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Abstract 
 
Gear shaping is an efficient cutting method available for internal helical non-circular gears, but gear hobbing is not. Four methods and 

models of generating motion were built. Virtual shaping revealed that the method of equal arc-length of gear billet has the highest ma-
chining precision. Three methods of primary motion were built and analyzed respectively by using a kinetic simulation, which revealed 
that the method of keeping a constant velocity has the best dynamic performance. Two methods of additional motion were offered. Vir-
tual shaping revealed that the two methods have the same precision, whether the gear has a right-hand helix or left-hand helix. Finally, 
two optimal shaping models were provided, and performed shaping experiments, respectively. The experiments showed that the shaping 
strategies and models are correct and feasible. Tooth-flank detections revealed that every tooth of the gears has the same precision using 
the optimal shaping models.  
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1. Introduction 

Non-circular gears combine the advantages of both cylin-
drical gears and cams, not only can be used for accurate 
transmission with a continuously variable ratio [1], but also 
can actualize accurate non-circular movement [2]. Non-
circular gears are some kinds of irreplaceable parts in the field 
of agricultural machineries, vehicles, or fluid machineries [3-
5], for they can deliver a high output power. Although having 
been around at least since 1930s, the studies of non-circular 
gears develop slowly, for their wide range, various complex 
shape, cumbersome calculation or design, in particular diffi-
cult manufacturing process. In recent years, with the devel-
opment of computerized numerical control (CNC, non-
circular gears have become a hot spot because of re-invention 
[1-6]. With the rapid developing of wire-electrode cutting, 
spur non-circular gears have been used broadly [7]. However, 
wire-electrode cutting is inefficient, and difficult to cut helical 
non-circular gears. Cylindrical helical gears have the advan-
tages of steady transmission, small vibration, and low noise 
during meshing process [8]. Helical non-circular gears have 
the same advantages, and can be used in the occasions with 
high-speed, heavy-load, or low-noise. 

Up to now, because of lacking efficient manufacturing 

technology, helical non-circular gears have rarely applied to 
industrial production and daily life. In addition to wire-
electrode cutting, there are some other new manufacturing 
methods such as electrical discharge machining (EDM) [9] 
and laser machining [10] for non-circular gear. However, 
those methods are extremely inefficient and not suitable for 
manufacturing helical non-circular gears. In addition, they are 
suitable only for manufacturing such as ones with special ma-
terials or extreme thinness. Precision forging technology [11], 
as a highly efficient process, can be used for manufacturing 
helical non-circular gears. However, there is no accumulation 
in the mold machining technology used for helical non-
circular gears, and in the measuring technique of molds or 
gears. Moreover, 3-D printing or rapid prototyping [12] can be 
also used for manufacturing helical non-circular gears in the-
ory. Nevertheless, gears with section piled cannot meet the 
mechanical properties required during the transmission proc-
ess. Because they are efficient and can adopt forging piece as 
a gear billet, both gear hobbing and gear shaping are two pre-
ferred choices for manufacturing helical non-circular gears 
[13]. 

We had constructed some available hobbing schemes using 
gear hobbing for helical non-circular gears based on a four-
axis linkage [14] and a five-axis linkage [15] respectively, and 
had singled out two excellent strategies with their linkage 
models progressively. Moreover, we had built another hob-
bing scheme for it based on the method of axial shift of hob in 
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article [16], which can expand the operating range of a ma-
chine tool and improve a tool life by comparing to the strate-
gies of meshing point on hob fixed [14, 15]. 

Helical non-circular gears can be classified into two main 
categories, internal ones and external ones. Internal helical 
non-circular gears can be applied to planetary mechanism with 
a continuously variable ratio. The dominant feature of those 
gears is that tip surfaces are located within their pitch curves. 
Thus, cutters should be located within the pitch curves in cut-
ting processing. As for gear hobbing, based on the generating 
principle of helical tooling rack [14-16], the middle line of a 
rack is a straight line, which leads to the middle line pass 
through the pitch curve of gears, and then over cutting will 
occur. So gear hobbing is not fit for internal gears. The princi-
ple of gear shaping is based on the meshing theory of non-
circular gear [17], which reveals that internal helical non-
circular gears can be shaped while the pitch radius of shaper 
cutter is less than the minimum curvature of the pitch curve of 
gears. 

In this study, based on the motion features of internal gear 
shaping, several linkage models are built which include a gen-
erating motion between shaper cutter and gear billet, a primary 
motion of shaper cutter, and an additional motion of shaper 
cutter or gear billet. Shaping accuracy or dynamic perform-
ance of each model has been analyzed by using virtual ma-
chining or dynamics analysis. Thus, two optimal shaping 
models have been built progressively. Both of optimal shaping 
models and virtual machining have been demonstrated to be 
valid by using gear shaping experiments and tooth-flank de-
tections. 

 
2. Gear shaping strategy for internal helical non-

circular gears 

As shown in Fig. 1, the pitch circle of shaper cutter, revolv-
ing as bw , and the pitch curve of gear billet, revolving as cw , 
are in continuous pure rolling contract in the same direction. 
The bw  keeps a strict ratio with the cw , which generates a 
generating motion [17]. To keep the pitch circle internal tan-
gent with the pitch curve, the gear billet must move along the 
x-axis ( xv ). In addition, the shaper cutter should move down-
ward along the z-axis ( zv ), namely primary motion. There is 
an additional motion of shaper cutter ( bwD ), or that of gear 
billet ( cwD ), to generate the helixes of helical non-circular 
gears. Hence, it is a CNC gear shaper with four-axis linkage. 

As shown in Fig. 2, b b b b b( - )S o x y z  is a cutting tool coordi-
nate system, the origin bo  of which is located at the center 
point of the lower end-surface of shaper cutter, and the axis 

bz  of which is coincident with the spindle of shaper cutter. 
The b b b b b( - )S o x y z  revolves synchronously with the shaper 
cutter. c c c c c( - )S o x y z , fixed in space, is a gear billet coordi-
nate system, the origin co  of which is located at the rotation-
center of gear billet, and the axis cz  of which is coincident 
with the spindle of gear billet. cx -axis passes through the 
point bo , and is coincident with bx -axis. Each axis of 

the c c c c c( - )S o x y z is independently parallel to that of the 
b b b b b( - )S o x y z . A polar coordinate system that has a pole ( co ) 

and a polar axis ( cx ) is built. The pitch curve equation of the 
gears is ( )r r q= . The modulus of the polar radius is r , and 
the polar angle is q . The point A is a starting point while 
shaping. 

 
3. Generating motion between shaper cutter and gear 

billet 

3.1 Linkage models 

The generating motion between shaper cutter and gear billet 
in plane should follow the meshing theory of non-circular gear 
[17]. As shown in Fig. 2, in order to display shaping process 
in plane, the generating motion can be analyzed by taking a 
section of gear billet on end-face as the stationary frame of 
reference. The shaper cutter rotates in a clockwise direction, 
and orbits around the gear billet in a counterclockwise direc-
tion. After a while, the cutter location moves from point bo  
to point bo¢ , and then the b b b b b( - )S o x y z  turns into the 

b b b b b( - )S o x y z¢ ¢ ¢ ¢ ¢ . The shaper cutter orbits a degree of l , and 
rotates an angle f  on its axis. The rotation angle of that rela-
tive to the gear billet is b . The TT ¢  is a common tangent 
between the pitch circle of shaper cutter and the pitch curve of 

 
 
Fig. 1. Schematic diagram of gear shaping. 

 

 
 
Fig. 2. Section of gear billet on end-face. 
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gear billet in the point T . The angle between the polar radius 
and the common tangent is m [17]. 

 
( )arctan d / dr rm q= é ùë û    (0≤ m <p )               (1) 

 
From Eq. (1), 
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According to the principle of trigonometric function [18], 

we can infer the following in b cTo o¢D . 
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where the pr  is the pitch radius of shaper cutter. 

From Eq. (3), 
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where the w , equals to d dtq , is the polar-angular velocity of 
gear billet. 

While the cutter location moves from point bo  to point bo¢  
and the pitch circle of shaper cutter is pure rolling along the pitch 
curve of gear billet from point A to point T, the meshing arc 
length A T¢  on the pitch circle of shaper cutter is equal to the 
arc length AT  on the pitch curve of gear billet. That is to say, 
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The angular velocity bw  of shaper cutter is as follows. 
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As shown in Fig. 2, - / 2l m q p= + . From Eq. (8), 

p/ - - / 2s rb m q p= + .                           (10) 

 
Taking the derivative of Eq. (10) and simplifying it, 
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where the angular velocity rw of shaper cutter relative to gear 
billet is d dtb . 

From Eq. (4), 
 

( )parcsin cos /r lg q m= + .                         (12) 

 
Taking the derivative of Eq. (12) and simplifying it, 
 

( )
c p 22

p

sin d d cos d d

1- cos /

l lr
l r l

m m q m qw w w
m

+
= -            (13) 

 
where the angular velocity cw of gear billet is d dtg . 

A basic linkage model of generating motion in plane can be 
established from Eqs. (6), (9), (11) and (13). There are four 
methods for non-circular gear shaping in plane: (1) equal ro-
tary-angle of shaper cutter relative to gear billet 
(ERASCRGB; (2) equal arc-length of gear billet (EALGB; (3) 
equal rotary-angle of gear billet (ERAGB; (4) equal polar-
angle of gear billet (EPAGB.  

ERASCRGB implies that the revolving velocity ( rw ) of 
shaper cutter keeps constant. Based on a fundamental fre-
quency rw , the basic linkage model can be transformed into a 
linkage model of ERASCRGB (see Eq. (14)). 
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  (14) 
 
EALGB implies that gear billet rotates the same arc-length 

in the same time, and then the revolving velocity ( bω ) of cut-
ting tool coordinate system keeps constant. Based on a fun-
damental frequency bω , the basic linkage model can be trans-
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formed into a linkage model of EALGB (see Eq. (15)). 
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ERAGB implies that the revolving velocity ( cw ) of gear 

billet keeps constant. Based on a fundamental frequency cw , 
the basic linkage model can be transformed into a linkage 
model of ERAGB (see Eq. (16)). 
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EPAGB implies that the revolving velocity (w ) of gear bil-

let keeps constant. Based on a fundamental frequencyw , the 
basic linkage model can be transformed into a linkage model 
of EPAGB (see Eq. (17)). 
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3.2 Virtual shaping of generating motion 

In order to analyze and compare the features of the four 
methods for non-circular gear shaping, an internal helical oval 
gear [19], as a typical helical non-circular gear, is shaped vir-
tually by Matlab respectively according to the four linkage 
models Eqs. (14)-(17). The parameters of the internal helical 
oval gear are as follows: major semi-axis ( a ) is 120 mm; 
tooth width ( b ) is 50 mm; eccentricity ( e ) is 0.1; order (n) of 
ellipse is 2; normal module ( nm ) is 3.75 mm; helix angle 
( cb ) is 11.617°; tooth number ( Z ) of gear is 63; tooth num-
ber (z) of shaper cutter is 22. The shaping parameters are as 
follows: processing time ( t ) of shaping one cycle along pitch 
curve is 1260 seconds; single-cycle period t  is 0.5 s; shap-
ing time t¢ in a single-cycle period is 0.2 s. The virtual shap-
ing results are shown in Fig. 3, which shows that the four 
methods for non-circular gear shaping are all feasible, but the 
distributions of cutting marks among every tooth of various 
methods are obviously different. 

When a stroke happens, a cutting mark is generated on 
teeth-profile surface. Distributions of cutting marks among 
every tooth of various methods are shown in Fig. 4, number of 
gear teeth runs from 1 to 63 while q  runs from 0 to 2p . The 
cutting marks among every tooth by ERAGB are the most 
uneven. For instance, there are 29 cutting marks on the 1st 
tooth and the 32nd tooth, respectively, and 55 cutting marks on 
the 16th tooth and the 48th tooth, respectively. The cutting 
marks among every tooth by ERASCRGB, being uneven 
second to the method of ERAGB, range from 33 to 46. The 
cutting marks among every tooth by EPAGB range from 36 to 
45, and are more uniform than the first two. The cutting marks 
among every tooth by EALGB are 40, which are uniform and 
consistent. The more cutting marks on a gear tooth, the more 
accurate the tooth-profile surface enveloped by shaper cutter 
would be. Furthermore, the precision of a helical non-circular 
gear should be measured at its lowest level. Consequently, a 

    
         (a) ERASCRGB                 (b) EALGB                     (c) ERAGB                     (d) EPAGB 
 
Fig. 3. Virtual shaping of generating motion. 
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gear shaped by EALGB has the highest accuracy under a giv-
en efficiency, closely followed by EPAGB and ERASCRGB, 
and then ERAGB. The method of EALGB should be adopted 
for the generating motion in plane. 

 
4. Primary motion 

4.1 Linkage models 

The primary motion ( zv ) can be linked with bw  (see Eq. 
(18)), and can be linked with cw (see Eq. (19)), also can be 
linked with rw (see Eq. (20)). As for Eq. (18) to the method of 
EALGB, zv will keep a constant velocity independently be-
cause of bw is constant. 

 
z 1 bv k w=                                       (18) 

z 2 cv k w=                                       (19) 

z 3 rv k w=                                       (20) 
 

where the 1k , the 2k , and the 3k  are constant coefficients. 

 
4.2 Kinematic analysis of primary motion 

As shown in Fig. 5(a), there is several different in the curves 
( zS ) of shaping displacement on the 1st tooth for the three 

linkage models. The displacement curve of linkage with tw  
is a line with a constant slope. However, the slope of other two 
displacement curves is continuously changing. As shown in 
Fig. 5(b), there is obviously different in the curves ( zv ) of 
shaping velocity on the 1st tooth for the three linkage models. 
The velocity curve of linkage with tw  is a line with a con-
stant value, and then the shaping force of that keeps stable for 
its acceleration is zero. However, the fluctuating range of oth-
er two velocity curves is higher, and then the control of the 
system becomes rather difficult for their bad dynamic per-
formances. The curves ( zv ) of shaping velocity along the 
pitch curve are shown in Fig. 5(c) while zS is zero. The ve-
locity curve of linkage with tw  is a line with an unchanging 
value, which implies that its acceleration is identically equal to 
zero. Nevertheless, the range of other two velocity curves 
fluctuates sharply, which makes the system control difficult. 
Consequently, the method of linkage with tw  is appropriate 
to adopt for its stable shaping force and its good dynamic per-
formances. 

 
5. Additional motion 

5.1 Linkage models 

For helical gears, there are two methods to conduct addi-
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Fig. 4. Distribution of cutting marks among every tooth. 
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Fig. 5. Features of primary motion. 
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tional motion in a shaping stroke. One is additional motion of 
shaper cutter, and another is additional motion of gear billet. 
The additional motion of shaper cutter implies that shaper 
cutter should rotate a week additionally while moving down-
ward or upward a screw lead of shaper cutter along principal 
shaft [20]. Hence, the additional motion of shaper cutter 
( bwD ) is as follows. 

 
b z c ptanv rw bD =                               (21) 

 
where the cb  is the helix angle of helical gear. 

The resultant angular-velocity ( *
bw ) of shaper cutter is as 

follows.  
 

*
b b bw w w= ± D                                   (22) 

 
where “-” is adopted while shaper cutter rotates in the same 
direction as the helical sense of its teeth; otherwise, “+” is 
adopted. 

The additional motion of gear billet implies that gear billet 
should rotate a week additionally while shaper cutter moves 
downward or upward a screw lead of gear billet along princi-
pal shaft [20]. So the additional motion of gear billet ( cwD ) is 
as follows. 

 

c c z
0 0

tan .
t t

r dt v dtw b
¢ ¢

¢ ¢D =ò ò                         (23) 

 
Taking the derivative of Eq. (23) and simplifying it, 
 

c z ctan .v rw bD =                                (24) 
 
The resultant angular-velocity ( *

cw ) of gear billet is as fol-
lows.  

 
*
c c cw w w= ± D                                   (25) 

 
where “+” is adopted while shaper cutter rotates in the same 
direction as the helical sense of its teeth; otherwise, “-” is 
adopted. 

 
5.2 Virtual shaping of additional motion 

As shown in Fig. 6, based on EALGB and the method of 

linkage with tw , some left-hand helical gears and right-hand 
ones are shaped virtually by additional motion of shaper cutter 
or that of gear billet respectively. Shaping results reveal that 
the two methods of additional motion are all correct and feasi-
ble, and the different additional motion has no effect on the 
shaping accuracy of left-hand helical gears or right-hand ones. 
Therefore, the two methods of additional motion are accept-
able. 

 
6. Optimal shaping models 

In conclusion, a shaping model adopting EALGB in plane 
and the method of linkage with bw  in vertical direction is the 
best strategy. Moreover, from Eqs. (15), (20)-(22), an optimal 
shaping model adopting the method of additional motion of 
shaper cutter is as Eq. (26).  

From Eqs. (15), (20), (24), (25), another optimal shaping 
model adopting the method of additional motion of gear billet 
is as Eq. (27).  
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   (a) Additional motion of shaper    (b) Additional motion of shaper     (c) Additional motion of gear      (d) Additional motion of gear  
 cutter & left-hand helix  cutter & right-hand helix   billet & left-hand helix   billet & right-hand helix 
 
Fig. 6. Virtual shaping of additional motion. 
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7. Shaping experiments and tooth-flank detections 

Based on the two optimal shaping models Eqs. (26) and 
(27), two shaping modules for helical non-circular gears have 
been developed on a shaping platform with ARM (advanced 
RISC machines) & DSP (digital signal processor) & FPGA 
(field programmable gata array) [21]. Two internal helical 
oval gears (one is right-hand and the other is left-hand, their 
other parameters are as mentioned are shaped factually with 
the two shaping modules, as shown in Fig. 7. The shaping 
outcomes of internal helical oval gears are shown in Fig. 8. 
The internal right-hand oval gear shown in Fig. 8(a) is shaped 
with the model Eq. (26). Moreover, the right-hand one in Fig. 
8(b) is shaped with the model Eq. (27). The shaping experi-
ments show that the optimal shaping schemes and their link-
age models are correct and feasible. 

An additional motion will lead to the acceleration of shaper 
cutter or gear billet be time-varying sharply. It is found that a 
machine with an additional motion of shaper cutter has a low-
er vibration, which makes it much easier to control. The rea-
son is that the rotational inertia of shaper cutter is often much 
smaller than that of gear billet. Consequently, the model Eq. 
(26) is more valuable in application of engineering. 

As shown in Fig. 4, the difference in cutting marks between 
the 1st (or 32nd tooth and the 16th (or 48th) one is the greatest if 
other schemes are adopted. The 1st tooth-flank and the 16th one 
on the two gears shown in Fig. 8 are imaged by SEM (5.0 kV 

8.0 mm×50) [22] respectively. Imaging results of right-hand 
oval gear shaped by the models Eq. (26) are shown in Figs. 
9(a) and 9(b). Spacing of cutting marks on the two profiles is 
shown in Table 1. The average spacing of each cutting mark 
on the profile in Fig. 9(a) is about 0.40 mm; and that in Fig. 
9(b) is about 0.41 mm. Imaging results of left-hand oval gear 
shaped by the models Eq. (27) are shown in Figs. 9(c) and (d). 
Spacing of cutting marks on the two profiles is also shown in 
Table 1. The average spacing of each cutting mark on the 
profile in Fig. 9(c) is about 0.40 mm; and that in Fig. 9(d) is 
about 0.41 mm. It is concluded that the profile precision of 
every tooth shaped by the two optimal shaping models is uni-
form, which is in accordance with the results of simulation 
and analysis. 

 
8. Conclusions 

(1) Four methods and models of generating motion in plane 
have been built according to the meshing theory of non-circular 
gear. These methods and models include ERASCRGB, 
EALGB, ERAGB, and EPAGB. Virtual shaping reveals that 
the cutting marks among every tooth shaped by EALGB are 
uniform, and the accuracy among every tooth is unchanged. 

 
 
Fig. 7. Shaping process of internal helical oval gears. 

 

 
  (a) Internal right-hand oval gear   (b) Internal left-hand oval gear 
 
Fig. 8. Shaping outcomes of internal helical oval gears. 

 

Table 1. Spacing of cutting marks on profiles.                (mm) 
 

No. Fig. 9(a) Fig. 9(b) Fig. 9(c) Fig. 9(d) 

1 0.38 0.39 0.41 0.42 

2 0.40 0.40 0.41 0.41 

3 0.41 0.41 0.40 0.41 

4 0.41 0.41 0.40 0.40 

5 0.42 0.42 0.40 0.39 

Average 0.40 0.41 0.40 0.41 

 
 

  
(a) The 1st tooth of right-hand one  (b) The 16th tooth of right-hand one 
 

  
  (c) The 1st tooth of left-hand one (d) The 16th tooth of left-hand one 
 
Fig. 9. SEM (5.0 kV 8.0 mm×50) image of teeth-flank. 
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Nevertheless, the accuracy among every tooth shaped by other 
methods is inconsistent. 

(2) There are three methods of primary motion ( zv ), includ-
ing linkage with bw , linkage with cw , and linkage with rw . 
It can be found that the shaping force of linkage with bw  
keeps stable, and then some good dynamic performances can 
be obtained. However, the dynamic performances of other 
methods are worse. 

(3) There are two methods of additional motion for helical 
gears, which include additional motion of shaper cutter and 
that of gear billet. Virtual shaping reveals that the two meth-
ods have the same precision, whether the gear has a right-hand 
helix or left-hand helix. 

(4) According to comprehensive correlation analysis, two 
optimal shaping models were provided, and performed shap-
ing experiments respectively. The experiments show that the 
shaping strategies and models are correct and feasible. Tooth-
flank detections reveal that every tooth of the gears has the 
same precision using the two optimal shaping models, which 
is in accordance with the results of simulation and analysis. In 
the two optimal shaping strategies, EALGB & linkage with 

bw  & additional motion of shaper cutter is easier to control, 
and is more valuable in application of engineering. 
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