shown in Figs. 11(b) and 
11(c). The cross-sectional area Al (Als and Ald) in Eq. (14) was 
taken as the damage parameter in the abnormal state, because 
it well represents the change in the volume flow rate due to 
valve leakage. Fig. 10(b) compares the pressure profile inside 

the cylinder, which is calculated by using the adjusted value of 
the damage parameter and the specific values of the tuning 
parameters listed in Table 3, with the measured result for one 
cycle. Since the representative value of the damage parameter 
does not always indicate the degree of damage, its probability 
distribution is meaningful for calculating the remaining useful 
lifetime based on probability [20]. Fig. 12 show the damage 
parameter versus frequency graphs. Figs. 12(a) and 12(b) 
show the distribution of the damage parameter value when the 
damage valve in Fig. 11(b) was used in the suction port or 
discharge port. Figs. 13(a) and 13(b) show the distribution of 
the damage parameter value when the damage valve in Fig. 
11(c) was used in the suction port or discharge port. The prob-
ability density function of the damage parameter resulting 
from the wear of the suction and discharge valves was ob-
tained by using the curve-fitted equation in Eq. (19) and the 
distributions in Fig. 12 as shown in Fig. 13.  

 
2

2
1 exp
2 2

xy m
s p s

æ ö-æ öç ÷= × -ç ÷ç ÷è øè ø
, (19) 

 
where y  represents the probability density of the damage 
parameter denoted by x . The specific values of the mean 
value ( m )and the standard deviation (s ) for four cases in Fig. 
12 are compared in Table 4.  

The solid and dotted lines in Fig. 13 represent the probabil-
ity density distribution when the valves in Fig. 11(b) and Fig. 
11(c) are used in the suction/discharge port, respectively. As 
shown in Fig. 11, the damage amount of the valve in Fig. 
11(c) is obviously more than that in Fig. 11(b). Figs. 13(a) and 
13(b) well represent the damage difference in Figs. 11(b) and 
11(c). As compared in Table 4, the mean value of the damage 
parameter of the suction valve when the valve in Fig. 11(b) is 
used in the suction port is about twice larger than that when 
the valve in Fig. 11(c) is used in the suction port. This phe-

Table 3. Specific values of tuning parameters of the mathematical 
model in the normal state. 
 

Symbol Quantity Value 

εd 
Correction factor of cross-sectional area of  

discharge valve 0.5716 

εs 
Correction factor of cross-sectional area of  

suction valve 1.8 

a1 Coefficient of linear term in Eq. (18a) 1.2×10-2 

a2 Coefficient of quadratic term in Eq. (18b) 6.51×10-2 

b2 Coefficient of linear term in Eq. (18b) 4.47×10 

c2 Coefficient of constant term in Eq. (18b) 2.31×104 

 

0 100 200 300
0

50

100

P
re

ss
ur

e 
[b

ar
]

Angle [ o]

140 150 160 170 180
100

105

P
re

ss
ur

e 
[b

ar
]

Angle [ o]

1cP
2cP

3cP

 
(a) 

 

0 100 200 300
0

20

40

60

80

100

120

Angle [ o]

P
re

ss
ur

e 
[b

ar
]

 
(b) 

 
Fig. 10. Simulation results: (a) Pressure profiles of three cylinders 
obtained using mathematical model in a normal state; (b) comparison 
of measured and simulated pressure profiles of cylinder 1 in an abnor-
mal state. 

 

Table 4. Specific values of coefficients in Eq. (19) used to represent 
the probability distribution of damage parameter. 
 

 Damaged valve in Fig. 11(b) Damaged valve in Fig. 11(c) 

 Damaged 
suction valve 

Damaged 
discharge valve 

Damaged 
suction valve 

Damaged 
discharge valve 

μ 3.3310×10-6 4.9984×10-7 6.7668×10-6 2.0422×10-6 

σ 3.0143×10-6 1.1002×10-6 3.5548×10-6 1.5784×10-6 

 

   
         (a)                 (b)                (c) 
 
Fig. 11. Valve photos: (a) normal state; (b) abnormal state I; (c) ab-
normal state II. 
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nomenon is also found for the damaged discharge value as 
shown in Fig. 13(b). It implies that the current model-based 
damage estimation method could probabilistically represent 
the damage degree well as the damage amount increases. 

 
4. Conclusions 

A reciprocating pump system with three cylinders was 
mathematically modeled for predicting the pressure profiles 
and diagnosing the abnormal state of the system. Since the 
model was developed under ideal assumptions, the tuning 
parameters were adjusted to match the simulated pressure 
profiles inside the cylinders to the measured results in the 

normal state. The damage parameter was calculated over 300 
cycles in the abnormal state, and its probability density func-
tions were obtained for diagnosis and prognosis based on the 
probabilistic feature of the damage component. Even if the 
mathematical-model-based-system-identification method was 
developed in case of valve damage in a reciprocating pump 
system, it could be extended to obtain the probability density 
function of any damage parameter, which could strongly af-
fect the remaining useful lifetime in the reciprocating pump 
system. 
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Nomenclature------------------------------------------------------------------------ 

Aa  : Cross-sectional area of accumulator pipe 
Ad   : Cross-sectional area of discharge valve 
Adp  : Cross-sectional area of discharge port 
Ae  : Cross-sectional area of outlet pipe 
Ald  : Effective cross-sectional area related to discharge valve 

leakage 
Als : Effective cross-sectional area related to suction valve 

 
(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

 
Fig. 12. Frequency of damage parameter when the damaged valve was 
used: (a) when the damage valve in Fig. 11(b) was used in the suction 
port; (b) when the damage valve in Fig. 11(b) was used in the dis-
charge port; (c) when the damage valve in Fig. 11(c) was used in the 
suction port; (d) when the damage valve in Fig. 11(c) was used in the 
discharge port. 

 

 
(a) 

 

 
(b) 

 
Fig. 13. Comparison of the probability density function depending on 
its damage degree when the damaged valve in Fig. 11 was used: (a) 
when the damage valve in Figs. 11(b) and 11(c) were used in the suc-
tion port; (b) when the damage valve in Figs. 11(b) and 11(c) were 
used in the discharge port. 
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leakage 
Am  : Equivalent cross-sectional area of outlet manifold 
Ap : Cross-sectional are of piston 
As : Cross-sectional are of suction valve 
Asp : Cross-sectional are of suction port 
Cin : Flow coefficient of fluid flowing into cylinder 
Cout : Flow coefficient of fluid flowing out of cylinder 

aE&  : Mechanical power of fluid flowing into accumulator 
eE&  : Mechanical power of fluid flowing into outlet pipe 
mE&  : Total mechanical power of fluid flowing into outlet 

manifold 
ΔFd : Additional force applied to discharge valve 
ΔFs : Additional force applied to suction valve 
kd : Spring constant of discharge valve 
ks : Spring constant of suction valve 
l : Length of longer connecting rod 
r : Length of shorter connecting rod 
Pa : Pressure of liquid in accumulator 
Pc : Pressure inside cylinder 
Pc,i : Pressure inside cylinder i (i = 1,2,3) 
Pin : Pressure in suction pipe 
Pm : Equivalent pressure of fluids flowing into outlet mani-

fold 
Pn : Pressure of nitrogen gas in accumulator 
Pout : Pressure in outlet 
Qa : Volume flow rate of liquid in accumulator 
Qc : Volume flow rate of cylinder 
Qd : Volume flow rate of fluid flowing out through discharge 

port 
Qd,i : Volume flow rate fluid flowing out of cylinder i (i = 1, 2, 3) 
Qe : Volume flow rate of fluid flowing into outlet pipe 
Qin : Volume flow rate of fluid flowing into outlet manifold 
Ql : Volume flow rate attributed to leakage 
Qm : Equivalent volume flow rate of outlet manifold 
Qout : Volume flow rate of fluid flowing out from outlet mani-

fold 
Qp : Volume flow rate attributed to piston displacement 
Vc : Clearance volume 
Vn : Volume of nitrogen gas in accumulator 
Vp : Cylinder volume changing with piston displacement 

ini
dx  : Initial compression of discharge valve spring 

xd : Displacement of discharge valve 
xp : Piston displacement 

ini
sx  : Initial compression of suction valve spring 

xs : Displacement of suction valve 
Ze : Flow resistance at outlet 
β : Elastic bulk modulus 
εd : Correction factor of cross-sectional area of suction valve  
εd : Correction factor of cross-sectional area of discharge 

valve  
θ : Rotation angle of crankshaft 
θ1 : Opening angle of discharge valve 
θ2 : Closing angle of discharge valve 
θ3 : Opening angle of suction valve 
ρ : Fluid density 
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