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Abstract 
 
Numerical simulations for the blood flow are carried out to investigate the effect of the flexible artery wall on the flow field and to de-

termine the wall shear stresses in the carotid artery wall. To solve the equation of motion for the structure in typical fluid-structure inter-
action (FSI) problems, it is necessary to calculate the fluid force on the surface of the structure explicitly. To avoid complexity due to the 
necessity of additional mechanical constraints, we use the combined formulation including both the fluid and structure equations of mo-
tion into a single coupled variational equation. The Navier-Stokes equations for fluid flow are solved using a P2P1 Galerkin finite ele-
ment method (FEM) and mesh movement is achieved using arbitrary Lagrangian-Eulerian (ALE) formulation. The Newmark method is 
employed to solve the dynamic equilibrium equations for linear elastic solid mechanics. The time-dependent, three-dimensional, incom-
pressible flows of Newtonian fluids constrained in the flexible wall are analyzed. The study shows strongly skewed axial velocity and 
flow separation in the internal carotid artery (ICA). Flow separation results in locally low wall shear stress. Further, strong secondary 
motion in the ICA is observed.  
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1. Introduction 

It is well known that atherosclerotic plaque tends to gener-
ate and develop in carotid artery sinus. Localized atheroscle-
rotic lesions are associated with low wall shear stress regions 
[1] and many researches account for the cause of atherosclero-
sis. Bharadvaj et al. [2, 3] developed a standard geometry 
using 57 actual geometries and studied the flow characteristics 
of steady state flow in the carotid bifurcation. Perktold et al. 
computed the flow in different carotid bifurcation geometries 
[4] and considered non-Newtonian fluid properties [5]. Also, 
Pulsatile flow in a 3D flexible carotid bifurcation is simulated 
using a pressure correction finite element method [6], and the 
velocity profiles and the wall shear stress distributions are 
compared with the experimental results from Ku et al. [7].  

For better descriptions of the flow in carotid bifurcation, 
more realistic approaches are required. Recently, multidimen-
sional 3D-1D model of the whole arterial tree has been devel-
oped for more realistic boundary waveforms [8]. The model 
includes a 3D finite element model for carotid bifurcation 
coupled with a simple 1D model for the rest of the arterial tree, 
and good agreement between the results of 3D-1D combined 

model and a pure 1D model was obtained. Kim et al. [9] stud-
ied gravitational effect on wall shear stress distribution in ca-
rotid bifurcation and cerebral arteries and observed that gravi-
tational effect has a significant influence on the arterial defor-
mation. The flow field in the vessel would be highly influ-
enced by the properties of the vessel wall. Thus, the flexibility 
of the vessel wall is one important factor for the flow fields in 
carotid bifurcation. 

The fluid-structure interaction problem is usually solved in 
a partitioned way [10-12]. The FSI problems are solved se-
quentially in a partitioned way, and the displacement and trac-
tion at the fluid-structure interface have to be calculated. On 
the other hand, a monolithic approach used in the present 
study is relatively simple so that both fluid and structure equa-
tions are formulated using velocity variables [13, 14]. As ve-
locity variables are shared, kinematic constraint is automati-
cally satisfied. In the present study, flow characteristics in 
carotid bifurcation are analyzed in a monolithic FSI approach. 

 
2. Numerical methods 

For monolithic approach of fluid-structure interaction prob-
lems, incompressible Navier-Stokes equations are adopted in 
Lagrangian form for structure. Incompressible Navier-Stokes 
equations in arbitrary Lagrangian-Eulerian form are as fol-
lows: 
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where ρf, vf, vm, p and τ denote fluid density, fluid velocity, 
mesh velocity, pressure and shear stress tensor, respectively. 
Linear elastic equations for the structure are as follows: 
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where ρs, us, σ and f denote density, displacement, stress tensor 
of structure and volume forces, respectively. 

 
2.1 Spatial discretization 

P2/P1 finite elements are used to discretize governing equa-
tions, and their weak forms are as follows: 
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where q and w are weight functions for the continuity and 
momentum equations, which are of first and second order, 
respectively. Pressure variables are defined only on the ver-
texes, and velocity variables are defined on all vertexes and 
midpoints. To stabilize the equations for high Reynolds num-
ber flows, streamline upwind/Petrov-Galerkin method [15] is 
applied to the convection term of fluid equations. The modi-
fied weight function for the convection term is as follows: 
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γ is cell Peclet number and he is the element characteristic 
length. 

 
2.2 Temporal discretization 

To discretize the governing equations in time, Generalized-
α method is used [16]. Quantities related to the time derivative 
of primary unknowns are evaluated at the generalized mid-
point αm, while unknowns themselves are evaluated at the 

generalized midpoint αf, as follows: 
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Using generalized midpoints in time, Eqs. (3) and (4) can be 

described in matrix form as follows: 
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Accelerations and displacements in each equation are de-
scribed as velocity variables by the Newmark approximations 
as follows: 
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Finally, the governing Eqs. (1) and (2) are temporally semi-
discretized as follows: 
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The parameters αf, αm, β and γ in temporal discretization 

method are optimized for control of high frequency dissipa-
tion in the fluid and structure systems, respectively. The opti-
mal choice of the parameters for the fluid equation which is of 
first order is as follows [17]: 
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For the structure, the optimal parameters are different as the 
system is of second order [16]. 
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where ρ∞ is spectral radius for an infinite time step. 

 
2.3 Coupling of fluid and structure equations 

One of the difficulties in coupling fluid and structure equa-
tions is that information such as displacements and stresses 
must be exchanged at the interface. To simplify the coupling 
procedure in this study, both equations are formulated using 
velocity variables which are shared at fluid-structure interface 
[13, 14]. As velocity variables are shared, kinematic constraint 
is automatically satisfied. Stress terms [Fs] and [Ff] between 
fluid and structure do not have to be calculated explicitly for 
compatibility of stress terms at the fluid-structure interface, as 
they are balanced when Eqs. (12) and (13) are summed. The 
flowchart of the numerical procedure is shown in Fig. 1. 

 
3. Model validation 

For model validation, wave propagation in a straight flexi-
ble tube [18-20] has been simulated. The properties and basic 
geometries are selected to be close to that of blood flow in a 
large artery: D = 0.02 m, wall thickness = 0.002 m, length = 
0.1 m, E = 1 x 106 Pa, ν = 0.3, ρf = ρs = 1 x 103 kg/m3, fluid 
viscosity μ = 4 x 10-3 Ns/m2. The schematic of tube geometry 
is shown in Fig. 2, where tetrahedral finite elements about 
67,000 for the fluid region and about 38,000 for the flexible 
wall are used in the calculation. The initial conditions of the 
total system were p = 0 Pa, U = 0 m/s. At t = 0 a step change 
in pressure is applied at the left end of the tube to the system. 

Then the pressure wave propagates downstream through the 
tube. The simulation results of outer wall displacement are 
compared with previous calculations [18, 19] in Fig. 3, where 
the results are in fairly good agreement. The predicted wave 
speed is only 1.3% lower than the wave speed of the analytic 
solution of the present case. The small oscillations down-
stream of the largest peak are shown in Fig. 3. The wiggles 
also appeared in the incompressible flow calculation of Jog 

 
Fig. 1. Flowchart of numerical procedure. 
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Fig. 2. Schematic of tube geometry. 
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Fig. 3. Radial displacement of outer wall along tube [18, 19]. 
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and Pal [20], where a 40 × 24 quadrilateral mesh and Δt = 10-
4 s were used. As shown in Fig. 3(b) of Kang et al. [21], the 
radial displacement at t = 8.0 ms is in good qualitative agree-
ment with that of Jog and Pal [20] along the tube length, ex-
cept that there is some discrepancy upstream of the largest 
peak, which may be due to the lack of spatial resolution in 
their calculation. These oscillations are believed to appear due 
to perturbations that propagate faster than the peak. 

 
4. Results and discussion 

4.1 Steady-state flow in a carotid bifurcation 

Fig. 4 shows the schematic of the present carotid bifurcation 
model. Numerical simulations were conducted using the same 
flow conditions as those in the experiment of Gijsen et al. [22]. 
The Reynolds number at the inlet of CCA was 270 and flow 
division ratio defined by the flow rate of ECA over CCA was 
0.45. Newtonian fluid was considered with fluid density ρ = 
1.41 x 103 kg/m3, fluid viscosity μ = 2.9 x 10-3 Ns/m2. No-slip 
boundary condition was applied at the wall and parabolic ve-
locity profiles were imposed at the inlet and outlet velocities. 
Tetrahedral finite elements used in the calculation about 
28,000 for the fluid region and about 8,000 for the flexible 
wall. Axial velocity distribution was measured at section A 
and B (Fig. 5) which are positioned apart from the apex as two 
and five times of the radius of CCA , respectively. High shear 
rates are shown near the divider wall and low shear rates exist 
near the non-divider wall. The low velocity near the non-
divider wall is caused by an adverse pressure gradient due to 
the increase of the cross-sectional area as shown in Fig. 6. 
Further downstream, axial velocity profile previously flattened 
is recovered near the non-divider wall and velocity peak 
moves to the near the divider wall because the cross-sectional 
area decreases as shown in Fig. 5. Comparison with previous 
results show fairly good agreement. The shapes and sizes of 
axial velocity profiles are quite similar. 

 
4.2 Pulsatile flow in a carotid bifurcation 

Pulsatile flow through the same carotid bifurcation model 
was calculated. The waveforms of pressure and flow rate were 

assigned the same waveforms of Tada & Tarbell [23] as 
shown in Fig. 7. Pressure is imposed at the inlet, and the outlet 
pressure is calculated from the solution of the Navier-Stokes 
equations. That is, no B.C. for outlet pressure is necessary 
since all velocity components are given at the exit. The blood 
in the carotid artery was considered as a Newtonian fluid be-
cause non-Newtonian fluids have a small effect on pulsatile 
blood flow in large arteries such as the carotid artery [24]. 

Internal Carotid Artery (ICA)

Common Carotid Artery (CCA)

External Carotid Artery (ECA)

Section B
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Fig. 4. Schematic of carotid bifurcation.  
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Fig. 5. The axial velocity distribution: (a) Section A; (b) Section B 
[22]. 
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Fig. 6. pressure contour at mid-plane. 
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Wall shear stress histories at several sites in the sinus are 
shown in Fig. 8. The wall shear stress profiles at the beginning 
of the cycle is similar to the assigned waveforms except for 
the outer wall of ICA. The temporal wall shear stress at outer 
wall of ICA indicates the existence of severe flow separation. 
Fig. 9 shows the temporal wall shear stress profile at the cen-
ter of the sinus during the beginning of the cycle. The wall 
shear stresses of the flexible wall case are lower than those of 

the rigid wall case because the wall in the flexible wall case is 
distended. 

 
4.3 Axial and secondary velocity field near the sinus 

In the case of a flexible wall, a nearly incompressible iso-
tropic wall property is considered. Thus, an elastic modulus of 
3.0 x 105 Pa and Poisson’s ratio of 0.49 are applied [9]. 

Instantaneous axial and secondary flow velocity fields at 
section A are shown in Fig. 10. The maximum axial velocity 
is skewed to the divider sinus wall due to the effect of the 
bifurcation angle, and reversed velocities are observed near 
the non-divider sinus wall. The bifurcation angle skews the 
axial velocity profile, a C-shaped axial velocity [25], to the 
divider sinus wall. 

During accelerated flow, relatively small axial velocity dif-
ference is observed in flexible wall case. The magnitude of the 
secondary velocity is also smaller and the axial vortical mo-
tion is slightly different in the flexible wall case. 

 
5. Conclusion 

A numerical model for fluid-structure interaction was pre-
sented to simulate carotid bifurcation. The model was vali-
dated by comparison with wave propagation in a straight 
flexible tube. Numerical results showed fairly good agreement 
with previous calculations. The fluid velocity profiles in the 

t/T

Pr
es

su
re

(m
m

H
g)

0 0.23 0.46 0.69 0.9270

80

90

100

110
CCA

       t/T

Fl
ow

ra
te

(m
3 /s

)

0 0.23 0.46 0.69 0.921E-06

3E-06

5E-06

7E-06

9E-06

ECA
ICA

 
                                       (a)                                          (b) 
 
Fig. 7. Waveforms of assigned pressure and flow rates: (a) Pressure waveform at CCA; (b) Flow rate waveform at ICA and ECA. 
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Fig. 8. Wall shear stress at section a: (a) Schematic of section a; (b) Temporal wall shear stress during the pulse cycle AT SECTION A. 
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carotid bifurcation sinus also showed good quantitative results 
when compared with previous numerical and experimental 
results. The skewed axial velocities for the geometrical shape 
at the sinus were shown. Wall shear stress at the outer wall of 
ICA has a remarkably low value, which means relatively high 
probability of atherosclerosis. In flexible wall case, the magni-
tudes of the axial and secondary velocity near the sinus are 
smaller than those of the rigid wall case during accelerated 
flow. 
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Nomenclature------------------------------------------------------------------------ 

C : Convection matrix 
D : Diameter of artery 

D : Diffusion matrix 
E : Young’s modulus 
F : Boundary integral term 
G : Divergence matrix 
K : Stiffness matrix 
M : Mass matrix 
n : Normal vector 
p : Pressure 
q : Weight function for continuity equation 
Re : Reynolds number 
us : Displacement vector of structure 
v : Velocity vector 
w : Weight function for momentum equations 

 
Greek symbols 

mα , fα , β , γ  : Parameters of generalized-α  method 
ρ  : Density 
μ  : Dynamic viscosity 
ν  : Poisson ratio 
τ  : Shear stress 
ρ∞  : Spectrum radius 
σ  : Stress 

 
Superscript 

f : Fluid region 
s : Structure region 
n : Time step 
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