
 
 

 
Journal of Mechanical Science and Technology 26 (8) (2012) 2451~2458 

www.springerlink.com/content/1738-494x 
DOI 10.1007/s12206-012-0627-9 

 

 

 
An analytical model to investigate skidding in rolling element bearings  

during acceleration† 
Wenbing Tu1, Yimin Shao1,* and Chris K. Mechefske2 

1State Key Laboratory of Mechanical Transmission, Chongqing University, Chongqing 400030, China  
2Department of Mechanical and Materials Engineering, Queen’s University, K7L 3N6 ,Canada  

 
(Manuscript Received July 29, 2011; Revised February 26, 2012; Accepted March 28, 2012)   

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Abstract 
 
Skidding, which occurs in rolling element bearings during shaft rotational acceleration, causes wear and incipient failure. This paper 

presents an analytical model to investigate skidding during rolling element bearing acceleration, taking account of the contact force and 
friction force between the rolling elements and the races and the cage, gravity, and the centrifugal force of the rolling elements. The 
Hertzian contact theory is applied to calculate the non-linear contact force. The Coulomb friction law is used to calculate the friction 
force. All forces above are included in force equilibrium equations to derive the non-linear governing equations of the bearing during 
acceleration, and are solved using a fourth-order Runge-Kutta algorithm with fixed time step. The proposed model is verified by com-
parison to other published results and with experimental results. The proposed model can be used to investigate skidding in rolling ele-
ment bearings during acceleration and the transient motion behavior of rolling elements, and it will lay the theoretical foundations for 
eliminating skidding in rolling element bearings.  
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1. Introduction 

Rolling element bearings, which are of great importance in 
numerous rotating machinery systems, often operate in non-
steady state conditions when the bearing is supporting an ac-
celerating process. During these processes, the speed of the 
rolling element bearing will be increased in a short time and 
skidding occurs when the friction between rolling elements 
and races is inadequate to overcome cage drag, rolling resis-
tance, gravity, and acceleration resistance. Skidding causes 
surface wear in the contact area and will reduce the reliability 
and life of the rolling element bearing. 

Many researchers have already studied the skidding behav-
ior of rolling element bearings since 1960s. Numerous ana-
lytical and numerical models have been developed. Jones [1, 
2] developed the first mathematical model to analyze the mo-
tion of rolling elements in ball bearings based on raceway 
control hypothesis. According to the hypothesis, each rolling 
element rolls relative to the controlling raceway and also rolls 
and spins with respect to the non-controlling raceway. Harris 
[3, 4] pointed out that the raceway control hypothesis was 

inadequate as a mathematical model because no provision was 
made for balancing the totality of friction forces and moments 
acting on each rolling element. Then he developed an analyti-
cal model for axially loaded angular contact ball bearing with-
out using the raceway control hypothesis, and the model was 
more closely approximated the experiment data. Also, Harris 
[5] proposed an analytical model to predict skidding in high 
speed roller bearings, taking account of contact force and fric-
tion force between roller and races, fluid pressure force and 
centrifugal force of the roller. The analytical model can be 
used to determine the extent of skidding and the effectiveness 
of various means employed to eliminate skidding. Above 
studies are mainly based on quasi-static analysis techniques 
with steady state force and moment balances. To understand 
dynamic skidding behavior of rolling element bearing, it is 
necessary to develop dynamic models. The first dynamic 
model for ball bearing was developed by Walters [6], which 
was concerned with the dynamics of the separator and a con-
strained ball motion. However, the constrained ball motion 
assumption will not hold under dynamic conditions [7]. Hence, 
the formulation cannot be used for investigating skid and other 
transient phenomenon in ball bearings. Gupta [7] formulated 
the generalized differential equations of motion for a ball in a 
thrust loaded angular contact bearing. The motion was consid-
ered with six degrees of freedom and the equations may be 
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integrated with an arbitrary traction-slip relationship. The 
model did not take the effect of the cage into account. How-
ever, the rolling elements will contact with the cage closely 
during bearing acceleration. Hence, the model cannot be ap-
plied to study skidding of rolling element bearing during ac-
celeration. 

Recently, Liao et al. [10] investigated the skidding behavior 
of high speed angular contact ball bearing under radial and 
axial loads using quasi-static analysis technique. Through the 
geometric analysis of a ball bearing and the force balance, the 
normal forces and the contact angle can be obtained. Using the 
empirical criterion proposed by Hirano [9], the conditions for 
the proper choice of the total deformations in two directions 
can be identified in order to avoid bearing skidding. Selvaraj 
and Marappan [11] developed a test rig to investigate the ef-
fect of operating parameters, such as shaft speed, radial load, 
viscosity of lubricating oil, number of rollers and temperature, 
on cage slip in cylindrical roller bearing. Laniado-Jacome et al. 
[13] presented a numerical model of a roller bearing for me-
chanical event simulations, which was developed with finite 
element method, to study sliding between the rollers and the 
races. Jain and Hunt [14] presented a dynamic model formula-
tion, including centrifugal and gyroscopic effects, to investi-
gate the skidding characteristics of angular contact ball bear-
ings for axial as well as combined axial and radial loading 
conditions. The forces acting on the rolling elements were 
obtained by quasi-static analysis and the model neglected the 
inertia of the cage which had an important effect on the cage 
speed, especially for the time-varying operating conditions. 

According to the above analysis, it can be seen that most of 
previous studies on skidding of rolling element bearings were 
based on quasi-static models which consist of a set of nonlinear 
algebraic equations. These models predict the average forces 
and moments acting on the rolling elements and cage and can-
not be used to predict transient effects or time-varying operat-
ing conditions. Even though the dynamic models related to the 
rolling element bearing skidding, they are only considered with 
the differential equations of motion of rolling elements or with 
constrained motion, which are approximately true to steady 
operating conditions. In the process of steady motion of rolling 
element bearings, the interaction between rolling elements and 
races is negligible, and the resultant force and resultant mo-
ment will be equal to zero. However, if the bearing is involved 
in an accelerating process, the interaction between rolling ele-
ments and races is considerable and the resultant force and 
resultant moment will drive rolling elements to accelerate. The 
existing models cannot be applied to investigate skidding in 
rolling element bearings during acceleration. Rolling element 
bearings often operate under acceleration and therefore, an 
accurate model to investigate skidding in rolling element bear-
ings during acceleration is important and urgent. 

The primary objective of this paper is to build a dynamic 
model to investigate skidding in rolling element bearings dur-
ing acceleration, concerned with the dynamics of inner race, 
rolling elements and the cage, taking account of the contact 

force and friction force between rolling elements and races 
and the cage, gravity, and the centrifugal force of each rolling 
element. The differential equations of motion of the inner race, 
the rolling elements and the cage in the bearing are formulated 
to derive the non-linear governing equations of bearings dur-
ing acceleration. These equations are then solved using a 
fourth-order Runge-Kutta algorithm with fixed time step. 
Constant inner race speed is input into the model and cage 
speeds are calculated from the model at various radial loads. 
The model validity is proven by the comparison of our results 
to those of Harris and as well as to experimental results. The 
transient motion of rolling elements and skidding is then in-
vestigated during acceleration using the new model.  

The paper is organized as follows. The model to investigate 
skidding in rolling element bearings during acceleration is 
presented in Section 2. The model is validated in Section 3. 
The numerical results for a deep groove ball bearing are ana-
lyzed in Section 4. Finally, the paper is then concluded in 
Section 5. 

 
2. The problem formulation 

A schematic diagram of a typical rolling element bearing is 
shown in Fig. 1. The outer race is fixed in a rigid support and 
the inner race rotates with the shaft (angular velocity iω ). A 
constant vertical radial force (W) acts on the bearing. Ri is 
inner raceway radius, Ro is outer raceway radius, Rm is pitch 
radius of bearing, Rr is radius of rolling element, rω represents 
angular velocity of rolling element about its axis, cω represents 
angular velocity of cage, lψ represents angle range of load 
zone, jθ represents angle position of jth rolling element. 

Elastic deformation between races and rolling elements 
gives a nonlinear force deformation relationship, which is 
obtained by the Hertzian theory. The Coulomb friction law is 
used to calculate the friction force and friction coefficient 
changes along with relative sliding speed.  

A model that represents a real rolling element bearing with 

 
 
Fig. 1. A schematic diagram of a typical rolling element bearing. 
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skidding would be extremely complex. An effective and sim-
plified mathematical model can still be generated if the fol-
lowing assumptions are made. 

(1) The rolling elements and the inner and outer races have 
motions in the plane of the bearing only. 

(2) All the bearing components are rigid, resulting in no 
bending deformation. 

(3) We neglect the effect of bearing radial clearance and 
clearance between rolling elements and the cage pocket. 

(4) We neglect the fluid pressure force due to the lubricant. 
 

2.1 Calculation of normal force  

According to the Hertzian contact deformation theory, the 
non-linear relationship between load and deformation is given 
by [8] 

 
nN Kδ=    (1) 

 
where n is the load-deformation exponent, n = 3/2 for ball 
bearings and 10/9 for the roller bearings. 

The schematic diagram for determining the deformation is 
shown in Fig. 2. The terms x and y are the inner race dis-
placements along the X-axis and Y-axis and rj is the jth rolling 
element radial displacement. The deformation between inner 
race and rolling element at the jth rolling element at angle 
position jθ is given by 

 
[ cos sin ]i j j j jx y rδ θ θ += + −    (2) 

 
the “+” sign as a subscript in Eq. (2) signifies that the expres-
sion within the brackets can’t be less than zero, if the expres-
sion within the brackets is negative, the deformation is set to 
zero. 

The deformation between the outer race and the jth rolling 
element at angle position jθ is given by 

 
[ ]o j jrδ +=    (3) 

 
if the expression within the brackets is negative or zero, then 
the rolling element is not in the load zone and the deformation 

is set to zero. 
The contact force between inner race and the jth rolling el-

ement at angle position jθ can be expressed as 
 

n
ij i i jN K δ=    (4) 

 
where Ki is the stiffness coefficient between the inner race and 
the rolling element. 

The contact force between outer race and the jth rolling el-
ement at angle position jθ can be expressed as 

 
n

oj o o jN K δ=    (5) 
 

where Ko is the stiffness coefficient between outer race and 
rolling element. 

If a rolling element runs faster than the cage, the rolling el-
ement will contact the front cage pocket and if a rolling ele-
ment runs slower than the cage, the rolling element will con-
tact the rear cage pocket. Therefore, the contact normal force 
between the front of the rolling element and the pocket at the 
jth rolling element can be expressed as 

 

1
[( ) ] ( ) 0

0

n
c j c m j c m

c j
K R RN

else
ψ ψ ψ ψ⎧ − − >⎪= ⎨

⎪⎩
  (6) 

 
where Kc is the stiffness coefficient between the cage and the 
rolling element, jψ is the rotating angle of the jth rolling ele-
ment about the bearing axis, andψc is the rotational angle of 
the cage. 

The contact normal force between the rear of the rolling el-
ement and the pocket at the jth rolling element can be ex-
pressed as 

 

2
[( ) ] ( ) 0 .

0

n
c c j m j c m

c j
K R RN

else
ψ ψ ψ ψ⎧ − − <⎪= ⎨

⎪⎩
  (7) 

 
2.2 Calculation of friction force 

The friction force at all contact points is computed as a 
product of the friction coefficient and the normal force. The 
friction coefficient at the rolling element-race contact is mod-
eled using a nonlinear friction-slip relationship that is charac-
teristic of most common lubricants [7]. The friction-slip rela-
tionship is shown in Fig. 3. The friction coefficient is a func-
tion of slip velocity and the relationship can be expressed as 
follows: 

 
( ) .u f V=    (8) 

 
Since the slip velocities at the rolling element-cage contact 

are typically large, a constant friction coefficient is used at the 
rolling element-cage pocket contact [15]. 

To determine the friction force between rolling elements 

 
 
Fig. 2. Inner race displacement. 
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and races, it is first necessary to analyze the slip velocity be-
tween the rolling elements and races. Fig. 4 shows the surface 
velocities and slip velocities between rolling elements and 
races. The inner race rotates at iω radians per second and the 
outer race is stationary. From Fig. 4, slip velocity between the 
jth rolling element and the inner race can be expressed as [5] 

 
( ) .i j i c i rj rV R Rω ω ω= − −    (9) 

 
Slip velocity between the jth rolling element and the outer 

race can be expressed as 
 

.oj c o rj rV R Rω ω= −    (10) 

 
Coulomb friction is used for dry contacts as well as bound-

ary and mixed lubricated contacts. It is often used to describe 
the friction in mechanical contacts [12]. According to the Cou-
lomb friction law, the friction force between the jth rolling 
element and the inner race can be determined by 

 
.ij ijF uN=    (11) 

 
Friction force between the jth rolling element and the outer 

race can be expressed as 
 

.oj ojF uN=    (12) 
 
The friction force at the front interface between the rolling 

element and the race pocket at the jth rolling element can be 
expressed as 

1 1 .c j c jF uN=    (13) 
 
The friction force at the rear interface between the rolling 

element and the pocket at the jth rolling element can be ex-
pressed as 

 
2 2 .c j c jF uN=    (14) 

 
2.3 Differential equations of motion 

The equations of motion that describe bearing dynamic be-
havior can be derived from Newton’s laws. To derive these 
equations of motion it is first necessary to analyze the forces 
acting upon the separate rolling elements, the cage and the 
inner race. 

Forces acting upon the jth rolling element are shown in Fig. 
5. In that illustration, Nij and Noj are contact normal forces 
acting between the jth rolling element and the races. Fij and Foj 
are friction forces between the jth rolling element and the rac-
es. Nc1j and Nc2j are normal forces at the jth rolling ele-
ment/pocket contact. Fc1j and Fc2j are friction forces at the jth 
rolling element/pocket contact. Gr is the force of gravity acting 
on the rolling element. Fcj is the centrifugal force acting on the 
jth rolling element due to the cage speed .cω Forces acting 
upon the cage are shown in Fig. 6. 

For the jth rolling element, the application of the Newton’s 
second law yields 

 
 
Fig. 3. Friction coefficient is a function of slip velocity [7]. 

 

 
 
Fig. 4. Surface velocities and slip velocities between rolling elements
and races [5]. 

 
 

 
 
Fig. 5. Forces acting on the jth rolling element. 

 

 
 
Fig. 6. Forces acting on the cage. 
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1 2 cosij oj c j c j cj r j r jN N F F F G m rθ− − + + + = &&    (15) 
1 2 sinij oj c j c j rj j r m jF F N N G m Rθ ψ− − + − = &&    (16) 

1 2( ) ( )ij oj r c j c j r r rjF F R F F R J ω+ − + = &    (17) 

 
where 

 
2( 1)j j

b

j
N
πθ ψ= − +    (18) 

2 .cj r j mF m Rψ= &    (19) 

 
Similarly, for the cage: 
 

1 2
1

( )
N

m c j c j c c
i

R N N J ψ
=

⋅ − =∑ &&    (20) 

 
with 

 
.c cω ψ= &    (21) 

 
For the inner race: 
 

1

( cos sin )
N

ij j ij j i
i

W N F m xθ θ
=

− − =∑ &&    (22) 

1

( sin cos ) .
N

ij j ij j i
i

N F m yθ θ
=

− + =∑ &&    (23) 

 
The system equations of motion are nonlinear ordinary sec-

ond order differential equations. They can be solved using a 
fourth-order Runge-Kutta algorithm with fixed time step. The 
time step for the numerical investigation is chosen to be Δt = 
1×10-5 s. 

 
3. Validations 

To ascertain the results of the foregoing analysis, a paramet-
ric study was performed on a single row, cylindrical roller 
bearing having the pertinent dimensions shown in Table 1 [5]. 

The inner race rotates at a constant speed of 5000 RPM. Fig. 
7 shows the comparison of cage speed versus radial load 
against the Harris model [5] and experimental data. The shape 
of the curve obtained from the new model closely approxi-
mates the curves from the Harris model and the experimental 
data. This good agreement shows the effectiveness of the pro-
posed model. 

4. Results and discussion 

A deep groove ball bearing (NTN 6304) which is widely 
used in automobile gearbox, is taken as the research object in 
this paper. The main bearing parameters are listed in Table 2. 

Automobile accelerate urgently sometimes and it will caus-
es serious skidding in the rolling element bearing, the angular 
acceleration of the bearing is very large, it is assumed that the 
rotational speed of inner race increases from zero to 5000 
RPM within one second (angular acceleration 523 rad/s2 ). 
The load applied on the bearing is small generally, three light 
loads are selected for the simulations, the radial loads acting 
on the bearing are set to 0.1 N, 1.0 N and 5.0 N, respectively. 

 
4.1 Slip between rolling elements and races  

The time-varying slip velocities between rolling elements 
and the inner race during acceleration are shown in Fig. 8. The 
slip velocities increase almost exactly linearly with some mi-
nor accompanying “steps” due to the contact force between 
each rolling element and the inner race vanishing when the 
rolling element moves from the load zone into the non-load 
zone. When a large radial load is applied on the bearing, the 
slip velocity increases only in the early stage of the accelera-
tion process and then reduces to zero quickly. This is because 
the friction force between the rolling elements and the inner 
race is large enough to drive the rolling element to accelerate 
to the same speed of the inner race in a short time. 

The time-varying slip velocities between rolling elements 
and the outer race during acceleration are shown in Fig. 9. The 
slip velocities between the rolling elements and the outer race 
decrease gradually with some fluctuation. This is because the 

Table 1. Bearing parameters. 
 

Number of rollers Nb 36 

Pitch diameter Dm (mm) 183 

Roller diameter Dr (mm) 14 

Roller length lr (mm) 20 

 

Table 2. Bearing parameters of deep groove bearing 6304. 
 

Parameter Value Parameter Value 

Nb 7 mr (kg) 3.50×10-3 

Ro (mm) 22.77 Jr (kg·m2) 3.18×10-8 

Ri (mm) 13.24 Jc (kg·m2) 0.82×10-6 

Rm (mm) 18.00 Ki (N/m1.5) 3.19×1010 

Rr (mm) 4.76 Ko (N/m1.5) 3.38×1010 

mi (kg) 0.04 Kc (N/m1.5) 6.06×109 

 

 
 
Fig. 7. Comparison of results. 
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rolling element acceleration is driven by the friction force 
between each rolling element and the inner race. When a roll-
ing element is located in the load zone there will be skidding 
between the rolling element and the outer race because of the 
resistance of the cage. However, when a rolling element is 
located in the non-load zone the rolling element is pushed 
forward by the cage and accelerates, so the skidding direction 
between the rolling element and the cage will reverse. The 
rolling element rotational speed and cage speed increase grad-
ually during the acceleration process, so the slip velocities 
between the rolling element and the outer race decrease grad-
ually. When a large radial load is applied on the bearing, the 
rolling element rotating speed and the cage speed increase 
quickly, hence the slip velocity between a rolling element and 
the outer race drops to near zero quickly. 

 
4.2 Rolling element rotating speed and cage speed 

It is assumed in the simple kinematics that there is no slip of 
rolling elements resulting in the surface velocity of a rolling 
element being equal to the surface velocity of the race at the 
point of contact. For a bearing having inner race rotation and a 
stationary outer race, the rolling element rotating speed rrω  
and the cage speed crω  can be calculated as follows [8]: 

 
1
2

i o
rr i

r m

R R
R R

ω ω=    (24) 

1 1 .
2

r
cr i

m

R
R

ω ω
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

   (25) 

 
The time-varying rolling element rotating speed during ac-

celeration is shown in Fig. 10. The speed again increases ap-
proximately linearly accompanied by “steps”. This relation-
ship is a result of the contact force between rolling elements 
and the inner race, which vanishes when rolling elements 
move from the load zone into the non-load zone. When a 
small radial load is applied on the bearing the rolling element 
rotating speed increases slowly. The tendency for the rolling 
element rotational speed to increase is reduced at later stage. 
However, when a large radial load is applied on the bearing, 
the “steps” in these relationships only exist in the early stage 
of the acceleration process. After the rolling element rotating 
speed reaches a modest level, it becomes consistent with the 
solution of simple kinematics. 

The time-varying cage speed during acceleration is shown 
in Fig. 11. The cage speed increases almost linearly. There are 
large differences in the cage speeds under different radial 
loads. The larger the radial load, the larger the angular accel-
eration. When a large radial load is applied on the bearing, the 
increasing tendency of the cage speed is basically consistent 
with the simple kinematics solution. 

 
4.3 Slip ratio 

The rolling element slip ratio Sr is defined as follows [11]: 

 
Fig. 8. Slip velocities between rolling elements and the inner race. 

 

 
Fig. 9. Slip velocities between a rolling element and the outer race. 

 

 
Fig. 10. Rolling element rotating speed as a function of time. 
 

 
Fig. 11. Cage speed as a function of time. 

 



 W. Tu et al. / Journal of Mechanical Science and Technology 26 (8) (2012) 2451~2458 2457 
 

  

(1 ) 100% .r r rrS ω ω= − ×    (26) 
 
The cage slip ratio Sc is defined as follows: 
 

(1 ) 100%c c crS ω ω= − ×    (27) 
 

where rω  and cω  are the results calculated from the pro-
posed model, while rrω  and crω  are the results from sim-
ple kinematics. 

The time-varying rolling element slip ratio during accelera-
tion is shown in Fig. 12. This figure shows the rolling element 
slip ratio varies significantly in the early stages of the accel-
eration process and then stabilizes gradually as time goes on. 
This is because the slip ratio decreases rapidly as the rolling 
element speed increases suddenly from zero in the early stage 
of the acceleration process and then the rolling element rota-
tional speed decreases because of the friction force, leading to 
an decrease in the rolling element slip ratio. If the radial load 
acting upon the bearing is large enough, the rolling element 
slip ratio will be near zero. 

The time-varying cage slip ratio during acceleration is 
shown in Fig. 13. This figure shows the cage slip ratio de-
creases in the early stage of the acceleration process and then 
stabilizes gradually as time goes on. This is because the cage 
accelerates rapidly caused by the sudden contact forces from 
rolling elements in the early stage of the acceleration process. 
As time goes on, the forces from rolling elements stabilize 
gradually. If the radial load acting upon the bearing is large 

enough, the cage slip ratio will be near zero. 
 

5. Conclusions 

This paper proposes an analytical model to investigate 
skidding in rolling element bearing during acceleration. The 
dynamic analysis in this investigation is presented as a design 
tool for applications where the bearing is subjected to skid due 
to rotational acceleration of the inner race. The formulation 
not only estimates the expected wear during skid, but also 
provides a means to determine the effectiveness of different 
means employed to eliminate skidding. The following specific 
conclusions can be stated. 

(1) The results from the proposed model agree well with the 
results from the Harris modal and the experimental data. It is 
proven that the proposed model is effective. 

(2) Rolling element rotating speed increases with some mi-
nor variability during constant acceleration of the bearing, 
while the cage speed increases almost linearly. 

(3) The radial load acting on rolling elements has a signifi-
cant effect on the skidding in the bearing and skidding is most 
serious during acceleration under light load conditions. 
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Nomenclature------------------------------------------------------------------------ 

ω   : Angular speed, rad/s 
W  : Radial load, N 
R  : Radius, mm 
Rm : Bearing pitch radius, mm 
θ   : Angle position of rolling element, rad 
ψ   : Rotational angle of rolling element about the bearing 

axis, rad 
cψ  : Rotational angle of the cage, rad 
lψ  : Load zone, rad 

F  : Friction force at rolling element/race, N 
Fc  : Centrifugal force, N 
Fc1  : Friction force at front rolling element/pocket, N 
Fc2  : Friction force at rear rolling element/pocket, N 
n   : Load-deformation exponent 
K  : Stiffness coefficient, N/m1.5  
Nb  : Number of rolling elements 
Jr  : Inertia of rolling element, kg·m2 
Jc  : Inertia of the cage, kg·m2 
m  : Mass, kg 
N  : Normal force, N 
Nc1  : Normal force at front rolling element/pocket, N 
Nc2 : Normal force at rear rolling element/pocket, N 
Gr  : Force of gravity, N 
δ  : Contact deformation, mm 
μ  : Friction coefficient 

 

 
Fig. 12. Rolling element slip ratio. 

 

 
Fig. 13. Cage slip ratio. 
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Subscripts 

i  : Inner race 
o  : Outer race 
c  : Cage 
j  : Rolling element number 
r  : Rolling element  
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