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Abstract

In general, polymers show time-dependent stress-strain responses. The responses can be measured in a time-based test (e.g. a stress re-
laxation test) or a frequency-based test (e.g. a rheometer test). In a stress relaxation test, it is easy to measure the long-term stress (i.e. the
low frequency response) accurately, but it is very difficult, if not impossible, to measure the short-term stress (i.e. the high frequency
response) accurately. In contrast, in a rheometer test it is easy to measure the high frequency response by lowering the temperature
around the specimen, but it is almost impossible to measure the low frequency response by increasing the temperature over a threshold.
Thus, in this paper, a method to combine the two test results was proposed to model a polyurethane stopper for a wide range of frequen-
cies. This method was proven to be valid by showing that simulation results for a drop test and a torque test were in good agreement with

test data for a polyurethane stopper used in a robot.
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1. Introduction

Time-dependent material responses of polymers can be
measured in a time-based test (e.g. a stress relaxation test) or a
frequency-based test (e.g. a rheometer test) [4]. In a stress
relaxation test, it is very difficult, if not impossible, to measure
the short-term stress (i.e. the high frequency response) accu-
rately because the specimen cannot be deformed fast enough,
but it is easy to measure the long-term stress (i.e. the low fre-
quency response) accurately. In contrast, in a rheometer test it
is easy to measure the high frequency response by lowering
the temperature around the specimen, but it is almost impossi-
ble to measure the low frequency response by increasing the
temperature because the specimen may be burnt and become a
chemically different material. In order to model a polymer
stopper used to protect arms in a robot in case of an impact, it
is necessary to represent the material response from the low
frequency to the high frequency range. To this end, it is a good
idea to combine the low frequency response measured in a
stress relaxation test and the high frequency response meas-
ured in a rheometer test. So far, however, no research has been
conducted in modeling a viscoelastic material with considera-
tion of low frequency and high frequency responses obtained
from both a stress relaxation test and a rheometer test. Thus,
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this paper proposes a method combining the two test results to
model a polyurethane (PU) stopper for a wide range of fre-
quencies. The model obtained from this method was applied
to a PU stopper used in a robot, and simulation results for a
drop test and a torque test were proven to be in good agree-
ment with test data.

2. Materials and experiments

2.1 Hyperelasticity

There are several kinds of analytical models of hyperelastic-
ity: polynomial model (n=1~2), Ogden model (n=1~6),
reduced polynomial model (n= 1~6), Arruda-Boyce model,
Van der Waals model and Marlow model [1]. To formulate
the material model of the PU stopper under study, it is essen-
tial to determine which types of experiments should be con-
ducted and which model should be used to fit experimental
data. To figure out hyperelastic material behavior subjected to
various loading modes, the following three types of tests
should be conducted [24]: uniaxial compression test (or
equibiaxial tension), uniaxial tension test (or equibiaxial com-
pression) and planar (or pure shear) test. If a material is volu-
metrically deformable, a volumetric test should be also con-
ducted. Since most of rubberlike materials hardly show volu-
metric deformation, a volumetric test was not conducted in
this study. In addition, since the PU stopper is subjected to
compression, only the uniaxial compression test was con-
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Fig. 1. Uniaxial compression test data using three different lubricants.
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Fig. 2. Mullin’s effect.

ducted, and an analytical model of hyperelasticity was se-
lected to fit the compression test data [11].

On the other hand, the following issues should be well
considered in dealing with uniaxial compression test data;
friction, amount of deformation, Mullin’s effect and the
maximum strain an analytical model covers [3]. The first issue
is that the compression test should be conducted with no
friction. Friction entails barreling, which causes the reaction
force to rise and also changes a uniaxial compression mode to
a multiaxial mode [12].

Fig. 1 shows the uniaxial compression test data obtained by
using no lubrication, oil or Teflon foil. There are several
methods to reduce friction, but in this study a Teflon foil was
used between the specimen and the test jig because it could
offer the lowest friction.

The second issue is Mullin’s effect, which stems from rear-
rangement of molecular chains during several initial loading
cycles and causes the reduction of the stress, as shown in Fig.
2. However, since the stopper will undergo an impact just
once in its lifetime, the first test data was used to determine
the model coefficients, i.e., Mullin’s effect was not considered
in this study. The third issue is a sharp increase of the stress
predicted by an analytical model over the maximum strain of
the test data as shown in Fig. 3. This means that an analytical
model should not be used over the maximum strain measured
from tests or tests should be conducted at least up to the
maximum strain that occurs in use.

After resolving the issues mentioned above, the uniaxial
compression test data was obtained up to strain of -0.75 at a
displacement rate of 0.5 mm/sec, and it was fitted by several
hyperelastic models using the ABAQUS CAE [1]. Fig. 4(a)-
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Fig. 3. Stress predicted by a polynomial N = 2 model over the maxi-
mum strain.
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Fig. 4. Measured and predicted stresses.

(f) shows the test data along with fitted curves from several
hyperelastic models. The polynomial n =2 model and Ogden
n =3 model fit the test data better than the other models, but
the polynomial n=2 model is even better than the Ogden
n =3 model in high strains, as shown in Fig. 5. In addition, the
coefficients of the Ogden model are not unique. In other
words, there exist several sets of coefficients that fit a nominal
stress-strain curve, and they do not have similar values for
similar nominal stress-strain curves [5]. Thus, it was decided
to use the polynomial n =2 model as a hyperelastic model in
this study. Which hyperelastic model fits well depends on
each polymer [20]. Polynomial n =2 model is the best choice
for the PU stopper under study, but the reduced polynomial
n =3 model (=Yeoh), Van der Waals model or Arruda-Boyce
model could be the best choice for other polymers [13].
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2.2 Viscoelasticity measured by stress relaxation and rheom-
eter tests

The viscoelastic model represented by the Prony series has
been widely used to model time-dependent behavior of
polymers [23]. The analytical form shown in Eq. (1) in the
time domain can be Laplace-transformed to the form in the
frequency domain shown in Eq. (2) [17].

G(1) = G, {1 - f g, (1 —e )} 1)
o _M M g,»szaJZ

G(a))—Go|:1 ;‘gi:|+G()i=1 [ 2
N 17

G (a))_c;o;l_'_z_lzwz

Here, G, is the short-term shear modulus, (g,, z,) are the

M

Prony series parameters, Go(lfzg‘) represents the long-term

i=l

shear modulus G,, G'(w) is the storage modulus, G"(w)

is the loss modulus, and M is the number of the Prony series
parameters. There are two kinds of experiments to measure
the time-dependent behavior; one is a stress relaxation test (or
creep test, but in this study a stress relaxation test was con-
ducted) which results in a shear modulus as a function of time
[6], and the other is a rheometer test which results in the stor-
age modulus and the loss modulus as a function of frequency.
Each test has advantages and disadvantages, but now a
rheometer test seems to be more popular because it is more
reliable and easier to conduct [22]. In a stress relaxation test it
is very difficult, if not impossible, to measure G, accurately
because the maximum strain rate of a tester is not high enough,
but it is easy to measure G, accurately. In a theometer test it is
easy to measure the storage and loss moduli for a compara-
tively narrow range of frequencies (e.g. from 5 Hz to 30 Hz)
under various temperatures. By using Williams-Landel-Ferry
(WLF) equations, the storage and loss moduli can be shifted to
those at a reference temperature, which is usually the ambient
temperature [21]. The moduli measured at lower temperatures
will be shifted to those at higher frequencies at the reference
temperature, and the moduli measured at higher temperatures
will be shifted to those at lower frequencies at the reference

ol
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Fig. 6. Stress relaxation test data.

temperature. However, it is not appropriate to raise the
temperature over a threshold because the material may be
burnt and its properties may become quite different [14]. Thus,
it is difficult to obtain the material response in frequency
range lower than 0.001 Hz at the reference temperature
although it is easy to measure the material response in high
frequency range. It is noteworthy that the response in the
beginning stage of a stress relaxation test is related to that in
the high frequency range of a rheometer test, and the response
in the ending stage of a stress relaxation test is related to that
in the low frequency range of a rheometer test. In other words,
the two test data can complement each other.

A stress relaxation test was conducted at a strain rate of
4/sec based on ASTM D-1646, and its result is shown in Fig.
6. Note that the stress did not start from a certain value at time
0 and it was impossible to determine the short-term shear
modulus G, from the stress relaxation test. A rheometer test
was conducted at every 10°C from -10°C to 80°C using DMA
(Dynamic Mechanical Analyzer) based on ASTM D-5026,
and its result is shown in Fig. 7. Using the WLF equation
shown in Eq. (3), the master curves for the storage modulus
and the loss modulus were obtained as shown in Fig. 8 [10].

_ ¢*
RN BTeE
Cz =ng +T _Tg (3)

[ft\(r—m]
Cy+T-T,
a, =100 =770

Here, C? and Cj§ are universal constants (the values are
17.44 and 51.6, respectively, but Van Krevelen recommended
8.86 and 101.6, respectively [19].), T, and 7, are the refer-
ence temperature of 293K and the glass transition temperature
of 238K of PU, respectively [Hepburn, 1982].

In order to determine the Prony series parameters that fit the
storage and the loss modulus over a wide range of frequencies,
an error measure to minimize should be defined [2, 15]. A
mean square error is usually used as an error measure shown
in Eq. (4) [1], but in this study another error measure was de-
fined as shown in Eq. (5). Rubber components such as a PU
stopper are usually used as a damper of which the damping
characteristic can be related to the ratio of the loss modulus to



1852 K. Bang and H.-Y. Jeong / Journal of Mechanical Science and Technology 26 (6) (2012) 1849~1855

120E+08

LI0E+08 e —
/’_ R
LOOE+08 ke
sougs0r —— il
E S.00E+0T — o =
$ ro0Ee0 - o
i : T —EETETTTTTTTTT ] e .
B 5.00E+07 o S =i
SA0E+0T P e o
'"‘I'I-:;__"_‘“-“::'-'::'_“___;ii _ ]
JO0E+0T —;ﬁ.'.k\u_wnmmwu—-«-dm S0
3N0E+0T
[ ] 10 15 20 25 5 = -
frequency(Hz)
(a) Storage modulus
2.00E+07
1.80E+07 -
-=0T
L60E+07 |
=10
e — —]
3 S —_30
F 120E+07 g |
3 B ---40C
% j00E407 mono ===
g Lo0EHT = s
U L 60
8.00E+06 T i
e v — — s i
6.00E+06 I PP LY 0 I
;‘-’ga‘;ﬁiﬁ:ﬁuu&""m SRS
4.00E+06 : i . )
L] s 10 15 20 25 30 s e

frequency(Hz)

(b) Loss modulus

Fig. 7. Storage modulus and loss modulus measured at different tem-
peratures.

the storage modulus, so-called tan& . Thus, the error measure
to minimize the difference between the measured tand and
the analytical form of tan§ from Eq. (2) was used in this
study.

Error =

S|
i=1

{(G Glp) +(G"=G" ), | @)

3:

oror-$(%]) (2] .

Here, G’ or G” is the storage or the loss modulus analyti-
cally defined in Eq. (2) and G’ or G” is the storage or the
loss modulus obtained from the rheometer test and the WLF
equation, which is shown in Fig. 8. In addition, N is the num-
ber of values taken from Eq. (2) and Fig. 8.

The ratio of the loss modulus to the storage modulus is
shown for a wide range of frequencies in Fig. 9. In order to
obtain the ratio at very low frequency the rheometer test
should be conducted at high temperature. However, it is not
appropriate to increase the temperature over a threshold (e.g.
80°C for PU) because the specimen may be burnt and its
mechanical properties may become unrepresentative. In order
to obtain the ratio for very low frequency the curve may be
extrapolated with caution.

Once the curve for the ratio is obtained, there is still an issue
left: which frequency range should be fitted to accurately
capture the viscoelastic behavior. If the low frequency test
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Fig. 8. Storage modulus and loss modulus as a function of frequency.
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data are fitted closely, a slow (or static) deformation can be
described well. However, if the high frequency test data are
fitted closely, a fast (dynamic) deformation can be described
well. The Prony series parameters were determined to
minimize the error measure defined in Eq. (5), using the ratio
for four different lower bound frequencies of 0.001 Hz, 0.01
Hz, 0.1 Hz and 1 Hz with a fixed upper bound frequency of
1000 Hz. The shear modulus obtained from Eq. (1) using the
Prony series parameters is plotted in time domain in Fig. 10.
Note that the shear modulus determined based on the test data
from 0.01 Hz to 1000 Hz matches well with the stress
relaxation test data in the long term, but the shear modulus
determined based on the test data for other frequency ranges
shows some difference from the stress relaxation test data in
the long term.
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Fig. 11. Shear modulus determined based on four different upper
bound frequencies vs. stress relaxation test data.

In addition, the Prony series parameters were determined to
minimize the error measure defined in Eq. (5), using the ratio
for four different upper bound frequencies of 10 Hz, 100 Hz,
1000 Hz and 10000 Hz with a fixed lower bound frequency of
0.01 Hz. The shear modulus obtained from Eq. (1) using the
Prony series parameters is plotted in time domain in Fig. 11.
Note that the upper bound frequency over 100 Hz does not
change the short-term and the long-term shear modulus
significantly, and it was determined to use 1000 Hz as the
upper bound for the frequency range.

3. Validation of material model

A compression specimen of which the diameter is 30 mm
and the height is 19 mm was made, and a ram was dropped to
the compression specimen at three different heights, resulting
in an impact speed of 3.1, 4.3 or 5.9 m/s. An FE model shown
in Fig. 12 was created using the polynomial n =2 hyperelastic
model and viscoelastic model with the Prony series
parameters determined in the previous section. The test data
and simulation results on the load vs. time were shown in Fig.
13. Note that the simulation results were in good agreement
with the test data for three different impact speeds.

A robot with the stopper installed was also modeled, and its
FE model was created as shown in Fig. 14. An arm of the
robot was torque controlled, and the torque vs. the rotated
angle was measured until the stopper was severely deformed.

Fig. 12. FE model for the drop test.
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Fig. 13. Simulation and drop test results at three different speeds.
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Fig. 15. Simulation and test results on torque-angle relation.

A simulation using the FE model was also conducted, and its
torque vs. the rotated angle was compared with the test data as
shown in Fig. 15, showing that the simulation result was in
good agreement with the test data. In addition, the deformed
shaped of the stopper obtained from the simulation was
overlaid on the photo of the deformed stopper in the robot, and
it was noticed that the deformed shape from the simulation
was also in good agreement with that captured in the photo.
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4. Conclusions

From the simulation and test results mentioned in this study,
the following conclusions can be reached.

(1) For the PU stopper under study, the polynomial n=2
model was the best model to fit the compression test data.

(2) An error measure for tand was used to determine the
Prony series parameters.

(3) A frequency range of 0.01 Hz to 1000 Hz resulted in the
best correlation with the long-term shear modulus obtained
from a shear relaxation test.

(4) The hyperelastic model and the viscoelastic model de-
termined in this study resulted in good agreement with the
compression tests for three different drop speeds and with the
torque-angle test for the PU stopper used in a robot.

(5) Thus, the methodology of determining hyperelastic and
viscoelastic models in such a way that the short term modulus
is determined from the rheometer test and the long term
modulus is determined from the stress relaxation test results in
a reasonable material model for a rubberlike stopper.
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