
 
 

 

Journal of Mechanical Science and Technology 27 (2) (2013) 491~500 

www.springerlink.com/content/1738-494x 

DOI 10.1007/s12206-012-1269-7 

 

 

 

 

Measurement uncertainties in resonant characteristics of MEMS resonators† 

Il Lee and Jungchul Lee* 

Department of Mechanical Engineering, Sogang University, Seoul, 121-742, Korea  

 

(Manuscript Received June 18, 2012; Revised November 3, 2012; Accepted November 12, 2012)   

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Abstract 
 

This paper reports measurement of random uncertainties in resonant characteristics (resonance frequency and quality factor) of micro-

electromechanical system (MEMS) resonators. We employ different methods to extract resonant characteristics of 4 different MEMS 

resonators which are either clamped-free or clamped-clamped beams. Each beam type operates either in air or in a partial vacuum, and 

therefore, different vacuum levels can be examined. Three different methods, including frequency sweep, impulse response, and thermal 

noise, are applied to each resonator type excited with electrostatic or piezo-crystal actuation. We make a thorough analysis and compari-

son for three different methods. Depending on device type and operating condition, there exists a better and recommended way to extract 

resonant characteristics of MEMS resonators. For example, the impulse response is best-suited for the quality factor measurement of a 

clamped-clamped beam operating in a vacuum. Our results show that the quality factor of MEMS resonators may be noticeably different 

and exhibit appreciable systematic and random uncertainties, and suggests a better way to extract the quality factor for a given situation.   
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1. Introduction 

Many systems in engineering and physics exhibit resonant 

behaviors characterized with resonance frequency and quality 

factor (Q-factor). When a small excitation is applied, a given 

system oscillates with larger amplitude at resonance than at 

other frequencies since the system can store energy. Q-factor 

is defined as a ratio of the stored energy to the dissipated en-

ergy during one cycle operation. It is a dimensionless number 

which characterizes the quality of the given resonator. Such 

resonance phenomena occur in various systems including 

mechanical [1], acoustic [2-4], electrical [5], magnetic [6], 

optical [7, 8], and molecular systems [9]. Especially in micro-

electromechanical systems (MEMS) resonators of our interest, 

both resonance frequency and Q-factor are popular research 

subjects [10]. For example, resonance frequency measure-

ments have been exploited in mass sensing applications [11, 

12], Q-factor measurements have been exploited in viscosity 

sensing [13, 14], and significant effort has been made towards 

Q-factor enhancement to improve the resonator performance 

[15, 16]. For such applications, it is prerequisite to make reli-

able and repeatable measurements on resonance frequency 

and Q-factor. 

Resonance frequency and Q-factor of MEMS resonators 

can be measured with and without active actuation [17]. When 

there is no active actuation, MEMS resonators are thermally 

vibrated and their noise spectra can be measured and analyzed 

to extract resonance frequency and Q-factor. This is often 

called passive method. With active actuation, MEMS resona-

tors are subjected to either frequency sweep or impulsive drive 

input and measured amplitude or phase responses are analyzed 

accordingly. It is obvious that results from a passive method 

significantly depend on the performance of measurement sys-

tems used such as dynamic range, sampling rate, and resolu-

tion [18]. However, it is not straightforward to know whether 

results from active methods also mainly depend on the per-

formance of measurement systems. 

In different laboratories, the same types of resonators with 

similar geometries and under similar environmental conditions 

may be actuated differently. For example, electrostatic [19, 

20], piezoelectric [21], thermomechanical [22, 23], or mag-

netic actuation [6, 24] are routinely employed. However, reso-

nance frequency and Q-factor are often reported without 

specifying the actuation scheme. Unless the actuation modu-

lates mechanical properties of resonators (for instance, peri-

odic heating during thermomechanical actuation changes the 

elastic modulus of the resonator material [22]), it is reasonable 

to assume that resonance frequency is determined consistently 

regardless of the actuation scheme applied. But there is still no 

guarantee that damping is independent of actuation. Thus, it is 

interesting to know how much Q-factor varies with respect to 

the actuation scheme applied and to quantify measurement 

uncertainties. Recently, research efforts have been made to 
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understand parameters or settings which possibly affect reso-

nant characteristics of MEMS resonators including tempera-

ture [2, 25], pressure [25, 26], and actuation scheme [27]. 

However, detailed and thorough investigation regarding meas-

urement uncertainties is still limited. Thus, it is necessary to 

specify measurement errors and to provide a guideline which 

suggests the best way to measure resonant characteristics pre-

cisely. 

In this paper, three different excitation methods (harmonic, 

impulse, and Brownian drive) are applied to both cantilever 

(clamped-free beam) and bridge (clamped-clamped beam) 

type MEMS resonators which operate either in air or in a par-

tial vacuum. In addition, each resonator is excited with elec-

trostatic or piezo-crystal actuation at various temperatures. For 

each operation condition, resonant characteristics such as 

resonance frequency and Q-factor are extracted by appropriate 

nonlinear curve fittings. Therefore, effect of the actuation 

scheme, device type, vacuum level, and operating temperature 

on resonant characteristics of MEMS resonators can be thor-

oughly examined. To be more specific, we focus on measure-

ment random uncertainties of resonant characteristics. 

 

2. Experimental setup 

Fig. 1 shows our experimental setup that is a homebuilt op-

tical-lever setup. A polarized laser (Coherent, LabLaser ULN) 

of which diameter, wavelength, and power are 1 mm, 635 nm, 

and 5 mW, respectively, is expanded about five times with a 

beam expander (Thorlabs, BE05M-A), goes through an iris, a 

polarizing beam splitter (Thorlabs, CM1-PBS251), a quarter 

wave plate (Thorlabs, WPQ10M-633), then is focused onto a 

MEMS resonator with a 10× microscope objective (Olympus, 

RMS10× NA = 0.25). The reflected light travels back to the 

polarizing beam splitter and is focused onto a two-segmented 

photodetector. MEMS resonators are driven using a custom 

drive circuit in conjunction with a function generator (Agilent, 

33250A) or a data acquisition card (National Instruments, NI-

USB6361). The photodetector output is monitored with an 

oscilloscope (Agilent, DSO1012A) and recorded in a PC 

through the data acquisition card. 

Four MEMS resonators are chosen in this work. Three of 

them are cantilevers and one of them is a bridge. Each resona-

tor operates either in air or in a partial vacuum, thus allowing 

different device types and vacuum ranges to be examined. 

Resonant characteristics of each resonator are summarized in 

Table 1. In addition, each resonator directly attached to a tem-

perature controllable mount can be excited electrostatically 

using integrated drive electrodes or acoustically using a piezo-

crystal (Physik Instrumente GmbH PL033.30). Therefore, 

actuation and temperature effect on resonant characteristics 

and measurement uncertainties can be investigated. 

 

3. Method 

Three methods are applied to extract resonance frequency 

and Q-factor. Representative plots, equations, and general 

characteristics of the three methods exploited in this work are 

summarized in Table 2. The first method is called “Frequency 

sweep (FS)” where active drive signals are swept around the 

resonance frequency while the amplitude and phase responses 

from the resonator are measured. For the FS method, 1 output 

and 2 input channels of the NI data acquisition card are used 

in conjunction with the NI Sound and Vibration Toolkit
TM

 to 

enable the frequency response function analysis. AC drive 

signals generated from the output channel which act as a ref-

erence are fed into one of the two analog inputs and measured 

photodetector signals are connected to the other analog input 

 
 

Fig. 1. Experimental setup used in this work. A polarized laser (d =

1mm, λ = 633nm, and P = 5mW) is expanded 5 times with a beam 

expander, goes through an iris, a polarizing beam splitter, a quarter 

wave (λ/4) plate, then is focused onto a MEMS resonator with a 10× 

microscope objective (NA = 0.25). The reflected light travels back to 

the polarizing beam splitter and is focused onto a two-segmented 

photodetector. The MEMS resonator is driven using a custom drive 

circuit in conjunction with a function generator or a data acquisition 

card. The photodetector output is monitored with an oscilloscope and 

recorded in a PC through the data acquisition card. 

Table 1. Summary of the resonant characteristics of 4 silicon MEMS 

resonators at 25˚C. 3 clamped-free beams (cantilevers) and 1 clamped-

clamped beam (bridge) are used. 
 

No. Device type 
Dimension 

(l×w×t)* [µm3] 

Resonance 
frequency 

[kHz] 

Q-Factor 

#1 Cantilever 1 406×28.5×12 
102.6903 

~102.6908 
9,000 

~14,000 

#2 Cantilever 2 406×28.5×12 
101.9275 

~101.9278 
600 

~800 

#3 Cantilever 3 110×35×1.0 
107.34 

~107.57 

210 

~250 

#4 Bridge 748×15.8×12 
89.646 

~89.722 

20,000 

~25,000 

* l : length, w : width, and t : thickness 
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channel. This is similar to a typical lock-in configuration and 

measurement. Maximum sampling rates of the NI-USB-6361 

are 2.86 × 10
6 
samples/sec and 2 × 10

6 
samples/sec for analog 

output and input, respectively. Thus, the FS method is avail-

able for frequencies up to ~300 kHz. For higher frequency 

range, combination of a function generator and an RF lock-in 

amplifier is recommended. Amplitude and phase data ac-

quired are fitted independently using 
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where f and fn is drive frequency and resonance frequency, Q 

is Q-factor, A0, and A1 are baseline offsets due to white noise, 

and F0 is the magnitude of the excitation (see Fig. 2(a)) [28, 

29]. The electrostatic actuation is an external excitation and 

the piezo-crystal actuation is an inertial excitation. Though 

their excitation mechanisms are different, their equations of 

motion are the same considering the spring-mass-dashpot 

lumped parameter model and using absolute and relative co-

ordinates for electrostatic and piezo-crystal actuations, respec-

tively. Therefore, Eqs. (1) and (2) can be applied to both ac-

tuation methods. For electrostatic actuation, Eqs. (1) and (2) 

can be directly applied to extract resonance characteristics. For 

piezo-crystal actuation, however, nonlinear curve fittings often 

become problematic without baseline adjustment. Prior to 

nonlinear fittings, non-flat baselines likely due to parasitic 

couplings are corrected. If either Eq. (1) or (2) is used at a 

time, resonance frequency and Q-factor from each curve fit-

ting are not necessarily same. Fitted results from Eqs. (1) and 

(2) are denoted by FS_A and FS_P, respectively. Once both 

amplitude and phase are combined and expressed in a com-

plex number format, nonlinear curve fitting using Eq. (3) re-

sults in a unique pair of resonance frequency and Q-factor 

(FS_C, see Fig. 2(b)). 

 

( )cos( ) ( )sin( )R IZ iZ X f iX f+ = Φ + Φ  (3) 

 

The second method is called “Ring-down (RD)” where the 

decaying sinusoidal oscillation is monitored after a short-

period active drive is applied. Agilent function generator 

33250A is operated in burst mode to provide a few cycles of 

sinusoidal drives once triggered. The number of cycles of the 

periodic drive necessary to saturate the amplitude response of 

a given resonator depends on the drive amplitude. In general, 

application of larger drive amplitudes requires smaller number 

of cycles. Once the burst drive stops, the resonator amplitude 

responses start to decay. A peak detection algorithm in a de-

caying sinusoid is employed to construct an envelope which is 

fitted using 
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where t0 is the time when the decay starts and A2 is the peak 

vibration amplitude before the burst drive stops [30, 31]. By 

adding t0 into the fitting equation, measurement random un-

certainties are significantly reduced (see Fig. 2(c)). 

The third method is called “Thermal noise (TN)” where 

thermal noise spectrum of the resonator is measured without 

excitation using the NI USB-6361. Due to the absence of ac-

tive drive, thermal noise spectrum is weak, thus, requires av-

eraging. In our measurements, five hundred spectra are aver-

aged since results from the TN method start to converge 

around an averaging cycle of 500. Depending on the fre-

quency span setting, such averaging could take up to 40 min-

utes. The current setup for acquiring thermal noise can be 

further improved by a high-end network or spectrum analyzer 

which exhibits better performance. 

During thermal noise spectrum acquisition, a Fast Fourier 

Transform (FFT) algorithm with six different window func-

tions (Blackman, Blackman-Harris, Exact Blackman, Ham-

ming, Hanning, and None) is used. Acquired thermal noise 

spectra are fitted by 
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where A3 is a baseline due to white noise and A4 is a fitting 

parameter that combines temperature, stiffness, and Boltz-

mann’s constant [32] (see Fig. 2(d)). Generally, a window 

function is used to minimize spectral leakage during FFT [33]. 

Table 2. Comparison between three different methods to extract reso-

nant characteristics (resonance frequency and Q-factor). The first 

method is called “Frequency Sweep (FS)” where the active drive sig-

nal is swept around the resonance frequency while the amplitude and 

phase responses from the resonator are measured in a lock-in configu-

ration. The second method is called “Ring-down (RD)” where the 

decaying sinusoidal oscillation is monitored after a short-period active 

drive is applied. The third method is called “Thermal Noise (TN)” 

where the thermal noise spectrum of the resonator is measured without 

excitation. Data from each method are fitted with equations tabulated 

to extract resonance frequency and Q-factor. 
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However, the FFT window function inevitably accompanies 

energy loss. As a result, extracted Q-factor using FFT tends to 

be smaller than the true Q-factor. Since the magnitude of such 

unwanted energy loss depends on the window function, it 

becomes a source of systematic uncertainty rather than ran-

dom uncertainty. Depending on the window function chosen, 

the resulting Q-factor can vary up to ~8 % while the random 

uncertainty is insensitive to the window function in our meas-

urements. In general, FFT without a window function (None) 

that exhibits Q-factor close to the average value from the six 

different window functions is used hereinafter. Although our 

main interest is to investigate measurement random uncertain-

ties, systematic uncertainties can be also examined if the en-

ergy loss encountered during FFT is corrected as recently 

reported in Ref. [18]. 

 
4. Results and discussions 

4.1 Actuation effect 

First, cantilever 1 (#1) device is tested with both electro-

static and piezo-crystal actuation at 25°C to check whether 

measured resonant characteristics depend on actuation scheme. 

While electrostatic actuation causes dynamic displacement 

only within the free standing region of each resonator where a 

drive electrode is located, piezo-crystal actuation induces dy-

namic displacement within the whole chip where the piezo-

crystal is mounted, including the clamped base and the free 

standing region. Fig. 3(a) shows normalized amplitude from 

FS method with two actuation schemes. In general, normal-

ized amplitude with electrostatic actuation is narrower than 

that with piezo-crystal actuation. For both actuation schemes, 

the peak shape of normalized amplitude (Full Width at Half 

Maximum : FWHM) is almost insensitive to the magnitude of 

driving force applied to each actuation scheme. Therefore, the 

observed trend can be thought to be actuation scheme depend-

ent. In phase responses shown in Fig. 3(b), the electrostatic 

actuation exhibits much sharper transition from in-phase to 

out-of-phase near resonance frequency. This sharper phase 

transition is in line with the narrower FWHM. Results from 

FS method are fitted with Eqs. (1), (2), and (3) to extract reso-

nance frequency and Q-factor. 

Next, RD method with two actuation schemes is applied to 

#1 device and decaying oscillation responses are fitted with 

Eq. (4). To compare five curve fittings of our interest, TN 

method is also applied to #1 device and acquired thermal 

spectra are fitted with Eq. (5), although this is a passive 

method without active actuation. Fig. 3(c) and (d) show reso-

nance frequencies and Q-factors from five different curve 

fittings. Data for TN method is shown in both top and bottom 

vignettes for comparison. General trends and nominal values 

of resonance frequency are independent of the actuation 

scheme. Active methods exhibit much lower random meas-

urement uncertainties. In contrast, Q-factors obtained with 

piezo-crystal actuation are much lower than those with elec-

trostatic actuation for both FS and RD methods. This is ex-

pected from the wider FWHM in amplitude responses with 

      

                                     (a)                                         (b) 

 

                            

                                  (c)                                           (d) 
 

Fig. 2. Resonant characteristics of the cantilever 1(#1) measured with three different methods at 25˚C. Electrostatic actuation is used for both the 

frequency sweep and ring-down methods. Resonance frequencies range from 102.6903 to 102.6908 kHz and Q-factors range from 13960 to 15417: 

(a) Either amplitude or phase information from the frequency sweep method is fitted (each fitting is designated with FS_A and FS_P, respectively); 

(b) Both amplitude and phase from the frequency sweep are fitted simultaneously (FS_C); (c) Decaying sinusoidal oscillation is measured by sud-

den stop of the excitation signal and fitted (RD); (d) Without excitation, thermal noise spectrum of the same cantilever is taken and fitted (TN). 
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piezo-crystal actuation shown in Fig. 3(a). From our experi-

ments, the piezo-crystal actuation seems to exhibit higher sys-

tematic uncertainty in Q-factor measurements than the electro-

static actuation, while it offers lower random uncertainty in both 

resonance frequency and Q-factor than the electrostatic actua-

tion. Electrostatic actuation will be used hereafter except for 

cantilever 3 (#3) which does not have electrodes for electrostatic 

actuation. 

 

4.2 Device type effect 

To examine the effect of device type on resonant character-

istics, cantilever 1 (#1) and bridge (#4) are chosen. Of note, 

both devices have high Q-factors. Fig. 4 shows resonant char-

acteristics measured with three different methods and five 

different curve fittings at 25°C. Resonance frequencies of #1 

range from 102.690 to 102.692 kHz and Q-factors of #1 range 

from 13961 to 15417 (see Fig. 4(a) and (b)). Resonance fre-

quencies of #4 range from 89.646 to 89.765 kHz and Q-

factors of #4 range from 7302 to 22598 (see Fig. 4(c) and (d)). 

Regardless of device type, RD and TN methods exhibit the 

lowest and highest random measurement uncertainties, respec-

tively, in both resonance frequency and Q-factor. For #1, Q-

factor from RD method is higher than that from other methods 

so it is possible that there is higher systematic uncertainty in 

RD method. For #4, Q-factor from TN method is much lower 

than that from other methods so it is likely that there is higher 

systematic uncertainty in TN method. This is due to the fact 

that #4 experiences appreciable time drift of resonance fre-

quency for unknown reasons and TN method requires the 

longest measurement time among three methods.  Though 

two extra bridge devices tested exhibit time drift similar to #4 

(results not shown), we are not absolutely sure that every high 

Q-factor bridge resonator would have similar level of time 

drift. However, it is obvious that TN method is least preferred 

for resonators having non-negligible time drift. 

 

4.3 Vacuum level effect 

Three cantilevers (#1, #2, and #3) are chosen to compare 

same type of resonators having different vacuum (or pressure) 

levels. All cantilevers have similar resonance frequencies 

around 100 kHz but quite different Q-factors since #1 and #2 

are vacuum packaged with different quality and #3 is exposed 

        

                                     (a)                                             (b) 

 

                  

                                    (c)                                              (d) 
 

Fig. 3. Experimental comparison between electrostatic and piezo-crystal actuation using cantilever 1 (#1) at 25˚C. Both drive schemes are applied to 

the frequency sweep and ring-down methods: (a) Normalized amplitude; (b) phase from the FS method. Full width at half maximum is narrower 

with electrostatic actuation than with piezo-crystal actuation; (c) Resonance frequencies; (d) Q-factors are extracted from corresponding curve fit-

tings. Each error bar indicates the standard deviation (1σ) from 5 consecutive measurements. General trends and nominal values of resonance fre-

quency are independent of the actuation scheme. However, Q-factor obtained with piezo-crystal actuation is much lower than that with electrostatic 

actuation. In addition, the piezo-crystal actuation offers lower random uncertainty in both resonance frequency and Q-factor than the electrostatic 

actuation. 
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to air. Fig. 5 shows resonant characteristics for three cantile-

vers chosen with three different methods and five different 

curve fittings at 25°C. Resonance frequencies of #1, #2, and 

#3 are 102.6903~102.6939, 101.9275~101.9278, and 

107.3428~107.5716 kHz, respectively (see Fig. 5(a)). Q-

factors of #1, #2, and #3 are 13962~15418, 795~885, and 

214~246, respectively (see Fig. 5(b)). Vacuum packaged de-

vices (#1 and #2) exhibit lower systematic uncertainties in 

resonance frequency than the device operating at atmospheric 

pressure (#3). TN method results in much lower random un-

certainties in Q-factor for #3 than those for #1 and #2 while it 

provides lower resonance frequency than other methods and 

      

                                           (a)                                         (b) 

 

      

                                          (c)                                       (d) 
 

Fig. 4. Resonant characteristics of cantilever 1 (#1) and bridge (#4) measured with three different methods and five different curve fittings at 25 ˚C. 

Electrostatic actuation is used for active methods: (a) Resonance frequencies of #1 range from 102.690 to 102.692 kHz; (b) Q-factors of #1 range 

from 13961 to 15417; (c) Resonance frequencies of #4 range from 89.646 to 89.765 kHz; (d) Q-factors of #4 range from 7302 to 22598. Each error 

bar indicates the standard deviation (1σ) from 5 measurements. Regardless of device type, the RD and TN methods exhibit the smallest and largest 

random measurement uncertainties, respectively, in both resonance frequency and Q-factor. For #1, Q-factor from the RD method is higher than that 

from other methods so it is possible that there is larger systematic uncertainty in the RD method. For #4, Q-factor from the TN method is much 

lower than that from other methods so it is likely that there is larger systematic uncertainty in the TN method. This is due to the fact that #4 experi-

ences appreciable temporal drift of resonance frequency for unknown reasons. 

 

      

                                      (a)                                              (b) 
 

Fig. 5. Experimental comparison of three different cantilevers (#1, #2, and #3) operating either in air or in a partial vacuum. #1 and #2 are vacuum 

packaged but the quality of the vacuum packaging is different and #3 is exposed to ambient air (atmospheric pressure). All cantilevers have similar 

resonance frequencies around 100 kHz but quite different Q-factors. (a) Resonance frequencies of #1, #2, and #3 are 102.6903~102.6939, 

101.9275~101.9278, and 107.3428~107.5716 kHz, respectively. (b) Q-factors of #1, #2, and #3 are 13962~15418, 795~885, and 214~246, respec-

tively. Each error bar indicates the standard deviation (1σ) from 5 consecutive measurements. 
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curve fittings for #3. In general, RD method results in higher 

Q-factor than FS method. RD method, however, results in 

higher Q-factor than TN method for #1 and #3 and lower Q-

factor than TN method for #2. Both quantitative and qualita-

tive comparison in systematic and random uncertainties ob-

served in different methods and curve fittings is possibly de-

pendent on operating/damping conditions. 

 

4.4 Temperature effect 

Resonance frequency of silicon MEMS resonators tends to 

decrease with increasing temperature since elastic modulus of 

silicon decreases [34]. Since resonance frequency is less sensi-

tive to methods/curve fittings than Q-factor, temperature de-

pendent resonance frequency change is not likely to be sensi-

tive to methods/curve fittings. However, it is not crystal clear 

whether heating is favorable to damping and whether tempera-

ture dependent Q-factor change is similar for different meth-

ods/curve fittings. To clarify these, resonance frequency and 

Q-factor of cantilever 1 (#1) are measured with three different 

methods at five different temperatures (20, 25, 30, 35, and 

40°C). Since results from FS method with three different fit-

tings are similar and indistinguishable when plotted together, 

results from FS_P, RD, and TN are shown in Fig. 6. In general, 

both resonance frequency and Q-factor decrease as tempera-

ture increases. Temperature coefficients of the resonance fre-

quency are 25.1, 24.8, and 24.9 ppm/°C for FS_P, RD, and 

TN methods, respectively. As expected, resonance frequencies 

extracted are insensitive to the method applied while Q-factors 

are method-dependent. As temperature increases, Q-factors 

from FS and RD methods decrease monotonically and Q-

factors from TN are somewhat insensitive to temperature be-

low 30°C and decrease beyond that. This is possibly due to the 

fact that TN method requires longer time for each run than 

other methods. Among three methods, RD method provides 

the highest Q-factor and TN method exhibits the highest ran-

dom measurement uncertainties in both resonance frequency 

and Q-factor. Table 3 summarizes fitting parameters and R-

squared values for each operating conditions investigated and 

fitting schemes employed in this work. 

 

5. Conclusions 

To quantify measurement uncertainties in resonance fre-

quency and Q-factor of MEMS resonators, and to investigate 

various parameters which affect resonant characteristics, three 

different methods and five nonlinear curve fittings are applied 

to both cantilever and bridge resonators which operate either 

in air or in a partial vacuum. In addition, each resonator is 

excited with electrostatic or piezo-crystal actuation at various 

temperatures. To summarize, piezo-crystal actuation results in 

higher systematic uncertainty and lower random uncertainty in 

Q-factor measurement than electrostatic actuation. Measured 

resonance frequencies are almost independent of the actuation 

scheme applied. Active and passive methods do not provide 

identical results in both resonance frequency and Q-factor. 

Measured resonance frequency and Q-factor even depend on 

the active method (frequency sweep or ring-down) used and 

the nonlinear curve fitting chosen. In general, frequency 

sweep method with phase fitting is recommended since it 

provides the lowest random uncertainty and the highest fitting 

quality as summarized in Table 3. For resonators having non-

negligible time drift of resonance frequency, TN method is not 

recommended. General trends and magnitude comparisons of 

resonance frequency and Q-factor from different curve fittings 

change depending on the surrounding pressure. For three dif-

ferent methods, resonance frequency linearly decreases with 

temperature, and temperature coefficients of resonance fre-

      

                                     (a)                                                (b) 
 

Fig. 6. (a) Resonance frequencies and (b) Q-factors of cantilever 1 (#1) measured with three different methods/curve fittings (FS_P, RD, and TN) at 

five different temperatures (20, 25, 30, 35, and 40°C) are compared. Each error bar indicates the standard deviation (1σ) from 5 consecutive meas-

urements. In general, both resonance frequency and Q-factor decrease as temperature increases. Temperature coefficients of the resonance frequency 

are 25.1, 24.8, and 24.9 ppm/˚C for FS_P, RD, and TN methods, respectively. Resonance frequencies extracted are insensitive to the method applied 

while Q-factors are method-dependent. Among three methods, RD method provides the highest Q-factor and TN method exhibits the highest ran-

dom measurement uncertainties in both resonance frequency and Q-factor. 
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quency are almost similar. Q-factor, however, may not vary 

always in a monotonic fashion as temperature increases. 

Our results suggest a better method for precision measure-

ments of resonance frequency and Q-factor for some situa-

tions and recommend specifying experimental conditions 

including the actuation scheme when reporting resonant char-

acteristics of mechanical resonators. 
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Table 3. Summary of fitting parameters and R-squared values for each operating condition and fitting function. Actuation is applied to FS and RD 

methods only. 

 

Device and condition Methods f [Hz] 
f

σ  [Hz] Q 
Q

σ  R2
 

#1 at 25°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

102691.4 

102691.4 

102691.4 

102691.0 

102692.8 

0.43 

0.43 

0.43 

0.09 

5.75 

14228.93 

14009.66 

14072.21 

15088.36 

14053.91 

240.37 

10.30 

88.78 

42.11 

552.94 

0.99912 

0.99993 

0.99946 

0.99298 

0.94695 

#2 at 25°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

101927.8 

101927.8 

101927.8 

101927.5 

101927.5 

0.25 

0.13 

0.17 

0.54 

0.57 

795.21 

796.65 

796.77 

844.55 

884.98 

1.51 

0.70 

0.49 

22.30 

15.17 

0.99992 

0.99997 

0.99995 

0.98191 

0.98342 

#3 at 25°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

107571.6 

107553.4 

107564.5 

107565.1 

107342.8 

0.24 

0.13 

0.10 

7.86 

5.76 

214.37 

228.59 

220.21 

246.35 

228.72 

0.16 

0.16 

0.05 

1.97 

0.51 

0.99937 

0.99971 

0.99947 

0.98726 

0.87043 

#4 at 25°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

89722.38 

89722.06 

89722.19 

89646.45 

89765.88 

4.88 

4.88 

4.88 

1.36 

34.93 

21510.58 

22598.23 

22431.27 

22315.82 

7302.81 

412.95 

364.36 

246.92 

31.09 

2188.07 

0.99774 

0.99956 

0.99584 

0.98965 

0.88945 

#1 at 20°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

102703.8 

102703.7 

102703.8 

102703.0 

102703.2 

0.12 

0.11 

0.11 

0.11 

0.51 

14098.88 

14316.99 

14238.70 

15639.70 

13760.24 

221.30 

67.30 

97.97 

31.28 

482.75 

0.99943 

0.99984 

0.99956 

0.99842 

0.97012 

#1 at 30°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

102677.5 

102677.5 

102677.5 

102677.3 

102676.8 

0.15 

0.12 

0.13 

0.10 

0.49 

13559.79 

13515.08 

13521.53 

14469.77 

14771.05 

205.70 

39.51 

74.99 

76.56 

651.89 

0.99947 

0.99992 

0.99963 

0.99811 

0.95034 

#1 at 35°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

102664.0 

102664.0 

102664.0 

102664.7 

102664.5 

0.16 

0.09 

0.12 

0.07 

0.45 

12892.04 

12939.76 

12917.37 

13797.35 

12644.63 

301.64 

89.19 

124.45 

42.30 

420.79 

0.99883 

0.99976 

0.99924 

0.99640 

0.98302 

#1 at 40°C 

(electrostatic actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

102653.0 

102652.9 

102653.0 

102652.3 

102651.7 

0.17 

0.14 

0.14 

0.12 

0.16 

12122.19 

12460.21 

12353.75 

13704.22 

11193.06 

437.93 

39.89 

130.51 

51.48 

368.91 

0.99924 

0.99989 

0.99944 

0.99347 

0.99072 

#1 at 25°C 

(piezo-crystal actuation) 

FS_A 

FS_P 

FC_C 

RD 

TN 

102691.7 

102691.6 

102691.7 

102691.1 

102692.8 

0.09 

0.11 

0.10 

0.00 

5.75 

10574.37 

10672.17 

10644.23 

13140.89 

14053.91 

52.84 

44.31 

32.11 

30.83 

552.94 

0.99973 

0.99995 

0.99984 

0.99729 

0.94695 
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