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Abstract 
 
This paper describes the mechanical configuration of a quadruped robot firstly. Each of the four legs consists of three rotary joints. All 

joints of the robot are actuated by linear hydraulic servo cylinders. Then it deduces the forward and inverse kinematic equations for four 
legs with D-H transformation matrices. Furthermore, it gives a composite foot trajectory composed of cubic curve and straight line, 
which greatly reduces the velocity and acceleration fluctuations of the torso along forward and vertical directions. Finally, dynamics co-
simulation is given with MSC.ADAMS and MATLAB. The results of co-simulation provide important guidance to mechanism design 
and parameters preference for the linear hydraulic servo cylinders.   
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1. Introduction 

Wheeled robots can travel very fast, but they usually require 
a fairly flat floor over which to work. Tracked robots can 
move on rougher terrain, but slower than wheeled robots. 
Legged robots are superior to wheeled and tracked robots 
since they have higher terrain adaptivity, possess greater mo-
bility and flexibility, do little damage to the environment, etc. 
Nevertheless, legged robots are more complicated in structure 
and difficult to control than wheeled or tracked robots. The 
theories concerning legged robots are still in the development 
stage. 

During the last four decades, walking (or legged) robots 
have been an exciting research field. Many improvements 
have been made since the first full computer-controlled robot 
“Phoney Pony” was made at the University of Southern Cali-
fornia in 1966 [1]. Since then, a large number of walking ro-
bots, such as BISAM [2], WARP1 [3], KOLT [4], Tekken [5], 
HuboDog [6], p2 [7], HyQ [8], etc., have been developed all 
over the world. Up to now, the most advanced walking robot 
is BigDog [9] made by Boston Dynamics in 2008. BigDog 
and p2 adopt linear and rotary hydraulic cylinders to drive the 
articular joints, respectively. HyQ adopts geared motors to 
drive the rolling joints and linear hydraulic cylinders to drive 
the pitching joints respectively. Others adopt electric motors to 

drive all joints. 
Compared to an electric motor driving system powered by 

batteries, the hydraulic driving system powered by an engine 
has several important advantages:  

• Higher power-to-mass ratio, which makes the robot more 
compact and with larger load capability. 

• Greater endurance. 
• More quickly refueled than recharged. 
• Faster dynamic response, which makes the robot more 

stable. 
• Better load stiffness, which reduces the effect caused by 

varied payload or other external force disturbance. 
• More convenient to distribute driving energy to joints ac-

cording to actual needs. 
We have done a great deal of work on mechanical structure, 

kinematics and dynamics simulation for hydraulic actuated 
quadruped robots [10]. A four-legged robot with four degrees 
of freedom (DOFs) per leg has kinematic redundance and 
better adaptability to uneven terrain. But its mechanical struc-
ture, motions planning and control algorithm are more com-
plex than those of a robot with three DOFs per leg. So we 
preferred to make a physical quadruped robot named Scalf-1 
with three DOFs per leg to do many experimental studies. If 
the link parameters a2 and θ2 in Ref. [10] are set to zero, the 
mechanical structures of four legs are identical to those of the 
legs of Scalf-1. So the results in Ref. [10] are directly applied 
to this paper. Scalf-1 weighs about 65 kg without hydraulic 
power pack and can run at the velocity of 1.8 m/s with trot gait 
on flat ground in experiments.  
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2. Mechanism design 

As shown in Fig. 1, each leg of the robot has a rolling rotary 
joint and two pitching rotary joints. The joints topology is 
shown in Fig. 2. All 12 joints are actuated by identical linear 
hydraulic servo cylinders illustrated in Fig. 3, each of which is 
composed of one single rod cylinder, one servo valve, one 
displacement and two pressure sensors. 

The stride frequency is a significant specification of the qu-
adruped robot, which plays an important role in the dynamic 
stability of the robot. Running with higher stride frequency, 
the robot is more stable, but it requires high response fre-
quency of the hydraulic servo cylinders. Ref. [11] has dis-
cussed the relationships between the energic costs and stride 
frequency. How speed and stride frequency change with body 

size from 30 g mice to 680 kg horses has been studied in Refs. 
[12, 13], which shows that the stride frequency of quadrupedal 
mammals decreases with increasing body size and increases 
with increasing running speed. High stride frequencies are less 
efficient. The objective mass of our quadruped robot is no 
larger than 120 kg with power pack and the objective speed is 
no less than 1.5 m/s. Allow for Refs. [11-13], the optimal 
stride frequency of our quadruped robot is 1 Hz to 3 Hz. The 
response frequency of hydraulic servo cylinders must meet the 
requirement of stride frequency. 

The major specifications of Scalf-1 are listed in Table 1. 
Among them, the maximum dynamic force and total oil flow 
of the hydraulic cylinders are determined according to the 
dynamics simulation which will be discussed later. 

 
3. Kinematic equations 

3.1 D-H coordinate frames and link parameters 

As shown in Fig. 2, the origin of the body fixed coordinate 
frame {Ob} is located in the geometric center of the torso, and 
xb points to the forward direction, zb points opposite to the 
gravity direction. There are four coordinate frames noted as 
{Oi0} (i =1, 2, 3, 4) fixed on the four corners of the torso, re-
spectively. The coordinate frames fixed on link k noted as {Oik} 
of four legs are established according to D-H rules [14]. The 
subscripts i and k are the sequence numbers of four legs and 
links. Since the mechanical configurations of the legs are ex-
tremely identical, the coordinate frames and transformation 
matrices of four legs are identical too. The only difference is 
the posture between forelegs and rear legs. The link parame-
ters of Scalf-1 are illustrated in Fig. 2 and listed in Table 2. 

 
 
Fig. 1. Three-dimensional prototype of Scalf-1. 

 
 

 
Fig. 2. D-H coordinate frames of Scalf-1. 

 
 

 
 
Fig. 3. Linear hydraulic servo cylinder. 

 

Table 1. Summary of the major specifications of Scalf-1. 
 

Specifications Values 

Weight (without power pack) about 65 kg 

Dimensions (L × W × H) 1 m × 0.4 m × 0.68 m 

DOFs per leg 3 active (rotary) 

Hydraulic pressure 21 MPa 

Major locomotion gait trot 

Optimal stride frequency 1 Hz to 3 Hz 

Max. payload on flat ground 80 kg 

Max. velocity on flat ground 1.8 m/s 

Max. dynamic force of cylinder about 3700 N 

 
Table 2. Link parameters of Scalf-1. 
 

Joint variables Theoretical range of θik 
Link k ak-1 αk-1

dik θik Fore legs Rear legs 

1 0 0° 0 θi1 (-90°, 90°) 

2 a1 90° 0 θi2 (0°, 90°) (-90°, 0°) 

3 a2 0° 0 θi3 (-180°, 0°) (0°, 180°) 

4 a3 0° 0 / / / 
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3.2 Forward kinematic equations 

Since four legs of Scalf-1 have the same D-H coordinate 
frames and link parameters, they have same forward kine-
matic equations from {Oi4} to {Oi0}. The transformations 
from {Oi0} to {Ob} for four legs can be expressed by the fol-
lowing transformation matrix with different values of δ and 
λ : 

 

0

0 0 1
0 1 0
1 0 0

0 0 0 1

b
i

b
w
h

δ
λ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
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⎢ ⎥
⎣ ⎦

T                            (1) 

 
where b, w and h are geometry parameters of the torso speci-
fied in Fig. 2, δ and λ  are sign flags which are defined as 
below: 
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The coordinates of one foot with respect to {Oi0} corre-

sponding to the same leg can be obtained easily through ho-
mogeneous transformations. It is given by 
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where ck = cosθik, sk = sinθik, c23 = cos(θi2+θi3), s23 = sin(θi2+θi3). 

Eq. (2) is the forward kinematic equation for four legs. The 
coordinates of four feet in {Oi0} can be solved, respectively, 
from it. Further, the coordinates of four feet in {Ob} can be 
obtained by premultiplying transformation matrix i0Ti4 with 
bTi0 respectively. 

 
3.3 Inverse kinematic equations 

The inverse kinematic analysis is necessary for motion 
planning and controlling. Although the forward kinematic 
equations for four legs from {Oi4} to {Oi0} are identical, the 
inverse kinematic equations of joint variables θi2 and θi3 are 
not the same since the fore legs and the rear legs are in differ-
ent postures. 

The feet of Scalf-1 are simplified to four points in this paper. 
If given the coordinates of one foot with ( pix, piy, piz, 1)T in 
{Oi0}, the corresponding joint variables θik can be resolved 
from the inverse kinematic equations. Moreover, its coordi-
nates in other frames can be obtained by forward and inverse 
homogenous transformation. Ref. [10] gives the detailed deri-

vation for inverse kinematic equations of a quadruped robot. 
This paper gives the results directly as follows:  

 
1

1 tan iy
i

ix

p
p

θ −= ,                                 (3) 

( )2 2 2 2
1 1 1 2 31

3
2 3

cos ( )
2

ix iy iz
i

p c p s a p a a

a a
θ −

+ − + − −
= ± ,      (4) 

1 3 3
2 2 2

1 1 1

sin
( )

i i
ix iy iz

a s

p c p s a p
θ ϕ−

⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟= ± −
⎢ ⎥⎜ ⎟+ − +⎢ ⎥⎝ ⎠⎣ ⎦

,      (5) 

1

1 1 1
tan iz

i
ix iy

p
p c p s a

ϕ − ⎛ ⎞
= ⎜ ⎟⎜ ⎟+ −⎝ ⎠

.                      (6) 
 
For fore legs (i = 1, 2), θi2 are positive and θi3 are negative. 

Conversely, θi2 are negative and θi3 are positive for rear legs 
(i = 3, 4). 

If given the coordinates of one foot in {Ob}, we can get its 
coordinates in {Oi0} first by the inverse transformation of Eq. 
(1), then get the three joint variables θik from Eqs. (3)-(6). 

 
4. Foot trajectory planning 

To minimize the contact forces between ground and the 
foot, the foot trajectory should meet the demand that velocity 
and acceleration become zero at the time of touchdown, liftoff 
and maximum foot height. The composite cycloid foot trajec-
tory meets the demand well [15]. But it also has a serious de-
fect that is the obvious relative slippage between feet and 
ground at the landing moment. The defect has been verified in 
experiments with a physical robot. A new ellipse-based trajec-
tory generation method for galloping quadruped robot is pro-
posed in Ref. [16].  

This paper gives a composite foot trajectory composed of 
cubic curve for swing phase and straight line for stance phase 
with respect to torso fixed frame {Ob}. The foot trajectory 
meets the requirements that the velocities along z axis of the 
feet become zero at the moment of touchdown and liftoff and 
there are no fluctuations with the velocities of the torso along z 
and x axes. The equations for foot trajectory are  

 
3 2

3 2
16 12 1 1( ) ( )

4swx t b L t t t
TT T

δ= + × − + − − ,           (7) 

3 2
3 2

128 48( ) ( )sw b fz t H H t t
T T

= − + × − + ,              (8) 

1 1( ) ( )
4stx t b L t

T
δ= + × − + ,                       (9) 

( )st bz t H= −                                     (10) 
 

where L represents stride length, T represents cycle time, t 
represents the remainder of simulation time divided by cycle 
time T, Hb and Hf represent the z coordinate of torso and the 
maximum foot height with reference to the ground, respectively. 

Eqs. (7) and (8) represent the position variations of one foot 
along x and z axes during the swing phase, while Eqs. (9) and 
(10) represent its position variations during stance phase. Figs. 
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4(a) and 4(b) show the position variations of one foot along x 
and z axes in one cycle time, while Figs. 4(c) and 4(d) show its 
velocity variations. Fig. 4(e) shows the closed foot trajectory 
with respect to torso fixed frame {Ob} during one cycle time. 

According to Eqs. (9) and (10), the foot position variations 
with respect to torso fixed frame are constant along the z axis 
and linear along the x axis during stance phase. In other words, 
the position variations of the torso relative to ground are con-
stant along the z axis and linear along the x axis under the 
assumption that there are no slippages between the supporting 
feet and ground. Fig. 5 shows the ideal position variations of 
torso along the x and z axes, respectively. From Eq. (9) or Fig. 
5(a) it can be concluded that there exists a speed jump at the 

start of the robot, so there exists greater inertial impact force 
too. If the robot starts with a ramp accelerating stage as shown 
in Fig. 5(c), the inertial force is very limited.  

 
5. Dynamics simulation with MSC.ADAMS 

To verify kinematic equations and the performance of the foot 
trajectory, and get some important parameters, dynamic simula-
tions are made based on ADAMS. Since it is difficult to imple-
ment complex joint motion driving in ADAMS, MATLAB/ 
Simulink is selected to make co-simulations with ADAMS [17]. 
Figs. 6 and 7 show the virtual prototype in ADAMS and co-
simulation model in MATLAB of Scalf-1, respectively.  

In co-simulation, the foot trajectory can be discretized to a 
series of points firstly. Then the coordinates of each point are 
substituted into the inverse kinematic equations to get all joint 
variables. Further, the displacements of hydraulic cylinders 
with respect to joint variables can be calculated according to 
the mechanical structure parameters of legs. As shown in Fig. 
7, all the calculations are implemented in MATLAB and the 
cylinders displacements are transferred to ADAMS_SUB 
module as input variables to drive corresponding cylinders. 
The simulation results not only can be returned to MATLAB 
from ADAMS_SUB, but also can be processed in ADAMS 
postprocessor module. The coefficient of friction between 
supporting feet and ground is about 0.4 [18]. This and other 
parameters are listed in Table 3. Figs. 8 to 11 show parts of the 
simulation results. 

From Fig. 8, it can be concluded that the kinematic equations 
are right and the cubic curve and straight line foot trajectory has 
higher performance than the composite cycloid foot trajectory. 

 
(a) 

 

 
(b) 

 

 
(c) 

 

(d) 
 

 
(e) 

 
Fig. 4. Foot motions with respect to torso fixed frame {Ob}: (a) and (b) 
show the position variations along x and z axes, (c) and (d) show the
velocity variations along x and z axes, (e) shows foot trajectory during 
one cycle time. (L = 400 mm, T = 0.4 s, Hf = 50 mm, Hb = 680 mm) 

 

 
(a) 

 

 
(b) 

 

 
(c) 

 
Fig. 5. Torso motion: (a) and (b) show the ideal position variations of 
torso along x and z axes with respect to ground fixed frame, respec-
tively, (c) shows the ideal position variation of torso along x axis with 
a ramp accelerating stage. 
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 (a) 

 

(b) 
 
Fig. 9. The acceleration variations of torso: (a) and (b) show the accel-
eration variations along x and z axes, respectively. 

 
 

(a) 
 

(b) 
 

(c) 
 
Fig. 10. Driving forces of three hydraulic cylinders of one leg during 
one cycle time. 

 
 

 
Fig. 11. Contact force between one foot and ground. 

Table 3. Parameters in simulation. 
 

Parameters Values 

Payload 100 kg 

Coefficient of friction about 0.4 

Locomotion gait trot 

Cycle time 0.4 s 

Stride length 400 mm 

Max foot height 50 mm 

Accelerating time 2 s 

Simulation step size 0.01 s 

Simulation time 10 s 

 
 

 
 
Fig. 6. Virtual prototype of Scalf-1 in MSC.ADAMS. 

 
 

 
 
Fig. 7. Co-simulation model of Scalf-1. 

 

 
Fig. 8. Position and velocity variations of torso along x axis: curves 1 
and 3, show the velocity and position variations of the torso in simula-
tion with cubic curve and straight line foot trajectory, respectively, 
curves 2 and 4 show the velocity and position variations of the torso in 
simulation with composite cycloid foot trajectory, respectively. 
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There are almost no slippages between the supporting feet and 
ground while Scalf-1 is running with cubic curve and straight 
line foot trajectory. The curve 3 is almost identical to the curve 
shown in Fig. 5(c). In contrast, there are obvious slippages 
while the robot is running with composite cycloid foot trajectory. 
The ideal accelerations of torso along x and z axes should be 
zero according to Figs. 5(a) and 5(b). As shown in Fig. 9, they 
are not zero in simulation since the actual shapes of four feet are 
not ideal points. The acceleration makes the velocity of the torso 
fluctuate slightly around the ideal velocity along x and z direc-
tions. This is the reason why the velocity variation curves 1 and 
2 shown in Fig. 8 are not smooth. 

Fig. 10 shows the output forces of three hydraulic cylinders 
of the same leg during one cycle time. It can be seen that the 
maximum driving force for all joints is about 3700 N. This 
means that the hydraulic cylinders must have the ability to 
output dynamic force of 3700 N. From Fig. 11, it can be con-
cluded that the maximum impact force is about 1600 N, while 
the Scalf-1 is trotting with 100 kg payload. The impact force 
variation is consistent with that of the acceleration along the z 
axis shown in Fig. 9(b). Dynamic simulation results provide 
important references to the design of Scalf-1, such as: 

• The maximum dynamic output force of cylinders. 
• The maximum impact force between feet and ground. 
• The optimal stride frequency. 
• The stability of different foot trajectories. 

 
6. Experiments 

Many experiments upon payload capability, maximum veloc-
ity, gait transition, different ground adaptability etc., have been 
done with the physical prototype inside the laboratory [19]. The 
driving power is provided by a stationary hydraulic power pack 
driven by an AC electric motor. In the early stage of the devel-
opment of Scalf-1, each hydraulic servo cylinder was controlled 
by a position servo controller. All servo controllers are con-
nected to one onboard computer which communicates to the 
console computer through wireless protocol. The control archi-
tecture is shown in Fig. 12. Force feed back control is under 
research and will be applied to Scalf-1 in the near future. Figs. 
13 and 14 show the payload capability and soil ground adapta-
bility experiments, respectively. Fig. 15 shows the acceleration 
variations of torso along x and z axes. The parameters in ex-
periments are the same in simulation as listed in Table 3. 

The acceleration variations along the x and z axes measured 
by a gyro in one of the experiments are shown in Fig. 15. The 
acceleration along the z axis includes gravity acceleration. The 
variations are cyclical and the frequency is two times of stride 
frequency. Compared to Fig. 9, the acceleration variations 
amplitudes are almost identical, but the curves in Fig. 15 are 
smoother than the curves in Fig. 9 since the high frequency 
variations of acceleration have been filtered out by the gyro.  

The experiments verified most of the simulation results and 
showed that the most stable locomotion gait is the trot and the 
optimal stride frequency ranges from 2 to 3 Hz for Scalf-1. The 

maximum velocity of the robot reaches 1.8 m/s running with 
trot gait on flat concrete ground and the payload capability ex-
ceeds 80 kg with the trotting velocity no less than 0.4 m/s. 

 
Fig. 12. Control architecture of Scalf-1. 

 

 
 
Fig. 13. Scalf-1 trotting with 80 kg payload at 0.4 m/s. 

 

 
 
Fig. 14. Scalf-1 trotting on soil ground at 0.4 m/s. 

 

 
(a) 

 

 
(b) 

 
Fig. 15. The acceleration variations of torso in experiment: (a) and (b) 
show the acceleration variations along x and z axes respectively. 
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7. Conclusions 

This paper describes a quadruped robot configuration driven 
by linear hydraulic servo cylinders and a composite foot tra-
jectory composed of cubic curve and straight line. The com-
posite foot trajectory makes Scalf-1 more stable in simulations 
and experiments than others. Trot gait and 2.5 Hz are the most 
stable locomotion gait and stride frequency verified by dy-
namic simulations and experiments. The maximum driving 
force of all joints and the maximum impact force between feet 
and ground in simulation provide important references for 
designing the physical prototype of Scalf-1.  

In future work, we will design a miniaturized hydraulic 
power pack which is driven by an internal combustion engine, 
force feedback controller, add more sensors such as foot 
multi-axis force sensors, gyro etc. Then do more simulations 
and experiments. 
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