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Abstract 
 
Control of flexible multibody systems, such as flexible manipulators, is a challenging task. This is especially true if end-effector trajec-

tory tracking is aspired. On the one hand, these systems require a large number of generalized coordinates to describe their dynamical 
behavior accurately. On the other hand, only a small subset of these values can be measured or reconstructed on-the-fly. Hence, it is diffi-
cult, if not nearly impossible, to use a state controller. In addition, flexible systems are underactuated, i.e. they possess less control inputs 
than generalized coordinates. In case of a non-collocated output controller, which is the case for end-effector trajectory tracking, the 
closed loop of the system might lose passivity and is non-minimum phase. In order to achieve end-effector trajectory tracking, exact and 
approximate feed-forward controls can be applied. In this work, two different versions of such concepts are compared experimentally. 
These model-based concepts are computed off-line and they supply, next to the required input values, a C1-continuous solution of the 
complete state vector which can be used for feedback control. If the system is non-minimum phase, a two-sided boundary value problem 
has to be solved and the solution includes a pre-actuation as well as a post-actuation phase. While the exact method incorporates all dy-
namical effects of the flexible multibody system, the approximate concepts neglect certain implications, for example the dynamical ef-
fects due to the flexibility. In addition to the presentation of the theoretical basics of the control approaches and the underlying models, 
this contribution addresses some of the crucial obstacles, which have to be overcome for the operation of the test bench, e.g., signal con-
ditioning, state reconstruction and friction compensation. Since the installed sensors do not allow the direct measurement of the end-
effector position, image tracking is used to judge the quality of the different control approaches.  
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1. Introduction 

In this contribution, different control approaches for end-
effector trajectory tracking of a parallel manipulator with 
highly flexible links are compared experimentally. The con-
sidered approaches are based on different model-based feed-
forward control designs [1] which are supported by additional 
feedback controllers. 

The paper is organized in the following way. Sec. 2 presents 
the parallel manipulator with flexible links, which is used to 
benchmark the two feed-forward controls. Next to the hard-
ware components, an overview of the process control is given. 
In Sec. 3, the forward and inverse dynamics of the mechanical 
system are presented. The concept of servo constraints is used 
to include the trajectory tracking problem into the system dy-

namics. The solution of these augmented equations of motion, 
which has to be obtained from a boundary value problem, 
provides the feed-forward control trajectories. Sec. 4 is dedi-
cated to the control concept and the signal processing needed 
to perform the experiments on the given hardware. In Sec. 5, 
the techniques needed to compare the quality of the proposed 
feed-forward control concepts are presented. Next to the used 
image tracking approach, the obligatory post-processing steps 
are introduced. In addition, the results of the experimental 
studies are presented and a comparison of the presented alter-
natives is given. The conclusions in the final section form the 
completion of this contribution. 

 
2. A parallel manipulator with flexible links 

The experimental studies are carried out on a custom-made 
parallel manipulator with flexible links. This test stand can be 
used for a wide variety of control tasks, because the hardware 
as well as the software is highly adjustable. In the following, a 
short overview of the available hardware components and the 
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process control is given. 

 
2.1 Experimental setup 

The experimental platform, which can be seen in Fig. 1, 
consists of two identical linear direct drives which are mount-
ed on a granite plate. Two revolute joints, each located on top 
of one direct drive, define the rotational axes of two highly 
flexible links with different length. An additional revolute 
joint connects the middle of the long link with the end of the 
short link. An additional mass which is attached to the free 
end of the long link defines the end-effector point. Hence, this 
parallel manipulator permits a non-redundant movement of 
the end-effector in the horizontal plane. The drive positions 
are measured with optical encodes. Five full bridges with four 
strain gauges each are attached to the elastic links. Three of 
these five bridges can be employed simultaneously to capture 
the elastic deformations.  

 
2.2 Process control 

The process control is carried out with a Speedgoat per-
formance real-time target machine running the Mathworks 
xPCtarget kernel, which is called Simulink Real-Time since 
Matlab R2014a. Fig. 2 shows the flowchart of the process 
control. The embedded system implements the safety logic as 
well as the observers and controllers needed for the control 

tasks. The current controllers are realized in hardware by 
means of two distinct Kollmorgen AKD servo drives, which 
offer high-bandwidth current-loops. The communication be-
tween the embedded system and the servo drives is carried out 
with digital and analog I/O-lines as well as with a serial bus 
according to the CANopen protocol following IEC 61800-7-
301.  

The human-machine interface is realized in software as a 
graphical user interface (GUI). The GUI is based on C/C++ 
and heavily relies on the application framework Qt4 [2]. It 
communicates with the embedded system via a proprietary 
TCP/IP-based protocol which is provided as a C-API by 
xpcTarget. The openly published communication protocol 
Modbus [3] is used to interact with the servo drives. The file 
management is carried out using the hierarchical data format 
(HDF5), which allows an efficient data exchange with Matlab. 
The target machine runs a multi-rate model to accommodate 
the different tasks and communication types. The basic sam-
ple time of 1.666 kHz is used for the analog I/O-lines, the 
control loop and the CANopen process data objects (PDO). 
This rather slow sampling rate is due to the limited numbers of 
messages that can be transmitted within a certain time interval. 
The digital I/O-lines and the safety logic are processed with a 
sampling rate of 500 Hz. These different sample times are 
executed in parallel on designated cores. 

 
3. Forward and inverse dynamics 

The control concepts that are used in this work require a de-
tailed model of the parallel manipulator. Due to the fact that 
the time constant of the electrical part is very small compared 
to the mechanical part, the dynamics of the electrical part can 
be neglected. This assumption is valid for many electro-
mechanical systems [4] and is adopted in this work. Therefore, 
it is only necessary to state the forward dynamics and the in-

 
 

 
 
Fig. 1. Experimental setup of the parallel manipulator and the control box. 

 

 
 
Fig. 2. Flowchart of the process control.  
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verse dynamics of the mechanical subsystem. In addition, the 
friction forces, which act on the sliders, do not have to be in-
cluded in the dynamical model. This can be justified by the 
fact, that the online computed friction compensation is capable 
to purge these effects, at least in theory. 

 
3.1 Forward dynamics 

The mechanical part of the parallel manipulator is modeled 
as a flexible multibody system using the floating frame of 
reference approach. This approach is suitable for bodies that 
undergo a large working motion and experience only small 
elastic deformations. The large nonlinear motion of the body 
is described with absolute coordinates of a reference frame, 
whereas the deformation is described relative to this moving 
reference frame. For the integration into the multibody system, 
the absolute coordinates of the reference frame are expressed 
in minimal coordinates. In this contribution, the equations of 
motion are derived by applying the Newton-Euler equations 
together with D'Alembert's principle. For systems with a tree-
like topology and nf degrees of freedom, this formalism yields 
the equations of motion in terms of a minimal set of general-
ized coordinates y which are linearly independent. However, 
if there are kinematic loops in the system, it might be impossi-
ble or disadvantageous to find an appropriate set of independ-
ent coordinates. In this case, the kinematic loops have to be 
cut open. This yields additional nc degrees of freedom, that 
have to be eliminated after the equations of motion are stated. 
Hence, the equations of motion are stated in terms of the de-
pendent coordinates z. Finally, algebraic constraint equa-
tions ( , )t =c z 0 and Lagrange multipliers λ are used to close 
the kinematic loops again. Thus, the set of differential-
algebraic equations which describes the constrained dynamics 
of a general multibody system can be stated as 

 
T( ) ( , ) ( ) ( ) ,= + +M z z f z z B z u C z λ&&   (1a) 

( ).=0 c z   (1b) 
 
The dynamics stated in Eq. (1a) of the open-loop system is 

characterized by the generalized mass matrix M, which is 
symmetric positive definite, and the generalized force vector f, 
which contains the centrifugal, Coriolis and gyroscopic forces 
as well as those applied forces, which are not regarded as con-
trol inputs u. For input-affine systems, the input matrix B is 
introduced. The transposed Jacobian matrix of the constraints 
C associates the Lagrange multipliers with the system dynam-
ics. All needed computations are carried out with the research 
code Neweul-M2 [5], which derives the equations of motion 
symbolically. 

The topology of the parallel manipulator is shown in Fig. 3. 
The red parts are the sliders, which are modeled as rigid bod-
ies with a mass of 6.3 kg each. The long link is modeled as an 
elastic body, which is obtained by a linear FE-model and re-
duced with a hybrid model-order reduction, which combines 
the classical Craig-Bampton approach with modern Gramian-

matrix-based reduction techniques [6]. Afterward, Rayleigh 
damping is added. The short arm is regarded as a rigid body. 
Hence, the vector of dependent coordinates z consists of the 
drive positions s1 and s2, the angles α1 and α2 and the six elas-
tic coordinates qe, which are assigned to the six mode shapes, 
which are shown in Fig. 4. 

The kinematic loop due to the joint connecting the links is 
stated as the difference of the two position vectors rj,1 and rj,2. 
Hence, the two-dimensional constraint equations c on position, 
velocity, and acceleration level are expressed as 

 
j,2 j,1( ) ( ) ( ) ,= - =c z r z r z 0   (2a) 

j,2 j,1
j,2 j,1( , ) ( ) ,

¶ ¶
= - = - = =

¶ ¶

r r
c z z z z J J z C z 0

z z
& & & & & &   (2b) 

j,2 j,1( , , ) ( ) '' .
¶ ¶

= + - = + =
¶ ¶

J z J z
c z z z Cz z C z c 0

z z
& &

&& & && && & &&   (2c) 

 
Next to the reaction forces, which are provided by the La-

grange multipliers, the applied forces, namely the driving 
forces arising from the product of the force constants Km,i and 

 
 
Fig. 3. Schematic model of the parallel manipulator. 

 

 
 
Fig. 4. Mode shapes of the isolated flexible body. 
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the motor currents ii, which act on the sliders have to be con-
sidered. Due to the friction compensation, the friction forces 
do not have to be considered in this model.  

 
3.2 Inverse dynamics 

Based on the dynamical model of the parallel manipulator, 
the inverse dynamics can be stated in a straight-forward way. 
By using the concept of servo constraints [7], the forward 
dynamics can be extended with additional ns constraint equa-
tions ( , )t =s z 0 describing the trajectory-tracking problem. In 
contrast to classical constraints, the control inputs u instead of 
the Lagrange multipliers are used to enforce the servo con-
straints. The solution of the so-called internal dynamics, which 
describes the dynamics that fulfills both the classical and the 
servo constraints, provides the feed-forward control. Depend-
ing on the stability of the internal dynamics, which depends on 
the stability of the system dynamics as well as on the input-
output combination [8], a two-point boundary value has to be 
solved to obtain a bounded solution. A detailed description of 
this approach can be found in Ref. [9]. Due to the separation 
of the overall dynamics in two parts, namely the driven and 
the internal dynamics, it is not necessary for the solution of the 
boundary-value problem to specify the friction forces which 
act on the drives, since they do not affect the internal dynam-
ics. The dry friction for example, which has to be modeled as 
a non-smooth force and, therefore, impedes the numerical 
solution, can be neglected in the solution phase. Instead, these 
friction forces are computed algebraically in a post-processing 
step or online in the form of a friction compensation [10]. The 
inverse dynamics of the parallel manipulator can be stated as a 
set of differential-algebraic equations according to 

 
T( ) ( , ) ( ) ( ) ,= + +M z z f z z B z u C z λ&&   (3a) 

( ),=0 c z   (3b) 
( , ).t=0 s z   (3c) 

 
For end-effector trajectory tracking, the servo constraints 

can be expressed as the difference between the actual end-
effector position in the plane ree and the desired position rdes 
yielding the servo constraints on position, velocity, and accel-
eration level 

 
ee des( , ) ( ) ( ) ,t t= - =s z r z r 0   (4a) 

ee
des( , , ) ' ,t ¶

= - = + =
¶
rs z z z r S z s 0
z

& && & &   (4b) 

des( , , , ) '' .t ¶
= + - = + =

¶
S zs z z z S z z r S z s 0
z
&&& &&& && && & &&   (4c) 

 
Based on Eqs. (2c) and (4c), the system inputs and the La-

grange multipliers can be expressed as 
 

11 T 1 1

1 T 1 1

''
,

''

-- - -

- - -

é ù é ù+é ù
= -ê ú ê úê ú +ë û ë û ë û

λ CM C CM B CM f c
u SM C SM B SM f s

  (5) 

if the inverse of the matrix exists. Then, the differentiation 
index of the servo control problem is three and there re-
main f c( )sn n n- + free coordinates. In nonlinear control theory, 
this correlates with a relative degree of two. In the next step, 
the driven dynamics is eliminated and the internal dynamics is 
stated as a set of ordinary differential equations for the inde-
pendent states. For the flexible manipulator, a possible basis 
for the independent states consists of the elastic coordinates 
and their derivatives. The dependent coordinates, which still 
appear in the dynamics, have to be computed with a root 
search. Based on the provided end-effector trajectories and the 
solution of the internal dynamics, it is possible to provide the 
trajectories of the dependent coordinates z(t) and their time 
derivatives as well as for the system inputs u(t) and the La-
grange multipliers λ(t) that fulfill both types of constraints on 
a fixed time interval. These form the feed-forward control. 
Therefore, this approach can be regarded as dynamical trajec-
tory planning. For the application on the real-time target sys-
tem, the internal dynamics are solved off-line and the com-
puted trajectories are interpolated with a constant sample time 
of 0.6 ms, which corresponds to the sampling time of the con-
trol loops, and are exported as HDF5-files. 

 
4. Control concept and signal conditioning 

For the stabilization of the pre-computed solution, two dis-
tinct cascade controllers for the drive positions are implemented. 
These well-established controllers offer the possibility to feed-
forward the positions, velocities as well as the currents, which 
accords with the requirements of the overall control concept. 
Fig. 5 shows the topology of the control loop. The outer loop is 
a proportional gain, which amplifies the position error and feeds 
the middle loop. The velocity loop is carried out as a PI-
controller and the desired velocity is feed-forwarded. The inner 
loop, which consists of the electrical subsystem eå and a pro-
portional gain, is realized in the servo controllers. 

The states needed for the feedback controller are the drive 
positions is and velocities is& . The positions of the mechanical 
subsystem må are acquired from the servo drives and transmit-
ted as CANopen PDOs. In order to reconstruct the velocities, 
a Kalman filter (KF) [12] is applied. The underlying model of 
the filter is a zero-mean first-order Markov model [13], which 
is borrowed from target tracking applications [14]. The main 
advantage of this filter is its simplicity and the consequential 
efficiency in real-time applications. In addition, the assump-
tions of the filter regarding the smoothness of the trajectories 
consort with a feed-forward control. The discrete-time state-
space representation of the model is 
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[ ]1 0 0 ,k k ky v= +x   (6b) 

 
in which the discrete state vector xk includes the position, ve-
locity, and acceleration of one drive each. The system dynam-
ics, which consists of two integrators and a stable pole associ-
ated with the acceleration, is driven by the discrete time white 
noise sequence uk, which is assumed to be normally distrib-
uted with zero mean and covariance Qk. Since the position 
signals are acquired from an optical encoder and processed 
digitally, the measurement noise covariance Rk of the output yk 
is almost negligible. Therefore, the main purpose of the filter 
is the robust reconstruction of the velocity. These are the only 
signals that are needed for the feedback controllers.  

 
5. Experimental studies 

Based on the presented models and control approaches, two 
different implementations are benchmarked. The first imple-
mentation is based on the full dynamical model of the elastic 
system and the second one is based on the corresponding rigid 
model. While the first concept requires the solution of a 
boundary value problem, see Sec. 3.2, the second concept can 
be solved algebraically, see e.g. Ref. [15]. For both scenarios, 
the end-effector trajectory is supposed to cover a distance of 
0.282 m within 0.5 s following a straight line. The used feed-
back controllers are parameterized identically and in both 
cases, the positions, velocities, and currents are feed-
forwarded. The friction compensation adds, in dependency of 
the motion of the drives, a constant current to the pre-
computed inputs. 

 
5.1 Image tracking 

In order to compare the two implementations, the position 
of the end-effector point is tracked with a camera. To obtain 
the best possible contrast, all reflecting parts of the end-
effector are covered with felt. The designated point and an 
additional point are highlighted with reflector foil. The dis-
tance between these emphasized points is used for the conver-
sion from pixels to meters. Compared to a designated measure, 
these two points remain in the image plane, which avoids 

additional conversions. The used camera is capable to record 
60 frames per seconds with a resolution of 1280 x 720 pixels. 
The left image of Fig. 6 one shows the brightness distribution 
if the end-effector is at rest. In this case, the image matches the 
shape of the reflector foil. However, if the end-effector is 
moving, the image is blurred. This is caused by the exposure 
time of the camera and the rather fast movement of the end-
effector. The image on the left of Fig. 6 shows such move-
ment. In addition, the exposure time also affects the brightness 
of the pixels. A darker color in the Light-Bertlein color map 
indicates that the area was exposed for a longer period of time 
than a lighter color, i.e. a darker color indicates a slower mo-
tion. Fig. 7 shows the brightness distribution of all frames 
merged into one image for both scenarios.  

 
5.2 Post-processing 

Based on these images, the trajectory of the end-effector is 
identified. In a first step, the positions of the end-effector point 
and the additional marker are obtained frame-by-frame. Due 
to the fact that multiple pixels are exposed by the light re-
flected by the foil, it is possible to interpret the brightness of 
the frame as a two-dimensional non-normalized probability 
distribution. In order to improve the accuracy, it is important 
to filter the image to remove noise and to isolate the two peaks 
from each other. Otherwise, the size of the image would have 
a great influence on the expected value. The filtering is done 
with a sliding-neighborhood filter. The expected values of 
these distributions, which equal the components x and y of the 
position vector rpix of the designated markers in the horizontal 
plane, can be obtained by  

 
( , )( , ) ,

( , )
i M j N

b i jp i j
b i j

Î Î

=
å å

 (7a)  

( , ),
i M j N

x ip i j
Î Î
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( , ).
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y jp i j
Î Î

=å å   (7c) 
 
Here, the normalized probability p(i,j) of the (i,j)-th pixel is 

 
Fig. 5. Control loop. 

 

 
            (a)                      (b) 
 
Fig. 6. Brightness distributions of the end-effector point at rest (a); and 
during motion (b). 

 
 

(a) 
 

 
(b) 

 
Fig. 7. Brightness distribution of all frames merged into one image for 
the elastic (a); and the rigid (b) feed-forward control. 
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obtained from the brightness b(i, j), which ranges from 0 to 
255. Due to the filtering, the summation can be performed on 
the subsets M and N, which are the neighborhoods of the max-
imum value of the brightness distribution. Outside of these 
sets, the brightness is zero. 

In a next step, the conversion from pixels to meters is car-
ried out with the conversion factor 

 

pix

,cf
D

=
D

  (8) 

 
whereD labels the difference of the position vectors of the two 
designated markers. The values with the index “Pix” are 
measured in pixels and the index-free values are measured in 
meters. After the conversion of the reconstructed position 
vectors, the data is resampled using spline interpolation, 
aligned with the desired values and cropped. In a last step, the 
measured and processed trajectories are rotated and translated 
in such a way, that the initial conditions of the desired and 
measured trajectories match. 

 
5.3 Interpretation of the experimental results 

The processed measurement data sets permit to compare the 
different feed-forward control implementations. To compare 
the two approaches, the deviations of the end-effector from the 
desired trajectory are regarded. Fig. 8 shows the tracking er-
rors of both approaches over time. Due to the fact that the 
post-processing was carried out in such way that the initial 
conditions of the end-effector match the desired values, there 
are no deviations at t = 0. Consistent with Fig. 7, the trajectory 
of the feed-forward approach, which is based on the elastic 
model, shows a much smaller error than the second approach 
which is based on the corresponding rigid model. The maxi-
mum errors of the flexible and the rigid feed-forward imple-
mentation are 1.3 cm and 10 cm, respectively. 

The errors shown in Fig. 8 do not only result from inaccu-

rate models. In fact, the control deviations cannot be regarded 
as negligible. Therefore, it is reasonable to investigate the 
tracking errors of the drive positions as well.  

Fig. 9 shows the position-tracking errors of the first drive 
for both approaches. Both graphs exhibit errors in the initial 
conditions as well as in the movement. These errors are main-
ly caused by the friction forces, which act on the drives and by 
the elastic deformations of the long link that affect the drive 
positions during the movement. Due to the feedback control-
lers and the friction compensation, this tracking error is stabi-
lized. Again, it can be stated the flexible approach yields 
smaller tracking errors, because this approach results in small-
er elastic deformations and therefore less disturbances. These 
errors in the drive positions are, in case of the flexible feed-
forward control implementation, the main source of errors in 
the end-effector tracking. It should also be noted, that at this 
point the elastic deformation is not included in the feedback 
control. Thus, errors in the elastic deformation cannot be 
compensated yet. 

 
6 Conclusions 

In this contribution, experimental studies regarding two dif-
ferent feed-forward control designs for a parallel manipulator 
with flexible links are carried out. After a short presentation of 
the used hardware and software, the forward and inverse dy-
namics of the flexible multibody system are stated. A quick 
introduction to the used control concept leads to the discussion 
of the experimental results. Here, the main idea of image 
tracking is revised and the two implementations are compared. 
The feed-forward control approach, which is based on a com-
plex flexible multibody system and obtained by a boundary-
value problem, shows obvious improvements in the end-
effector deviations compared to the approach, which is based 
on an corresponding rigid model. Even though there remain 
deviations in the drive positions as well as in the end-effector 
tracking, this approach is a promising alternative to classical 
control concepts. 

 
 
Fig. 8. Reconstructed end-effector deviations of the two implementations. 

 

 
Fig. 9. Tracking errors of the direct drives for the two presented im-
plementations. 
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