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Abstract

Nowadays, transient dynamic responses of a large-size finite element (FE) model can be solved within a reasonable computation time
owing to rapid improvement in both numerical schemes and computing resources. However, increasing demands for accurate simulation
and complicated modeling have led to larger and more complex finite element models, which consequently result in considerably high
computational cost. In addition, when structural optimizations include transient responses such as displacement, velocity, and accelera-
tion, the optimizations often do not end within a reasonable process time because the large-size simulation must be repeated many times.
In order to reduce the computational cost in this respect, model order reduction (MOR) for the original full-order model (FOM) can be
used for the transient response simulation. In this paper, a transient dynamic response analysis using Krylov subspace-based MOR and its
design sensitivity analysis with respect to sizing design variables is suggested as an approach to the handling of large-size finite element
models. Large-size finite element models can incur the problem of a long computation time in gradient-based optimization iterations
because of the need for repeated simulation of transient responses. In the suggested method, the reduced order models (ROMs) generated
from the original FOMs using implicit moment-matching via the Arnoldi process are used to calculate the transient response and its de-
sign sensitivity. As a result, the speed of numerical computation for the transient response and its design sensitivity is maximized. New-
mark’s time integration method is employed to calculate transient responses and their design sensitivities. In the case of the transient
sensitivity analysis, we apply a temporal discretization scheme to the design sensitivity equation derived by directly differentiating the
governing equation with respect to design variables. This methodology has been programmed on the MATLAB with the FE information
extracted from the FE package ANSYS. Two application examples are provided to demonstrate the numerical accuracy and efficiency of
the suggested approach. The relative errors of transient response and design sensitivity between the FOMs and ROMs are also compared
according to the orders of the reduced model. Calculation of transient dynamic responses and their sensitivities using Krylov subspace-
based MOR shows a sizeable reduction in computation time and a good agreement with those provided by the FOM.
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practical applications. Therefore, the development of an effi-

1. Introduction cient numerical method is especially desirable for the transient

Transient structural optimization involves a process of re-
peated transient analysis by modifying the design variables to
reach a design goal in which a time-dependent objective func-
tion is minimized, subjected to a set of time-varying con-
straints. In order to make the correct adjustment in gradient-
based optimization, the rates of change in transient responses
with respect to each design variable (i.e. transient design sen-
sitivities), should be provided. When the transient responses of
a large-scale FE model is involved in the gradient-based opti-
mization iterations, the high computational cost necessary to
calculate both response quantities and sensitivities as a func-
tion of time in the optimization often becomes a hindrance in
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dynamic analysis and design sensitivity analysis in optimiza-
tion iterations [1-3].

In the area of structural dynamic analysis, methods of
model order reduction (MOR) such as the mode superposition
method (MSM) [4], the modal acceleration method (MAM)
[5], the load dependent Ritz vector (LDRV) method [6, 7],
and the Lanczos algorithm [8, 9] have been studied to effi-
ciently obtain transient responses. The MSM is a classical
method and uses the subspace of undamped eigenvectors for
projection because it has a clear physical meaning. It simulta-
neously diagonalizes both the mass and stiffness matrices of
the system and preserves the system’s undamped natural fre-
quencies [4]. However, using the MSM may be cost-
prohibitive for large-scale systems in terms of calculating the
necessary eigenvectors with satisfactory accuracy. This draw-
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back can be overcome to some extent through the use of mo-
dal truncation schemes that reduce the number of retained
eigenvectors. However, the truncated errors of transient re-
sponses from the MSM with a modal truncation scheme can
sometimes be very large. Therefore, improved variants to the
MSM, such as the MAM, have been suggested to compensate
for the effect of neglected high-frequency modes [5]. In the
LDRYV method, a sequence of mass and stiffness orthogonal
Ritz vectors is used to reduce the size of the system. LDRVs
can be generated at a fraction of the cost required to calculate
eigenvectors in the MSM since the LDRVs are generated from
the externally applied load and are orthonormalized using the
Gram-Schmidt orthogonalization procedure. The LDRV
method has the same effect as MAM since its initial vector is
static deflection for the structure due to the externally applied
load [6]. It was reported that when some eigenvectors are al-
ready available, adding a few LDRVs to the basis is an easy
way to increase the accuracy of transient analysis results [7].
The generation of LDRVs is identical to the Lanczos algo-
rithm applied with full reorthogonalization if the same initial
vector is used but the Lanczos algorithm originates from
mathematics, whereas the LDRV method arises from engi-
neering. In the Lanczos algorithm, orthogonalization is ap-
plied only with respect to the two preceding vectors, leading
to a tridiagonal form of the dynamic equations that can be
used to great advantage directly in time step integration [8, 9].
The design sensitivity theory for the transient dynamic
problems can be summarized according to the following three
methods as described in Refs. [10, 11]. In the first approach,
the direct method, the equations of motion are directly differ-
entiated and solved using the time integration method [3, 11,
12]. In the second approach, the adjoint method [13], the sen-
sitivity equations are revised in terms of a newly defined ad-
joint vector. This method has computational advantages for a
design problem where the number of design variables is
greater than the total number of objective and constraint func-
tions. In the third method, the Green’s function method [14],
the derivatives are obtained in terms of the Green’s function of
the equations of motion. Even though the results from all three
methods are theoretically identical, the relative computational
efficiency depends on the relative numbers of design variables,
degrees of freedom, and constraints [12]. It is noted that the
direct differentiation method is more attractive for sensitivity
analysis of transient dynamic response because it is not neces-
sary to store the transient response of the system during for-
ward integration and to use it during backward integration as
in the adjoint variable method. As a different approach, from
the late 1980s, a continuum-based design sensitivity analysis
method [15] (in which sensitivity expression for the solid con-
tinuum prior to discretizing the system is written), has been
used for transient dynamic response. In addition, the LDRVs
and the MAM were utilized to further improve the accuracy
and efficiency of both the transient analysis and sensitivity
results in the continuum-based design sensitivity method [16].
From relatively recent interest in this area, substructuring-
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based model reductions have been developed to improve effi-
ciency in transient analysis of large-scale systems [17].

In this paper, an efficient method that utilizes the Krylov
subspace-based model order reduction (MOR) [1, 2, 18-22] is
studied in order to calculate the approximation of both tran-
sient responses and their sensitivity with respect to sizing de-
sign variables as functions of time. The key idea herein is that
equations of motion are reduced using a projection matrix
generated from Krylov basis vectors instead of the traditional
eigenvectors or Ritz vectors; then, direct transient and its sen-
sitivity analyses are performed using the Newmark’s time
integration method [23]. The Krylov basis vectors are gener-
ated by the block-Arnoldi algorithm [18, 20] which comprises
a series of static solutions; therefore, the computational costs
are significantly lower compared to when normal eigenvectors
are used. The Krylov vectors are numerically generated to be
orthonormal and very similar to LDRVs, except for the mass
orthonormality of LDRV. The Krylov subspace-based MOR
originates from applied mathematics, whereas the LDRV
method arises from engineering.

The remainder of the paper is organized as follows. In sec-
tion 2, the conventional method for transient response and the
design sensitivity analysis of a dynamic structural system are
briefly reviewed and then extended to the proposed method in
regard to Krylov-based MOR and Newmark’s time integration
scheme. In section 3, two application examples of a car body
and a stiffened plate are provided to demonstrate the numeri-
cal accuracy and efficiency of the suggested approach. In
terms of the accuracy of transient responses versus the orders
or reduced-order model (ROM), the error indicator is em-
ployed and studied. Computational costs between the full-
order model (FOM) and the ROMs are also compared and
discussed. Finally, concluding remarks are given in section 4.

2. Transient response and its design sensitivity analysis

2.1 Sensitivity analysis of transient response

A structural dynamics problem in finite element (FE) matrix
form is described by a second-order system of ordinary differ-
ential equations (ODEs)

MX(¢) + Cx(¢) + Kx(£) = F(7)

1
y(©) = Lx(1) M

where t is the time variable, x(t)e‘RN is a vector of state vari-
ables, and y(t)eR” is the output measurement vector. A set of
initial conditions and is assumed on x(t). The matrices M, C,
and KeR™V™ are the structural mass, damping, and stiffness
matrices of the system, respectively. FeR"™ and Le R”" are a
force vector and an output measurement matrix, respectively,
for the observation at certain points. N is the dimension of the
state variable vector x(t) and p is the number of output degrees
of freedom of the system. In most practical cases, p is consid-
erably smaller than N.
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The sensitivity of the transient response of the dynamic sys-
tem can be obtained by taking the first partial derivative of the
governing equation with respect to a chosen design variable b;
G=12,...,0:

MED | (O | ox(0)
ob, ob, ob,

J

_OF@®) 6_M . a_c . a_K

= _6b, ( % x(¢) + o, x(t) + o x(t)J 2)
v _y ox0
ob, ob,

The initial conditions for the sensitivity equation, x'(0)
and x'(0) are assumed accordingly.

The solutions of Egs. (1) and (2) can be obtained using a va-
riety of temporal discretization schemes available in the Ref.
[23]. Among the various methods, we employed Newmark’s
time integration method as described in the next section to
calculate the transient response and its design sensitivity.

2.2 Transient dynamic analysis using Newmark’s integra-
tion method

The equilibrium equation of motion in Eq. (1) at time t + At
can be considered as follows:

Mx , +Cx , +Kx,  =F 3)

n+l
where at time t + At, X, X x,, , and F,,, are the accel-
eration, velocity, displacement, and load, respectively. The
Newmark integration method assumes that the relationship
between displacement and velocity at time t + At from time t
is given as

n+l 2

X, =X, +[(1-0)X, + 0%, At 4)

X, =X, +X,At +[(§ —a)X, + aiiml]Atz Q)
where o and 6 are Newmark integration parameters that are
determined to obtain integration accuracy and stability. The
Newmark method is unconditionally stable for

azl(lmj and 5>L. ©)
4\ 2 2

2
The values o = %(% + §J and & = 0.505 are used in this

paper.

The solution for the displacement at time t + At in Eq. (3) is
obtained by first rearranging Eqs. (5) and (4) as follows:

inﬂ =a,(X,, —X,)— aZXn - a3in 7

n+l

Xn+] = Xn + aﬁxn + a7xn+l (8)

1 o 1 1

Where a0=—2 , [11:— , a2:— R a}:__l s
alt alt alt 2a
At
a4=£—1, a;=—(é—2j, a,=At(1-9),and a, =At.
a T2\«

By substituting Eq. (7) into Eq. (8), we can express each
equation for x , and x , in terms of the single unknown
X,+; and the previously known responses at time t. These two
equations for X , and x , are then combined with Eq. (3)
to solve for the unknown x,.;:

n+l

K, = ©)
K7 =aM+aC+K (10)

where

7 . .
F' =F_  + M(aox“ +a,x, + asx“)

n+l n+l

(11)

+C(ax, +a,x +aX ).

The initial conditions x(0)and x(0) in Eq. (1) are used to
initialize x,, x,, and X,. The solution process involves the
LU decomposition of the effective stiffness matrix K" into
lower and upper triangular matrices, K" = LU and the calcu-
lation of the effective load at time t + At, FZ . Then, forward
and back substitutions using L. and U are carried out to com-
pute the solution vector x,.; in Eq. (9). When the displacement
at time t + At, X,.; has been obtained, x , and x  can also
be calculated using Egs. (7) and (8).

For the sensitivity analysis of the dynamic transient re-
sponse, the following two approaches yield the same sensitiv-
ity equations. The first approach involves applying a temporal
discretization scheme to Eq. (2), which has been derived by
directly differentiating Eq. (1). Alternatively, the temporally
discretized equation in Eq. (9) can be differentiated with re-
spect to design variables. The differentiation of Eq. (9) yields
the following sensitivity equation:

n+l n+l

(a0M+a1C+K)%

J
_0F,, (E)M.. oc. oK J
=74 n+l

_Xn+l + _xn+] + - X
ab, | b, " ab, " b,

(12)

Ox 0x 0x

+M| a,—>+a,—*+a,—*
0b, ob, ob,

0x 0x 1)1
+C| a,—"+a,—+a,—|.
ob, ob, 0b,

Note that the derivation of Eq. (12) assumes that the time

interval does not depend on the design variables. The sensitiv-
ity equation is solved with a set of initial conditions, 6b0 ,

J

%y g Fo
ob, ob,
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Differentiation of Egs. (7) and (8) gives sensitivity equa-
tions of the acceleration and velocity vectors, respectively, at
time t + At.

R | Do O |, Ky Ky (13)
ab, b, ob, b, b,

R Py | Py B (14)
ob, ob,  "0b, ' ob,

Therefore, the value of the displacement sensitivity calcu-
lated by solving Eq. (12) can be substituted into the above two
sensitivity equations to obtain the derivatives of the accelera-
tion and velocity vectors in a manner similar to Egs. (7) and (8).

2.3 Design sensitivity analysis of transient response using
model order reduction

The basic aim of model order reduction based on the Krylov
subspace is to find a low-dimensional subspace V" *" of

x(#)= Vz(t) where z(t)eR", n<< N 15)

such that the trajectory of the original high-dimensional state
vector x(t) in Eq. (1) can be well approximated by the projec-
tion matrix V in relation to a considerably reduced vector z(t)
of order n. From this relation, the velocity and acceleration are
expressed as
X(t)=Vz(t), X(t)=Vi(). (16)
Provided that the subspace V is found, the original Eq. (1) is

projected onto V. Multiplying the obtained result by V' yields
the reduced system as follows:

VIMVi(t)+ V' CV (1) + VKV z(r) = V'E(t)
K

M, C, , F, (17)
y() =LV z(1)
L,
with the following initial conditions
2(0)=V'x(0), z(0)=V'x(0). (18)

The system matrices in the reduced system are denoted as

M,=V'™™MV,C,=V'CV,K,=V'KV, F,=V'F,and L,= LV.

The most efficient way to compute a reasonably accurate basis
for the Krylov subspace is implicit moment matching through
the Arnoldi process [18-20]. In terms of the moment-matching
method for a second-order dynamical system, it is shown that
the reduced system in Eq. (17) matches the first n moments of
the full-order system in Eq. (1) if the projection matrix V,, is
chosen from the nth Krylov subspace I, given as

colspan{V,} =% (K"'M,K'F) (19)
=span{K'F,(K"'M)K'F,---,(K"'M)""'K'F} .

Numerically, the Amoldi process generates the projection
matrix V, to be orthonormal. Thus, V'V = I,,. The initial con-
ditions on z(t) in Eq. (18) are obtained using Eq. (16) and the
orthonormality of V..

Note that the reduction of the dimension of the systems to n
<< N is achieved in Eq. (17) while the output vector y(t) re-
tains the same size as that in Eq. (1), with the result that tran-
sient dynamics responses can be very efficiently calculated
from Eq. (17).

By assuming that the projection matrix V in Eq. (15) can be
treated as constant with respect to the perturbation of a design
variable, i.e., 0V/ob;= 0, the first derivative of Eq. (15) be-
comes

OV, v 00 ox(t) _, 0u0) 20)
b,  ob,

ob, ob, ob,

J J

Consequently, the velocity and acceleration derivatives in
Eq. (16) become

Ox(1) _ y, Gilt)

ob, ob, an
OX(1) _ \, (o)
ob, ob,

Applying these three derivatives and Egs. (15) and (16) to
Eq. (2) and multiplying by V" on both sides yields the tran-
sient sensitivity equation for the reduced system as follows:

vimv 20 | yriey P20 | gy
. ob, —<— ob z

Mr

oz(t) _y,r OF(1)
ob, ob,

—(Vra—MVi(t) v i+ Vra—KVz(t)] (22)
ob, ob ob,

J

oY1) _ p y 02(0)

with initial conditions
Z,(0)=V'x,(0), ,(0)=V'% (0). (23)

Note that through Egs. (17) and (22), the transient responses
and their design sensitivities are efficiently calculated as a
result of achieving reduction in the dimension of the systems
ton<<N.

To numerically calculate the transient response and its de-
sign sensitivity, the same Newmark time integration procedure
is employed. If the reduced vector z(t) and its first and second
time derivatives at time t + At are denoted as z_,,, z_,, and
Z,., , respectively, then Newmark’s integration method yields

n+l 2
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the governing equation for the unknown z_ as follows:

n+l

K7z, =F] 24
K7 =aM, +aC, +K, 25)

where

F/ =V'F

n+l n+l

+My(aoz“ +az, +a3in) 26)
+C, (az, +az, +ai,).

The initial conditions z(0) and z(0) in Eq. (18) are used to
initialize z,, z,, and Z,. When the reduced vector at time t
+ At, z,., has been obtained, z, and z , are calculated
using the following relations:

n+l

i @7)

(28)

v = (2, —2,) - a2, —azZ,

inH = in + a(yin + a7in+l N

We can calculate the design sensitivity of the transient re-
sponse using the reduced order model (ROM) by applying the
sensitivity analysis formulation derived for Eq. (1) directly to
Eq. (17). The temporally discretized equation in Eq. (24) can
be differentiated with respect to design variables and can be
expressed as

oz r OF

(a,M, +a,C, +K )—L =y —
ob, ob,

dvMy; vy vy,
ob, ob, ob,
29)
oz,  oi 0z,
| ay—" —+a,—"
ab,

0z oz oz
+C,|a—"+a,—*+a,—"*|.
ob, 0ob, ob,
The sensitivity equation using the MOR is solved with a set

oz, 0z,
ob,’

, and —*, which are as-

of initial conditions, o
0b, ob,

sumed from Eq. (23).

The accuracy of the design sensitivities for the transient re-
sponses depends on the quality of the Krylov basis vectors V.
It has been reported that the assumption that the Krylov basis
vectors are treated as constant with respect to the perturbation
of a design variable is apparently feasible for the sensitivity
analysis of frequency response (FR) problems, and the accu-
racy of FR sensitivities calculated from ROMs was fairly
good compared to the case in which a FOM is used [2].

In order to obtain the derivatives of the acceleration and ve-
locity vectors in a ROM, the displacement sensitivity calcu-
lated by solving Eq. (29) can be substituted into sensitivity
equations for the acceleration and velocity vectors in a way
similar to Egs. (13) and (14).

S e N (30)
ob, b, db; | T ob, b,
o1,, On, i, 0@

—l gt 31
ob,  0b, b, b,

Finally, the values of transient sensitivity at the selected ob-
servation points are recovered by the following relations.

oY) _ 020 (32)
b, ob,

oy (1) LV 0z(t) 33)
ob, o,

MOy 2O (34)
b, 5 o,

This methodology has been programmed on the MATLAB
[24] with the FE information extracted from the FE package
ANSYS [25].

3. Numerical examples

3.1 Stiffened plate

A stiffened plate structure of 500 x 1,500 mm? is considered
to show the numerical efficiency and accuracy of the sug-
gested method (see Fig. 1). One quarter of the structure is
modeled because the structure is symmetric about both the X-
and Y-axis, and all the outer edges are clamped as a boundary
condition. The Young’s modulus E = 73 GPa, mass density p
= 7,850 kg/m3, and Poisson’s ratio v = 0.33 are used for the
structure. The full-order ANSY'S finite element model consists
of 5,280 shell elements and its total degrees of freedom (DOF)
isup to 31,051.

3.1.1 Transient responses

A step force of 1 kN is applied to the middle point (A) in
the Z-direction. The transient dynamic responses are observed
at points A and B as shown in Fig. 1. As a damping for the
system, Rayleigh damping with oo = 0 and 3 = 0.1 ms is as-
sumed. The transient responses are calculated until t = 0.1 s
with a time step of 1/2,000 s.

The transient responses using the FOM such as displace-
ment, velocity, and acceleration at the points A and B are
compared with those using ROMs of order n = 10 as shown in
Fig. 2. The displacement and velocity from ROM (n = 10) are
indiscernible in the time range of interest (see Fig. 2). The
approximate acceleration from ROM is extremely accurate at
B while it is less accurate at A and not able to perfectly trace
the high-frequency oscillations as shown in Fig. 2(c). How-
ever, the acceleration calculated using the ROM of order 30
gives a perfect match with that using the FOM.

In order to evaluate the accuracy of the approximate tran-
sient responses from ROMs, relative errors defined as Egs.
(35) and (36) are plotted in Fig. 3. The true relative error of
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A

Y
ZA/LAX F(1)

(a) Finite element model

Y Y
sz
f
Z 1 X> Z
% b
X

(b) Definition of design variables

Fig. 1. Finite element model of a stiffened plate and the definition of
design variables.

the root mean square (RMS) is defined as:

- \/f[y”(t")_y(tf)} -

t | 4=0 Y(t,)

where y,(t;) and y(t;) refer to the transient responses calculated
from a ROM of order n and the FOM in N; time points with a
time step of At, respectively. In this study, displacements at
points A and B are used for the evaluation. Because the com-
putational cost for calculation of y(t;) in Eq. (35) is too expen-
sive to use in many cases, we adopt the error indicator which
is expressed with responses from two successive ROMs as
follows:

=t \/"Z'[yn@)—yn“(n-)J | 56

t =0 y”+1(t:)

The relation E(n) = e(n) was observed for some electro-
thermal MEMS models in Ref. [21]. As shown in Fig. 3, this
problem has the same tendency. Therefore, it can be said that
even for structural dynamic models, the relation E(n) = e(n) is
valid and can be used to select the optimal order of ROM.

When the order of ROM is 10, the relative error E(10) is
about 10 and the ROM gives fairly accurate approximations
of displacement and velocity but less accurate acceleration.

A ——FOM(N=31,051)

6 ’\ = zzmROM(n=10)
_ / \ /\ JAVAVAVAVRN V.Y
IV ’
=2

ol AN s

A\ \/ V
_(%400 0.02 0.04 0.06 0.08 0.10

Time [s]

(a) Displacement in the Z-direction

——FOM(N=31,051)
2‘ A 2 ROM(n=10). .
- 1‘\ ) B
,EN 0 \/\M\ /X\ /\ A‘ NAINAF
= MY VYT
A

-2
0.00 002 004 006 008 0.10
Time [s]

(b) Velocity in the Z-direction

9000

—~—FOM(N=31,051)
6000 A e ~ROM(n=10)

3000 1
0
-3000
-6000
-9000

0.00 002 004 006 008 0.10
Time [s]

U" [m/s]

(c) Acceleration in the Z-direction

Fig. 2. Transient responses at points A and B (FOM and ROM (n = 10)).

10°
} : —Em)
: e o(n)
5 10°f
I '
B ! convergence
S 10
< 10 1vAa
~ : \-‘.v.\ .
1

ettt A

0 10 20 30 40 50 60 70 80 90 100
Order of ROM

Fig. 3. Relative error and error indicator for transient responses of the
stiffened plate model.

For n = 30, E(30) is around 10 and all the approximate tran-
sient responses match perfectly with those from the FOM. It
should be noted that one needs to increase the order of ROM
further if the accuracy level of approximate displacement is
necessary for approximate acceleration.

The convergence of the relative error occurs after the order
of ROM reaches 35 (see Fig. 3). This is due to the limited
numerical precision when the time integration is performed in
MATLAB, where floating-point numbers have a finite preci-
sion of roughly 16 significant digits [24].
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3.1.2 Sensitivity analysis of transient responses

The thicknesses of three parts of the stiffened plate are se-
lected as design variables for the transient sensitivity analysis.
They are the thickness of the vertical (b,), horizontal (b,) stiff-
eners, and plate (b;) (see Fig. 1(b)). In the initial design, the
design variables are b; = 2 mm, b, = 2 mm, and b; = 5 mm,
respectively. The design sensitivities of transient responses ex-
pressed by Egs. (2) and (22) are compared in Figs. 4-9 accord-
ing to the order of the ROMs. For numerical calculation, Egs.
(12) and (29) are used. The derivatives of system matrices in
the sensitivity equations are approximated by the semi-
analytical approach using the forward difference method with
0.1% design perturbations.

For simplicity, only the transient responses in the Z-
direction are considered. In terms of the transient responses,
the design variable b, has the largest sensitivities of displace-
ment and velocity. The accuracy of approximate sensitivities
using the ROM of order 10 is fairly good compared to that of
the FOM. For the responses at A, the approximate transient
sensitivities perfectly match those obtained from FOM, except
for the acceleration sensitivities with respect to by (see Fig.
6(c)). In the case of responses at B, the approximate sensitivi-
ties using the ROM (n = 10) are relatively accurate compared
to those using the FOM, but there are slight discrepancies at
initial time ranges and at some peaks. However, the computed
transient sensitivities from the ROM of order 30 perfectly
match all the sensitivities from FOM. Compared to Eq. (24),
Eq. (29) has more terms on the right side that need to be ap-
proximated to calculate their derivatives; consequently, the
accuracy of the transient sensitivities slightly decreases com-
pared to that of the transient responses only.

3.2 Car body

The second numerical example is a car body [2] as shown
in Fig. 10. The finite element model of the car body is discre-
tized into 91,525 shell elements, 4,017 weld spots, and 362
mass elements through the commercial FE package, ANSYS.
It has 93,349 nodes and the total number of DOF of the FOM
is as high as 535,992. The Young’s modulus E = 207 GPa,
mass density p = 7,800 kg/m’, and Poisson’s ratio v = 0.28 are
used for the shell elements. The various colors in Fig. 10 refer
to the varying thickness of each part. In this case, the car body
consists of 111 panels with thickness varying between 0.7 and
4 mm.

3.2.1 Transient responses

A step force of F, = 1 kN is applied in the Z-direction to a
mass element (point A of Fig. 10) which represents the engine
of the car. Four points at the bottom of the car body are fixed
as a boundary condition as shown in Fig. 9. Structural damp-
ing with Rayleigh damping constants oo = 0 and B = 1 ms is
assumed for the transient analysis. The transient analysis is
performed up to t =2 s with a time step of 1/1,000 s. The tran-
sient responses are observed at points A and B as shown in

Fig. 10. The latter point is located on the floor of the car body
under the driver’s seat.

The transient responses using the FOM at points A and B
are compared with those using ROM of the order n = 20 as
shown in Fig. 11. The approximated displacement, velocity,
and acceleration by ROM (n = 20) are visually almost in-
distinguishable up to t = 2 s from the exact transient responses
using the FOM (see Fig. 11).

In order to evaluate the accuracy of the approximate tran-
sient responses from ROMs, relative errors are plotted in Fig.
12. In this example, displacements at points A and B are used
for the evaluation. As shown in Fig. 12, this example has the
same trend as the first example and the relation E(n) =~ e(n) is
also observed. When the order of ROM is 20, the relative error
E(20) is about 10” and the ROM gives fairly accurate ap-
proximations of transient responses. The convergence of the
relative error occurs after the order of ROM reaches 60 (see
Fig. 12).

3.2.2 Sensitivity analysis of transient responses

Three parts of the car body are considered as design varia-
bles: (1) the panel separating the engine room from the cabin;
(2) both front fenders of the car; and (3) the central pillar as-
sembly with side members around the doors (see Fig. 10). In
the initial design, the design variables are b, = 0.8 mm, b, =1
mm, and by = 1.2 mm, respectively.

The design sensitivities of transient responses calculated us-
ing Egs. (12) and (29) are compared in Figs. 13-18 according
to the order of the ROMs. The derivatives of system matrices
in the sensitivity equations are approximated by the semi-
analytical approach, using the forward difference method with
0.1% design perturbations as the first example.

For simplicity, only the transient responses in the Z-
direction are considered. The design variable b has the largest
sensitivities of transient responses. In this case, the accuracy
of approximate transient sensitivities using the ROM of order
20 is fairly good compared to that of the FOM. For the re-
sponses at A, the approximate transient sensitivities perfectly
match those obtained from FOM. For the responses at B,
while the approximate sensitivities using the ROM (n = 20) is
relatively accurate compared to those using the FOM, slight
discrepancies occur near the starting time points. The approxi-
mate transient sensitivities of responses at B with respect to b,
are the least accurate and this is because their amplitudes are
much smaller than those of other design variables. These dis-
crepancies do not exist if the order of ROM is increased fur-
ther and the computed transient sensitivities from the ROM of
order 60 perfectly match all the sensitivities from FOM.

3.3 Comparison of computational cost

We have, heretofore, mainly demonstrated the numerical
accuracy of the approximate transient responses and their
sensitivities through the numerical examples. In this section,
the computational efficiency of ROMs is compared with the
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Fig. 10. Finite element model of a car body and the definition of design
variables.
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Fig. 11. Transient responses at points A and B (FOM and ROM (n =
20)).

FOM. The calculations were performed using MATLAB on
an HP workstation with dual Xeon W5590 processors and 96
GB RAM.

For the stiffened plate problem, the transient simulation us-
ing FOM takes about 112 s. On the other hand, ROMs with n
=10, 30, and 50 need highly reduced computational costs, that
is, 4.13, 5.46, and 7.02 s, respectively. The computation times
for ROMs are less than 6.3% of those for FOM. The computa-

Table 1. Computation times for the transient responses and their sensi-
tivities.

(a) Stiffened plate

Lo FOM ROM
Computation time(s)
N=31,051 n=10 | n=30 n=50
Preparation of ) 3 3 3
the system matrices
Generation of
ROMs - 1.1 24 3.8
Calculation of 112 0.03 0.06 022
transient responses ’ ’ ’
Calculation of
transient DSA 222 043 0.78 1.1
(b) Car body
L FOM ROM
Computation time(s)
N=535968 | n=20 | n=60 | n=100
Preparation of _ 40 40 40
the system matrices
Generation of
ROMs - 54 145 240
Ca.lculatlon of 38432 08 19 25
transient responses
Calculation of
transient DSA 79,200 42 6.8 232
10° -
1
5 s S((nn))
1
5 10°f !
.g ! convergence
=]
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< 10 10[ ! r'.‘_\-,.
m ' B ) STV SRy
|
1
10-1 5 1 1 1 1
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Order of ROM

Fig. 12. Relative error and error indicator for transient responses of the
car body model.

tion time of FOM for transient sensitivity with respect to each
design variable is roughly 222 s, while the ROM of order 30,
for example, takes 5.4 s to generate the Krylov vectors and
approximately 0.8 s to calculate the transient sensitivity. The
computational cost for calculating transient sensitivity is al-
most twice that of calculating the transient response because
the transient sensitivity calculation needs the solution of state
vector X in advance, as depicted in Eq. (2). Transient sensitiv-
ity calculations from ROMs with n = 10, 30, and 50 take 4.53,
6.18, and 7.7 s, that is, 2%, 2.8%, and 3.5% of that of the
FOM, respectively.

In the case of the car body problem, the transient simulation
using FOM takes about 38,430 s. On the other hand, ROMs
with n = 20, 60, and 100 need highly reduced computational
costs, that is, 94.8, 186.9, and 282.5 s, respectively. The com-
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putation time for the ROM of order 60 (which is accurate
enough for both transient response and its sensitivity), is less
than 0.49% of that for the FOM. The computation time of
FOM for transient sensitivity with respect to each design vari-
able is roughly 79,200 s, while the ROM of order 60, for ex-
ample, takes 185 s to generate the Krylov vectors and 6.8 s to
calculate the transient sensitivity. Transient sensitivity calcula-
tions from ROMs with n = 20, 60, and 100 take 98.2, 191.8,
and 303.2 s, that is, 0.13%, 0.24%, and 0.38% of that of the
FOM, respectively.

A considerable reduction is obtained in the computational
costs for transient responses and their sensitivity because of
the use of ROMs. The use of ROMs becomes more efficient
as the size of FOM increases. The extra computational cost to
prepare the system matrices and generate ROMs is minor
compared to the time integration of the FOMs. Note that the
computation times in Table 1 may vary slightly, depending on
the configuration of the computer used for operation, such as
the I/O rates of the hard disk drives and the number of proc-
esses.

4. Conclusion

Calculation of transient dynamic responses and their sensi-
tivities using the Krylov subspace-based MOR, shows that a
considerable reduction in computation time and a good agree-
ment with those provided by the FOM can be achieved. In the
methodology, the ROMs generated from the original FOM
using implicit moment-matching through the Arnoldi process
are used to calculate the transient response and its design sen-
sitivity. Newmark’s time integration method is employed to
calculate transient responses and their design sensitivities.
Concretely, the following conclusions can be drawn from this
study.

(1) For a stiffened plate with 31,051 DOF, a ROM of order
10 gives fairly accurate approximations of displacement and
velocity compared to those from the FOM. In the case of a car
body with 535,992 DOF, all the transient responses from a
ROM of order 20 are visually almost indistinguishable from
the exact transient responses using the FOM. However, it is
noted that one needs to increase the order of ROM further if
the accuracy level of approximate displacement is necessary
for approximate acceleration.

(2) For the proper order of ROM in terms of accuracy and
efficiency, the relation E(n) = e(n) can be used to determine an
optimal order of ROM because the structural dynamic exam-
ples in this paper have shown that the E(n) = e(n) relation is
valid.

(3) The assumption that the Krylov basis vectors are treated
as constant with respect to the perturbation of a design vari-
able seems feasible for transient responses as well as the fre-
quency response case. With this assumption, the transient
sensitivities calculated from a ROM with n = 30 for the stiff-
ened plate and n = 60 for the car body perfectly match all the
transient sensitivities from the FOMs. However, if the same

order of ROM is used, the accuracy of the transient sensitivi-
ties slightly decreases compared to that of the transient re-
sponses only.

(4) In general, the calculation of Krylov basis vectors for the
projection matrix is computationally less expensive than mo-
dal eigenvectors. Even numerical computation for Krylov
vectors is slightly less expensive than that of LDRVs because
of the mass orthonormality of LDRVs; therefore, the proposed
method is significantly efficient in approximating transient
response and its sensitivity, provided that the same formula-
tion in time integration is used.

Therefore, large-size transient FE models which have the
problem of high computational cost in gradient-based optimi-
zation iterations because of repeated transient analysis can be
efficiently handled using calculation of transient response and
its design sensitivity analysis through the suggested model
order reduction.
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