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Abstract 
 
When the power transmission systems are designed or improved, an understanding of gear dynamics is essential and very important. 

Gear systems are not easy to investigate because gear noise has to be carefully controlled. As a result, when designing and developing 
gear transmission systems, it is very important to grasp the noise and reduce it. Also, it is necessary to make a clear distinction between 
rattle noises and whine noises. The rattle noise occurs by mainly hitting the tooth, and whine noise occurs by mainly rubbing the tooth in 
meshing. Therefore, the whine noise is relatively related to high frequency characteristics. Our aim was to find a good way to evaluate 
whine noise with a numerical approach. When the gear dynamics are investigated to evaluate the whine noise, the dynamic transmission 
error (DTE) can be utilized. But, it is very difficult to obtain the DTE results by means of not only experimental ways but also numerical 
calculations. Although multi-body dynamics software has not been able to calculate the DTE practically yet, there is a possibility that the 
software can get the DTE results. Therefore, we propose a numerical modeling method to obtain the DTE results by using multi-body 
dynamics software (RecurDyn). To reduce the calculation time and represent flexibility, a rotational joint and force element with the 
bending stiffness are applied between gear teeth and trunk. Also the numerical results have been compared with the experimental data. 
The results show a good agreement with the experimental results.  
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1. Introduction 

To precisely estimate and obtain the dynamic transmission 
error (DTE), an efficient numerical model should be defined 
carefully to simulate the phenomena of high frequency charac-
teristics. We have adopted a numerical model with a bending 
stiffness between a gear tooth and a gear trunk. To equivalently 
represent the flexibility with a bending stiffness, we propose a 
flexible model having a rotational joint with a bending stiffness 
for joining the gear tooth and trunk so as to reduce the calcula-
tion time and to make a simple and easy model, which we call 
the Quasi-flexible-body (QFB) gear model. The proposed QFB 
gear model is shown in Fig. 1. In the QFB gear model, rota-
tional joints and force elements with bending stiffness are gen-
erated between teeth and trunk in order to consider the flexibil-
ity of gear teeth. As a result, teeth can be rotated by the applied 
gear contact forces. If a contact force is generated between 
gears, this contact force will be applied on the gear tooth and 

this force will rotate the gear tooth as shown in Fig. 1. To rep-
resent the vibration phenomena of the gear tooth, the general-
ized force and torque acting on the gear tooth are calculated 
from the gear contact force which is generated by a gear tooth 
contact algorithm. For the gear contact, this paper uses an invo-
lute curve which is approximated with several arc segments. 
To verify the proposed method, the numerical results have 
been compared with a reliable experimental data [1] for the 
DTE. The proposed numerical model shows a good agreement 
with the experimental data. 
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Fig. 1. Quasi-flexible-body gear model. 
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2. Multi-body dynamics (MBD) formulation 

Rigid body dynamics can be modeled using various formu-
lations [2]. In this investigation, the recursive formulation is 
used. This section provides a brief introduction to the recur-
sive formulation. The coordinate systems for two contiguous 
rigid bodies in 3D space are shown in Fig. 2. Two rigid bodies 
are connected by a joint, and an external force F is acting on 
the rigid body j . X-Y-Z  is the inertial or global reference 
frame and x -y -z¢ ¢ ¢  is the body reference frame with respect to 
the X-Y-Z  frame. The subscript i  means the inboard body 
of the body j  in the spanning tree of the recursive formula-
tion [3, 4]. 

Velocities and virtual displacements of the origin of the 
body reference frame x -y -z¢ ¢ ¢  with respect to the global ref-
erence frame X-Y-Z , respectively, can be defined as follows: 
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where A  is the orientation matrix of the x -y -z¢ ¢ ¢  frame with 
respect to the X-Y-Z  frame. The recursive velocity equa-
tions for a pair of contiguous bodies and the recursive virtual 
displacement relationships are, respectively, 

1 2
j ij i ij ij= +Y B Y B q& , 1 2

j ij i ij ijd d d= +Z B Z B q ,  (5) 

 
where jY  is the combined vector of Cartesian translational 
and rotational velocities relative to the body reference frame 
j , as defined in Eqs. (3) and (4), ijq  is the vector of joint 

coordinates for the joint connecting body i  and j , ijq&  is 
the time derivative of ijq , 1

ijB  is the velocity transformation 
matrix that relates Cartesian velocities in the body reference 
frame i  to the body reference frame j , and 2

ijB  is the ve-
locity transformation matrix that relates joint velocities of the 
joint between bodies i  and j  to Cartesian velocities in the 
body reference frame j . Recursively applying Eq. (5) to all 
joints along the spanning tree, the following relationship be-
tween the Cartesian and relative generalized velocities can be 
obtained as follows: 
 

=Y Bq& ,  (6)  
 

where B  is the collection of the coefficients of ijq&  and 
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where nc  and nr  denote the number of the Cartesian and 
relative generalized coordinates, respectively. The Cartesian 
velocity ncÎY R  with a given nrÎq R&  can be evaluated 
either by using Eq. (6) obtained from symbolic substitutions 
or by using Eq. (5) with recursive numerical substitution of 

jY . 
It is often necessary to transform a vector G , which is a 

vector in ncR , into a new vector T=g B G  in nrR . Such a 
transformation can be found from the generalized force com-
putation in the joint space with a known force in the Cartesian 
space. The virtual work done by a Cartesian force ncÎQ R  is 
obtained as follows: 

 
Td d=W Z Q ,  (9) 

 
where dZ  must be kinematically admissible for all joints in 
a system. Substitution of d d=Z B q  into Eq. (9) yields 
 

*T T Td d d= =W q B Q q Q ,  (10) 
 
where * TºQ B Q . 

The equation of motion for a constrained mechanical sys-
tem in the joint space is then obtained by using the velocity trans-
formation method as follows [5, 6]: 
 

( )T T= + - =ZF B MY Φ λ Q 0& ,  (11) 
 
where Φ  and λ , respectively, denote the cut joint constraint 
and the corresponding Lagrange multiplier. M  is the mass 

ri

X

Z

Y

xi1’’

yi1’’
zi1’’

Inertial Ref. Frame

Ai

xi’

yi’

zi’ Aj

xj’

yj’

zj’

Rigid Body i

Rigid Body jAi1

Aj1

Aj2

xj1’’

yj1’’zj1’’

xj2’’

yj2’’zj2’’

rj

F

di1(j1)

Joint

si(i1)

sj(j1)

ri

X

Z

Y

X

Z

Y

xi1’’

yi1’’
zi1’’

Inertial Ref. Frame

Ai

xi’

yi’

zi’ Aj

xj’

yj’

zj’

Rigid Body i

Rigid Body jAi1

Aj1

Aj2

xj1’’

yj1’’zj1’’

xj2’’

yj2’’zj2’’

rj

F

di1(j1)

Joint

si(i1)

sj(j1)

 
 
Fig. 2. Two contiguous rigid bodies. 
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matrix and Q  is the force vector including the external forces 
in the Cartesian space. 

 
3. Modeling methods 

3.1 Quasi-flexible-body gear model 

In general, a finite element method (FEM) is widely used to 
represent the flexibility. But the FEM takes much calculation 
time because of having many “Degrees of freedom.” There-
fore, to overcome this situation, we have adopted a new, effi-
cient modeling method called Quasi-flexible-body (QFB). To 
equivalently represent the flexibility with the bending stiffness, 
the QFB gear model has a rotational joint with a bending stiff-
ness for joining the gear tooth and trunk of rigid body, so as to 
reduce the calculation time and to make a simple and easy 
numerical model. The basic concept of the QFB gear is shown 
in Fig. 3. 

There are two connection types for QFB gear to consider 
the flexibility of the gear teeth. The connection types for joints 
and forces are summarized in Table 1. 

A schematic diagram for the QFB gear model is shown in 
Fig. 4. 

In Fig. 4, θ  is the angular displacement of gear, φ  is the 
angular displacement of the tooth, rg  is the position vector of 
the center of gravity (COG) of gear, r j  is the position vector 
for joint point from the gear center, rgt  is the position vector 
for the COG of the tooth from the joint point, rgt o-  is the 
position vector of the COG of the tooth from the inertial refer-
ence frame, rc  is the position vector for the contact point 
from the join point. rgt  and rgt o-  can be changed when the 
external forces act on the tooth. This is a major difference of 
QFB gear as compared with a rigid gear. 

Mg  is the mass of gear, Mgt  is the mass of tooth, Ig  is 
the moment of inertia of gear, Igt  is the moment of inertia of 
tooth, Fgs  is the force vector acting on the gear shaft, Tgs  is 
the torque acting on the gear shaft, Fj  is the force vector 

acting on the tooth at the joint, Tj  is the torque acting on the 
tooth at the joint, and Fc  is the force vector acting on the 
gear contact area. 

 
3.2 Contact force model 

To evaluate the contact force, we use a compliant contact 
force model based on the Hertzian contact theory. In this con-
tact force model, a body can be interpenetrated into the other 
body with a velocity. From this penetration information and 
geometrical configurations, compliant normal and friction 
forces are generated between the contact pair. In this compli-
ant contact force model, the contact normal force can be de-
fined as below: 
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where k and c are the spring and damping coefficients which 
are determined by an experimental way, respectively. d&  is a 
time differentiation of penetration d . The exponents m1 and 
m2 generate a non-linear contact force, and the exponent m3 
yields an indentation damping effect. When the penetration 
velocity is very high when two bodies are separated after the 
maximum contact, the contact force can be negative due to a 
high negative damping force. But this situation is not realistic. 
This situation can be overcome by using an indentation damp-
ing exponent greater than one. The friction force is obtained by 

 
f nf fm= ,  (13) 

 
where μ is the friction coefficient and its sign and magnitude 
can be determined from the relative velocity of the contact 
pair on the contact point. 

 
3.3 Involute tooth profile 

The gear teeth profile is usually defined as a special profile 

Table 1. Two QFB gear types. 
 

 Joint type Force type 

Case1 Spherical 3D rotational spring 

Case2 Revolute 1D rotational spring 

 

 
 
Fig. 3. Basic concept of QFB gear. 

 

 
 
Fig. 4. Schematic diagram for QFB gear model. 
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called an involute curve because the contact line is maintained 
as a straight line. However, it is not efficient to use an extra 
involute profile in the contact search algorithm because of its 
complexity. To approximate the involute profiles, the biarc 
curve fitting method proposed by Bolton [7] is used in this 
investigation. The optimum biarc curve passing through a 
given set of points along the involute curve can be determined 
by this method. More arcs can be used to represent accurate 
involute profiles, but more calculation time will be consumed 
for searching the contacts. 

Consequently, the real geometry of the involute tooth pro-
files consists of a series of arcs with the different radii as 
shown in Fig. 5. 

 
3.4 Contact search algorithm 

The contact algorithms for a gear pair are investigated in 
this study. The contact positions and penetration depth are 
defined from the kinematics of components. Thereafter, a 
concentrated contact force is generated at the contact point of 
the contact surface of the bodies. Efficient search algorithms 
should be considered seriously because there are large number 
of gear teeth, which can take a long time to search all teeth 
whether they are in contact or not. 

For the efficient search of the gear-pinion contact kinemat-
ics, the contact search algorithm is divided into pre-search and 
post-search. In the pre-search, a bounding circle relative to the 
gear center is defined. All teeth of the pinion are employed to 
detect a starting and ending tooth, which has the possibility of 
contact with the gear teeth. Then, pinion teeth from starting 

tooth are investigated for the engagement with the gear teeth 
valley. The post-search means a detailed contact inspection 
between gear and pinion teeth with engagement. Once a start-
ing and ending tooth is found at one time through the pre-
search prior to the analysis, only a detailed search is carried 
out by using the information of engaged gear and pinion tooth 
from the next time step. There are two contact patterns such as 
arc-arc and arc-point contacts for the interaction between the 
gear and pinion tooth. The arc-arc and arc-point contact 
method which is proposed by Ryu [8, 9] is used in this inves-
tigation. 

 
3.5 Contact and bending parameters 

There are two major parameters for the quasi-flexible-body 
gear model: gear contact parameters and bending parameters 
between tooth and trunk. 

For the bending parameters, the values can be obtained by 

 
 
Fig. 5. Biarc curve fitting for the involute curve representation. 

 

 
 
Fig. 6. Gear teeth contact. 

 

Table 2. Contact parameters. 
 

Spring coefficient (Case1) 639.3 10 N/mm´  

Spring coefficient (Case2) 639.3 10 N/mm´  

Damping coefficient 1.0 N s/mm×  

m1 1.5  

m2 1.0  

m3 0.25  

 
Table 3. Bending parameters. 
 

Rotational spring coefficient 611.5 10 N mm/rad´ ×  

Rotational damping coefficient 0.2 N mm s/rad× ×  

 

 
 
Fig. 7. Gear mesh model for DTE estimation. 

 

 
 
Fig. 8. Definition of dynamic transmission error (DTE). 
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an experiment way or an FEM analysis in advance. 
 

4. Validation method 

The influence of a force response, involute contact ratio 
(ICR), and involute tip relief on the torsional vibration behav-
ior of a spur gear is investigated experimentally by Kahraman 
and Blankenship [1, 10]. The torsional vibration behavior of a 
spur gear causes the noises. The prediction of the dynamic 
transmission error (DTE) is used as the estimator of the gear 
noise performance and dynamic tooth loading. The dynamic 
model may be reduced to a single DOF in terms of the DTE 
coordinate, which represents relative displacement across the 
gear mesh interface. DTE is defined as follows: 

 
( ) ( ) ( )DTE   i i j jx t r t r tq q= = + ,  (14)  

 
where i  and j  are mesh gear pair, ( )tq  is the rotational 
angle of each gear, and r  is the base circle radius of each gear. 

The mesh frequency is defined as below: 
 

/ 60mf N= W ,  (15)  
 

where mf  is the gear mesh frequency in Hz , N  is the 
number of teeth of gear, and Ω  is the rotational speed of the 
gear in rpm. 
 

60 /mf NW = .  (16)  
 
There are overlapped DTE in special mesh frequency. Two 

DTE cannot be obtained using a constant rotational speed 
method. By decreasing or increasing the speed gradually, they 
can be evaluated. This sweep calculation method is needed to 

get DTE in some mesh frequency range. 
 

5. Result comparison 

5.1 The test specification 

The same gear specification is used for both gear and pinion. 
Simulation is performed for the preload torque 100, 200, and 
300 Nm cases. Then, DTE is obtained by passing through 
700~3500 mesh frequency for each torque cases. 

 
5.2 Comparison between calculation and experiment 

Simulation results of the root-mean-square (RMS) DTE are 
compared with an equivalent RMS amplitude obtained from 
the tree-term harmonic balance solution in Figs. 9-11 over the 
frequency range 700 3500mf£ £ Hz for each torque case 
(100, 200, 300 Nm). There are three lines in each figure: the 
black( · ) line is the experimental data [1, 10], the blue( + ) 
line is the Case1 results, and the red(´ ) line is the case 2 re-
sults. 

As shown in Figs. 9-11, the results of cases 1 and 2 show a 
good agreement with the experimental data for the each torque 
case (100, 200, 300 Nm). But, the error of 200 Nm case is 

Table 4. Gear specification. 
 

 Gear/pinion 

Module 3 mm 

Number of teeth 50 

Pressure angle 20 degree 

Radius of pitch circle 75 mm 

Radius of outside circle 78 mm 

Radius of base circle 70.477 mm 

Radius of root circle 71.25 mm 

Tooth width 20 mm 

Elasticity modulus 9 2200 10 N/m´  

Density 3 37.85 10 kg/m´  

Center distance 150 mm 

Backlash -0.002 mm 

 
Table 5. Simulation condition. 
 

Gear mesh frequency 700~3500 Hz  

Preload torque 100, 200, 300 Nm  

 
 

 
 
Fig. 9. Comparison between calculation and experiment (100 Nm). 
 

 
 
Fig. 10. Comparison between calculation and experiment (200 Nm). 
 

 
 
Fig. 11. Comparison between calculation and experiment (300 Nm). 
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relatively larger than 100 and 300 Nm cases. The reason for 
the difference is not clear in the current research. The differ-
ences could be caused by the rigid assumption of gear tooth 
with simplified joint elements or numerical errors. As shown 
in the figures, the average of the error is around 3 mm . The 
largest error is about 8 mm  in 200 Nm case. This would be a 
sufficient accuracy for the application design. In addition, 
there is no big difference between the results of cases 1 and 2 
models. 

On the other hand, as shown in Table 6, regarding the calcu-
lation speed, case 2 is about twenty percent faster than case 1. 
There is no reference result to compare the calculation speed 
of case 1 because there are many simulation cases depending 
on the mesh frequency. Basically, case 1 model has 302 DOFs 
and case 2 has 102 DOFs in the QFB gear model. The simula-
tion time varies mainly depending on the DOF and the com-
plexity of the contact analysis. In general, the FEM model has 
much larger DOFs and contact search algorithm complexity 
than the proposed QFB gear model. These are the reasons why 
the all simulations with finite elements are very difficult. In 
this study, the gear DTE analysis could be performed with the 
proposed QFB gear models. 

 
6. Conclusions 

As mentioned, it is very important to grasp and reduce noise. 
The dynamic transmission error (DTE) is a good way to 
evaluate the whine noise, which is relatively related to high 
frequency characteristics. To estimate the DTE with a numeri-
cal method, Quasi-flexible-body gear modeling method has 
been used. This QFB gear modeling method was tested and 
developed in the commercial multi-body dynamics software 
RecurDyn [11]. 

The proposed QFB gear model has a rotational joint with a 
bending stiffness for joining the tooth and trunk for flexibility. 
This numerical model showed a good agreement with the 
experimental results. In addition, it was effective in the view-
point of the calculation time and convenient for estimating the 
gear DTE. 
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Nomenclature------------------------------------------------------------------------ 

r      : Position vector of the body w.r.t. the global 
ω     : Angular velocity vector of the body w.r.t. the global 
A     : Orientation matrix of a body 
Y  : Cartesian local velocity vector 
Z  : Cartesian position vector 
q  : Relative generalized coordinates 

nf   : Contact normal force 
ff   : Contact friction force 

m   : Friction coefficient 
k   : Spring coefficient of the contact 
c   : Damping coefficient of the contact 

1m   : Stiffness exponent of the contact 
2m   : Damping exponent of the contact 
3m   : Indentation exponent of the contact 

d   : Penetration depth of the contact 
d&   : Time derivative of the penetration depth 

mf   : Gear mesh frequency 
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