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Abstract

In this paper, static bending analysis of functionally graded plates with piezoelectric layers has been carried out considering geometri-
cal nonlinearity in different sets of mechanical and electrical loadings. Only the geometrical nonlinearity has been taken into account. The
governing equations are obtained using potential energy and Hamilton’s principle. The finite element model is derived based on constitu-
tive equation of piezoelectric material accounting for coupling between elasticity and electric effect by using higher order elements. The
present finite element used displacement and electric potential as nodal degrees of freedom. Results are presented for two constituent
FGM plate under different mechanical boundary conditions. Numerical results for FGM plate are given in dimensionless graphical forms.
Effects of material composition and boundary conditions on nonlinear response of the plate are also studied.
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1. Introduction

Recently, the use of functionally graded materials (FGMs)
has gained intensive attention in extreme high stress environ-
ment and deducing high thermal stresses. FGMs are inhomo-
geneous materials of which the material properties vary con-
tinuously in one or more directions. The coupled mechanical
properties of FGMs caused much application in the structures.
This new materials has been emerged, in which the material
properties are graded but continuous throughout the thickness
or any other direction [1]. This is obtained usually by gradu-
ally changing the composition of the constituent materials
through the thickness. Numerous reports on a wide range of
topics related to FGMs have been presented since the concept
of FGMs was introduced in the analysis and modeling of such
materials. Praveen and Reddy [1] presented the nonlinear stat-
ic and dynamic response of functionally graded ceramic-metal
plates using finite element model that accounts for Von-
Karman nonlinear behavior. Yang and Shen [2] investigated
nonlinear bending analysis of shear deformable FGM plates
subjected to thermo-mechanical loads under various boundary
conditions. They used a semi-numerical approach to calculate
the nonlinear response of the FGM plate. Sundararajan et al.
[3] presented the nonlinear formulation based on Von-
Karman’s assumptions to study the free vibration characteris-

“Corresponding author. Tel.: +984123459465, Fax.: +98 412 3444309
E-mail address: behjat@sut.ac.ir

TRecommended by Associate Editor Heung Soo Kim

© KSME & Springer 2012

tics of functionally graded material (FGM) plates subjected to
thermal environment. The material is assumed to be tempera-
ture dependent and Mori-Tanaka homogenization method was
used. The geometrically nonlinear transient response of sim-
ply supported imperfect functionally graded plates in thermal
environments is investigated by the Yang and Huang [4]. An
imperfection function is used to model general forms of initial
geometric. Based on the first-order shear deformation plate
theory with Von-Karman non-linearity, the non-linear axi-
symmetric and asymmetric behavior of functionally graded
circular plates under transverse mechanical loading are inves-
tigated by the Nosier and Fallah [5]. They introduced a new
stress function and a potential function to obtain uncoupled
equations of FG plates. Zhao and Liew studied the nonlinear
response of functionally graded ceramic—metal plates and
shell panels under mechanical and thermal loading [6, 7]. The
nonlinear formulation is based on a modified version of Sand-
er’s nonlinear shell theory, in which the geometric nonlinear-
ity takes the form of von Karman strains. They used element-
free Kp-Ritz method to analyze the nonlinear behavior of the
plates and shells. Jafari et al. [8] studied free vibration analysis
of a circular FGM plate with the piezoelectric layers in top
and bottom of the plate using classical plate theory. Orak-
dogen et al. [9] investigated the coupling effect of extension
and bending in functionally graded plate subjected to trans-
verse loading for Kirchhoff-Love plate theory equations. A
nonlinear bending analysis is presented for a simply supported,
functionally graded plate resting on an elastic foundation of
Pasternak type by the Shen and Wang [10]. The plate is ex-
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posed to elevated temperature and is subjected to a transverse
uniform or sinusoidal load combined with initial compressive
edge loads. Nie and Zhong [11] studied dynamic analysis of
multi-directional functionally graded annular plates using a
semi-analytical numerical method entitled the state space-
based differential quadrature method. Levyakov and Kuznet-
sov [12] tried to construct a computationally effective curved
triangular finite element for geometrically nonlinear analysis
of elastic shear deformable shells fabricated from functionally
graded materials. The focus is on the concise finite-element
formulation under the demand of accuracy-simplicity trade-off.

Based on the coupled mechanical and electrical properties,
piezoelectric structures have found much application as sen-
sors and actuators for the purpose of monitoring and control-
ling the response of structures, respectively [1]. Also, piezo-
electric materials have new applications for
electromechanical systems and intelligent material systems,
especially in the medical and aerospace industries [13]. Here,
some of the works that have been done in this field are men-

micro-

tioned.

An efficient finite element formulation based on a first-
order shear deformation theory is presented for the active con-
trol of FGM plates with integrated piezoelectric sen-
sor/actuator layers subjected to a thermal loading by the Liew
et al. [13, 14]. This is accomplished using both static and dy-
namic piezo-thermoelastic analyses. Woo and Goo [15] pre-
sented the evaluation of a plate-type piezoelectric composite
actuator with a thin sandwiched plate having four kinds of lay-
up configurations by analyzing the flexural displacement.
Panda and Ray [16] studied a nonlinear static finite element
analysis of simply supported smart functionally graded plates
in the presence/absence of the thermal environment. The sub-
strate FG plate is integrated with the patches of piezoelectric
fiber reinforced composite material. Xia and Shen [17] pre-
sented nonlinear vibration and dynamic response of FGM
plates with piezoelectric fiber reinforced composite actuators.
Ebrahimi et al. [18] suggested a theoretical model for geomet-
rically nonlinear vibration analysis of piezoelectrically actu-
ated circular plates made of functionally grade material based
on Kirchhoff’s-Love hypothesis with Von-Karman type geo-
metrical large nonlinear deformations. And finally Behjat et al.
[19, 20] presented the analysis of the static bending, free vi-
bration, and dynamic response of FGPM panels and plates by
finite element method. The nonlinear dynamic response and
active vibration control of the piezoelectric functionally
graded plate are analyzed by the Yiqi and Yiming [21].

This paper investigates the static analysis of functionally
graded plates with piezoelectric layers under electrical and
mechanical loadings. Geometrically nonlinear behavior of the
plate has been taken into account. The analysis is carried out
using nonlinear finite element method. Extensive numerical
results are presented in graphical forms to give an insight into
the influences of material composition and the type of loading
on the nonlinear static behavior of FGM plate as an example.
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Table 1. The material properties of FGM layer and piezoelectric layers
used in this article [13, 24].

Qu v a1 | 651 Ky, K33

Aluminum 70 | 0.3 - - - -

Zirconium | 151 | 0.3 - - - -

PZT-4 741 | 03 | 52| 12.7 | 0.646 x10® | 0.562 x 10*
te
- a‘- &,2
h v y b
. " ¥ %}1 .'P
a
FGM Layer

Piezoelectric Layer

Fig. 1. Geometry and description of the FGM plate with piezoelectric
layers.

2. Problem explanations

2.1 Functionally graded plates

An orthogonal coordinate system (&, &, &) is chosen such
that &; and &, are lines of in plane of the neutral surface and &;
defines the normal axis. The plate has the thickness h, length
of a and b in each direction respectively. The functionally
grading is in the thickness direction of the plate, made of two
kinds of materials, the effective properties can be expressed
as:

Fy (&) =RV, (&) + B(1-V,(5)) M

where P, is the effective material property of the FGM plate,
P, is upper surface property of FGM plate, P, is the lower
surface property of FGM plate, and V,, is the volume fraction
of the functionally gradient piezoelectric material which can
be written as:

_ &Y
v, _(0.5+ h] , )

2.2 Geometry and material composition

In this part of paper we explain the geometry, boundary
condition and materials of the functionally graded plate. The
boundary conditions of the plate under current consideration is
four edge simply supported (SSSS) in the first case and four
edge clamped (CCCC) in the second case (Fig. 1). The piezo-
electric material used in this paper is PZT-4 and the FGM
layer consists of Aluminum and Zirconium and its properties
are listed in Table 1. The geometry of the plate is described in
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Cartesian coordinates (§;, &, &) and the dimensions of the
plate are defined by the same length and width of @ = b = 300
mm and thickness of 2 =12 mm for functionally graded layer
and 4,= 0.15 mm for each piezoelectric layer as described in
Fig. 1.

3. Theoretical formulations

3.1 Piezoelectric materials constitutive relations

The constitutive relations describing the electrical and me-
chanical coupling for piezoelectric layers based on linear pie-
zoelectricity theory can be expressed as [19]

)

=Q¢ e’

=ec+K

Qi

&)
“4)

O
o1

Here, 6 and & are the stress and strain tensors respec-
tively, D is the electrical displacement vector, E;= -, is the
electrical field vector and ¢ is the electrical potential, Q is the
Elasticity matrix, e is the piezoelectric constant matrix and K
is the dielectric permittivity coefficient matrix. The material
property gradient is assumed to be in the thickness direction
base on power law distribution. The displacement-strain rela-
tions that considering the geometric nonlinear terms can be
defined as:

O, Ou, | Ou, O,
0¢,  0¢ " 0,05

1
=

=5

Q)

3.2 Weak forms

The potential energy U stored in a lamina comprises the
various components strain energy, piezoelectric energy and
electrical energy is given by [22]

1 1
U=|| z¢,0;,——=ED; |dV. 6
Iﬁ(zgyo-y 5 i 1) ()

Integrating over the element results in the weak forms of
Equations [13]:

[2(=0U +6W,)dt=0. @)

n

Here, t; and t, denote two arbitrary times values and is not
real time variable, so the final equations will not depend on
the time necessarily, § is the variational operator and W, is
the work done by external forces. The variation of these pa-
rameters can be written as:

Wy =, 6u' fyd"V +5u" [+
®)
-7 — —T -~
[o. (0w [ +50 q)d"s

SU :I( 58T (Q"NE —""YE) ) dv
4

- _ )
j—c?ET(e”AéE TKYE Ydy
14

where ¢q is the electrical surface charge, f,, f. and f, repre-
sent the body forces, concentrated load and specified surface
traction, respectively. “V and S denote the volume and surface
of the element in the first step of the analysis. To obtain the
proper form of the equations, the Green-Lagrange strain tensor
can be written in linear and nonlinear parts as below:

o€ = ol t oKy (10)

where gy; and (x; are the linear and nonlinear part of the strain
tensors, respectively. Substituting Egs. (6), (8) and (10) into
Eq. (7) yields the final form of the Hamilton’s principle which
is used to obtain the stiffness matrix of each element. The
variational form of the Hamilton's principle that takes into
account boundary conditions can be written as:

[(~silpii - 527 [0z - 58" [e]T E
4

+5ET[e]é + SET[k|E+sal f,)av an

T N T
+[(0i f+q.06)da+ T si’ [ =0,
y i=1

Considering Eq. (10) and doing some simplifications of the
Hamilton's principle, the final form of this principle can be
written as:

[ il pinyave | 56 Q" eavs [ o7 bSav
4l 4l 4l
+ ] 5 b8 v | (52TeT(’+A(§E)+5ﬁTeT0’E) dv
y0 y0 (12)
+ [ (OETefs+5ETeferav++ f (SETK"™E) dv
VO o

N
+ I sil7, av +I(5ﬁrﬁ+qe spyda+y sl f=0.
yo A i=1
3.3 Finite element model

The Mindlin-Reissner plate theory is used to formulate the
plate. The displacements field at the element can be defined in
terms of nodal variables as follows [17]:

q & 4
u= 3 hu += % ahV, (13)
k=1 2 k=1
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where 17,5 is the unit vector in each node that is normal to
the mid-surface of the element, /% is the higher order shape
function [24], U ={u,, v,;, W, o, B;} fori=1, ..., 16 are
generalized nodal displacements and ak is the thickness of the
plate in each node. The shape functions can be defined as
below:

h‘.:%(r+n)2(r0—2)(s+s[)2(s0—2), (i=1,5,9,13)

i

b= 7 (40 (1=0)(5+5) (5,-2), (=2 ,6,10,14)
hl-:%Si(r+ri)2(r0—2)(s+si)2(l—so), (i=3,7,11,15)

gi4=% r,.s,.(r+;7)2(1—r0)(s+si ) ( 1-s), (i=4,8,12,16)
(14)

where 7, =rr, , s,=s5, (15)
and s; , 1; are the coordinate of the each node in natural coordi-
nate system. Also the electric potential through the thickness
has the linear form [19] and can be written as:

16
p(r.s,&)= Zlgoi (&) (r.s) (16)
i=

where @ ={g,, ..., ¢} are the nodal electric potentials in a
local coordinate system. The linear and nonlinear parts of
Green-Lagrange strain and the electric field vector E can be
written in terms of nodal variables as:

e e —e

o7=Bu’ . gk=Byu’ , E=-B,p . (17a-c)

The B, , By and By are matrices that relate the nodal vari-
ables with the field variables [23]. Since there are 3 layers in
the plate, the integration is done for each layer separately and
total stiffness element matrix is the sum of the three layers
matrices. Substituting Egs. (16) and (17) into Eq. (12) yields
the final element equation as below:

(KL+KNL_HNL)U._KW&:E_:’F._(;FIW (18)

K, U-K, $=F —Fp—Fy (19)
Where Hy;, Ky, Ki, K, and K are the linear and the linear
and nonlinear stiffness matrices that can be obtained from Eq.
(12) and has the relations with matrices B, , By and By, as
below:

oHy = I 0B P By dv (20

VO

oK = _[ 0B 0S 0By dv @n

s

oKy = | 0B QB dv (22)
Vﬂ

0K, = [ iBLeiB,dv (23)
VU

K, = [ 4B KB, dv (24

yo

where the matrices ;S and P are second Piolla-Kirchhoff and
electric field stiffening matrices and define as:

e30Esl; 0 eisoEily
P=y 0 es0Esly  esgbal; (25)
esoEly esoBals esgksly
oSuls oSl oS3l
0S=1051203 0Snls (Suls (26)
0Si3ls 0823l 083315

where I; is the 3%3 identity matrix and O’Sl-j is the components
of the second Pioalla-Kirchhoff stress tensor in time ¢.

4. Results and discussion

The aim of this section is to apply the proposed plate ele-
ment to the nonlinear static analysis of a FGM plate with the
piezoelectric layers under different sets of mechanical and
electrical loadings. In order to verify the accuracy and effec-
tiveness of finite element model based on the above men-
tioned theory, the numerical results obtained by the present
model are compared with available solutions reported in the
literature. The plate under current consideration is simply
supported or clamped in four edges. Also it is worth to note
some points about the numerical method that is used in this
paper to obtain the nonlinear response of the plate. The mod-
els are analyzed by MATLAB-R2008a software. The modi-
fied Newton-Raphson method is chosen to solve our problem
and the internal energy convergence is used as convergence
criteria [23]. Also 36 (6x6) rectangular elements are used to
model the plate and Gauss Quadrature rule is employed for the
integrations of plate in each direction. The Total Lagrangian
method is used to calculate the nonlinear response of the plate.

4.1 Comparison studies

To ensure the efficiency and accuracy of the present meth-
odology, two illustrative examples were solved for static lin-
ear analysis of FGM plates with piezoelectric layers in first
example and nonlinear static response of FGM plates in the
second example.

Example 1. In this example we examine the linear static re-
sponse of the FGM plate with piezoelectric layers. The model
under consideration is a cantilevered FGM plate consisting of
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Table 2. The material properties of FGM layer and piezoelectric layers
used in the example 1.

Table 3. Number of iterations in each load step by energy convergence
criterion &, =0.01.

Qu v ds; ds, Kss Load parameter | Number of iterations Dimensionless deflection
Al”“?g‘”m 3202 | 026 . ; ; 5 11 0.088
oxice 15 13 0219
Ti-6A1-4V | 105.7 0.29 - - -
25 13 0.331
G-1195N 63 0.3 | 254x10" | 254x10" | 0.15<10*
35 12 0.412
45 12 0.487
018 55 12 0.558
oer g 65 10 0.635
o4 7 75 9 0.681
z 012 1 85 10 0.749
$ 1 95 8 0.787
E 0.08 1
8
0.06 - q 1.4
0.04 —
—— Present 125 ]
002 e He etal. [24]| |
----- L L L L L L L Us 7
GO 50 100 150 200 250 300 350 400
x axis distance (mm)
0.8~ q
Fig. 2. Centerline deflection of the CFFF FGM plate with piezoelectric £
layers and comparison with Ref. [25]. 0.6 1
0.45 4
----- n=0.5(Zhao and Liew )
y =& n=0.5
combined Aluminum Oxide and Ti-6A1-4V material con- oz 2 oandtion) |
stituents. The piezoelectric layers consist of G-1195N in the ‘ ‘ ‘ ‘ ‘
% 20 40 60 80 100 120

top and bottom surfaces of the FGM plate as shown in Fig. 1.
The plate is square with the same length and width of 0.4 m
and thickness of 5 mm, and piezoelectric layers have thickness
0.1 mm. The material properties are given in Table 2. The
static deflection of the plate with the power law exponent n =
0.5 is compared by the results reported by the He et al. [24] in
the Fig. 2. As it is seen from the figure, the present results are
in good agreements with the data given by the He et al. [25].

Example 2. In the second example we compare the nonlin-
ear static response of the FGM plate. The thickness of FGM
plate is 10 mm. The dimensions of the plate are defined by the
length a=b=200 mm. The panel is subjected to uniform
pressure load. The plate consists of Ti—-6A1-4V and Alumi-
num Oxide. The properties of each constituent, including
Young’s modulus and Poisson’s ratio are listed in Table 2.
The curve of static center point deflection for the FGM plate
subjected to mechanical loading, for n=0.2 and n=0.5 is
plotted in Fig. 3 and compared with the results of Zhao and
Liew [7]. From these results, it can be observed that the pre-
sent analysis results are in good agreements with the results of
Zhao and Liew.

Example 3. In this example we examine the convergence
rate of our numerical solution. To investigate such parameter,
the energy convergence criterion, &, [23] has been investi-
gated in this section. Such parameter takes into account the
amount of work done by the out-of balance loads on the dis-
placement increments. This parameter defined versus out of
balance forces and displacement fields as:

load parameter

Fig. 3. Nonlinear central deflection for simply-supported Plates and
comparison with the results of Zhao and Liew [7].

AUOT (148 g _ 48 (1), SEE(AU(I)T(HAtR_ 7. 27)

In this equation, the U shows deformation vector, and su-
perscript "i" shows the number of iteration in load step. Since
this parameter contains both displacements and forces, it is in
practice an attractive measure. The model under consideration
is a FGM plate with piezoelectric layers. The material, geome-
try and boundary conditions are same as plate discussed in
example 1. Table 3 shows the number of iteration in each load
step that satisfies the condition ez = 0.01. As it is seen from
Table 3, the iterations that satisfy the above mentioned condi-
tion is high in first load steps and by adding in load steps, the
iterations decreases.

4.2 Mechanical loading

The FGM plate is initially subjected to mechanical loading.
The boundary conditions of the plate are four edge simply
supported (SSSS) and four edge clamped (CCCC) in the sec-
ond case. The influence of the constituent volume fractions is
studied by varying the mixing ratio of the Aluminum and Zir-
conia. This is carried out by varying the value of the power
law exponent, n. The FGM plate is subjected to uniformly
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Fig. 4. Linear deflection of the plate in mechanical loading: (a) Simply
supported; (b) Clamped.
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Fig. 5. Dimensionless induced voltage in linear analysis for two
boundary conditions.

varying distributed load. In the first case the linear analysis of
the plate has been done. The plate subjected to the uniformly
distributed load q =2 MPas. As it can be seen from the Fig. 4
by increasing the values of the n, dimensionless deflection of
the plate, w = w/h, decreasing. This is correct as the elastic
modulus of Zirconia is higher than that of Aluminum and
increasing of n leads to decrease in Aluminum constitution.
Fig. 5 depicts the dimensionless maximum induced voltage,
— _ ¢k33

o’ in the plate in linear analysis versus power law
1

exponent. As it can be seen from this figure, by increasing the
values of n, the induced voltage in the plate is decreased. This
is true because by increasing the n, the deflection in the plate

decreased. Fig. 6 shows the maximum deflections of the plate
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Fig. 6. Maximum deflection of the plate versus load parameter q : (a)
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Fig. 7. Maximum voltage induced in the plate
(a) simply supported; (b) clamped.

versus load parameter:
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Dimensionless Deflection
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Fig. 8. Deflection of the plate under electrical loading in linear analysis.
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Dimensionless Voltage

Fig. 9. The deflection of the plate under the electrical loadings for

clamped boundary conditions.

ga*
E it

versus load parameter ¢ = in nonlinear analysis. It can

be seen that the central deflection for plates with different

volume fraction exponents increases for higher values of loads.

Also by increasing the load the deflection curve deviates in
higher rate from the linear response. This is to be expected,
because by increasing the deflection, nonlinear stiffness ma-
trix [Kyi ], has much influence on the response of the plate and
stiffness of the plate decreases and subsequently deflection of
the plate increases. Fig. 7 shows the dimensionless electric
potential versus the load parameter of the plate for two bound-
ary conditions. It can be observed that electrical potential of

the piezoelectric layer generally decreases with the values of n.

This is correct because by increasing the values of the n, the
deflection in the plate decreases and subsequently the induced
voltage in the piezoelectric layers decreases.

4.3 Electrical loading

In this section the FGM plate with piezoelectric layers is in-
vestigated by the proposed shell element under electrical load-
ing. The plate is subjected to the uniform distributed voltage
on the top piezoelectric layer of the plate. Fig. 8 shows the
deflection of the plate in linear analysis for clamped boundary
condition. As explained in the previous section, the deflection

of the plate is decreased by increasing the power law exponent.

Fig. 9 depicts the nonlinear central deflection of the lamped
(CCCC) plate under the electrical loading. As explained, the

central deflection for plates with different volume fraction
exponents increases when the load becomes larger. The
nonlinear displacement curve that corresponds to a larger vol-
ume fraction exponent deviate from linear response at a higher
rate by increasing applied voltage. This is to be expected, be-
cause the stiffness of the plate becomes weaker as the volume
fraction exponent increases, as explained in previous section.

5 Conclusions

The nonlinear static bending of functionally graded plates
with piezoelectric layers are investigated under mechanical
and electrical loadings. By using potential energy, governing
differential equations are derived which takes into account the
effects of piezoelectric effect and geometric nonlinearity. The
results of the FGM plates with different volume fraction
indexes, boundary conditions and electro-mechanical loading
conditions are discussed and compared. Generally, results
show that for all values of the volume fraction index n, the
deflection of FGM plate increases evidently due to the applied
mechanical loading. Also, by increasing the power law index,
the deflection of the plate decreases for linear and nonlinear
analyses. This is true because by increasing of power law in-
dex, stiffness of the plate increases and subsequently deflec-
tion of the plate decreasing. Moreover, results for electrical
potential show that by increasing of volume fraction exponent,
the electrical potential becomes smaller in mechanical load-
ings. This is true because by increasing of power law index, n,
the deflection of the plate decreases and subsequently the in-
duced voltage in the piezoelectric layers decreases.
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