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Abstract

In this paper, static behavior of nano/micromirrors under Casimir force is studied. At the first, the equilibrium equation governing the
statical behavior of nano/micromirrors is obtained. Then energy method is employed to investigate statical stability of nano/micromirrors
equilibrium points and a useful equation is suggested for successful and stable design of nano/micromirrors under Casimir force. Then,
equilibrium angle of nano/micromirrors is calculated both numerically and analytically using the homotopy perturbation method (HPM).
It is observed that with increasing the instability number defined in the paper, the rotation angle of the mirror is increased and suddenly,
pull-in occurs. Since analytical results well follow the numerical ones, the presented analytical method in this paper can be used as a fast,
precise and stable design tool in nano/micromirrors under Casimir force.
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1. Introduction

Technology of N/MEMS has experienced a lot of progress
in testing and fabricating new devices recently. Their low
manufacturing cost, batch production, light weight, small size,
durability, low energy consumption and compatibility with
integrated circuits, makes them even more attractive [1, 2].

Successful MEMS devices rely not only on well developed
fabrication technologies, but also on the knowledge of device
behavior, based on which a favorable structure of the device
can be forged [3].

The fact that MEMS devices play important roles in optical
systems, caused the development of a new class of systems
called micro-opto-electro-mechanical systems (MOEM).
MOEMS include a wide variety of devices including digital
nano/micromirror devices (DMD) [4], optical switches [5],
micro scanning mirrors [6], optical cross connects [7, 8], and
etc. Micromirrors and torsional actuators play an important
role in MOEMS systems [9]. Nano/micromirrors are very
small, highly reflective mirrors, often supported on torsion
beams, used in a variety of applications. States of these de-
vices are controlled by applying a voltage between the two
electrodes around the mirror arrays. Based on their motion
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types, nano/micromirrors can be classified into four catego-
ries: deformable mirror [10], movable mirror [11], piston mir-
ror [12], and torsional mirror [13]. These four types of na-
no/micromirrors have been widely studied in recent years with
the torsional nano/micromirror being the most interesting
among them [9]. Torsional nano/micromirrors have been ex-
tensively used for applications because of theirs good dynamic
response, for instance in digital projection displays [13], spa-
tial light modulators [14] and optical crossbar switches [15].

Many researches have been done on torsional micro actua-
tors. For example Degani et al. [16] presented a novel dis-
placement iteration pull-in extraction (DIPIE) scheme for the
problem of electrostatic torsion micro-actuators. They [16]
showed that their presented method converges 100 times fast-
er than the voltage iteration scheme. Zhang et al. [17] de-
scribes the static characteristics of an electrostatically actuated
torsional micromirror based on parallel plate capacitor model.
They extensively studied the snap down phenomenon in mi-
cromirrors. They used numerical approach for their simula-
tions. Switching response of torsional micromirrors have been
modelled by Bhaskar et al. [18]. Khatami and rezazadeh [19]
studied dynamic response of a torsional micromirror to elec-
trostatic force and mechanical shock.

In addition to electrostatic force, intermolecular surface
forces, play an important role in MOEMS design. The most
important intermolecular surface forces are Casimir force and
vdW force [20]. VAW force is the interaction force between
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neutral atoms and it differs from covalent and ionic bondings
in that it is caused by correlations in the fluctuating polariza-
tions of nearby particles [21]. Casimir force is understood as
the longer distances range analog of the van der Waals force,
resulting from the propagation of retarded electromagnetic
waves, whose distance ranges from a few nanometers up to a
few micrometers [22]. When the size of a structure is suffi-
ciently small, Casimir force plays an important role and in the
case of poor design, can lead to the collapse of the structure.
So investigating the effect of Casimir force on na-
no/micromirrors is extremely important in their design.

Tahami et al. [23] discussed pull-in phenomena and dy-
namic response of a capacitive nano-beam switch by consider-
ing Casimir effect. Casimir effect on the pull-in parameters of
nano-meter switches has been studied by Lin and Zhao [24].
They also studied nonlinear behavior of nano-scale electro-
static actuators with Casimir force [25]. Ramezani et al. [26,
27] investigated the two point boundary value problem of the
deflection of nano-cantilever subjected to Casimir and electro-
static forces using analytical and numerical methods to obtain
the instability point of the nanobeam. Modelling and simula-
tion of electrostatically actuated nano-switches under the ef-
fect of Casimir forces have been studied by mojahedi et al
[28]. Sirvent et al. [29] theoretically studied pull-in control in
capacitive microswitches actuated by Casimir forces using
external magnetic fields. Effect of the Casimir force on the
static deflection and stiction of membrane strips in MEMS
have been studied by Serry et al. [30]. But the statical behavior
and stability of torsional nano/micromirrors under Casimir
force has not been yet presented. So in this paper, the effect of
Casimir force on the tilting angle and stability of torsional
nano/micromirror is studied. In this study, HPM is used as a
perturbational based analytical tool.

Perturbation methods have been used to analytically solve
the nonlinear problems in MEMS. Younis and Nayfeh [31]
have investigated the response of a resonant microbeam to an
electric actuation using the multiple-scale perturbation method.
Abdel-Rahman and Nayfeh [32] used the same method to
model secondary resonances in electrically actuated mi-
crobeams. Since perturbation methods are based upon the
assumption that there is a small parameter in the equations,
they have some limitations in problems without involvement
of small parameters. In order to overcome this limitation a
new perturbational based method, namely HPM was devel-
oped by He et al. [33]. His new method takes full advantages
of the traditional perturbation methods and homotopy tech-
niques. Homotopy perturbation method has also been used for
solving the nonlinear problems encountered in N/MEMS. For
example, Moeenfard et al. [34] used HPM to model the
nonlinear vibrational behavior of Timoshenko micobeams.
Mojahedi et al. [35] applied the HPM method to simulate the
static response of nano-switches to electrostatic actuation and
intermolecular surface forces. But so far no analytic solution
has been presented to model the behavior of nano/micromir-
rors.

In the current paper, the equation governing the statical be-
havior of a rectangular nano/micromirror is obtained using
Newton’s first law of motion and also using the minimum
potential energy principle. Then energy method is used to
investigate the instability of nano/micromirror equilibrium
points. At the end, tilting angle of a nano/micromirror under
Casimir force is calculated both numerically and analytically
using HPM.

2. Problem formulation

The nano/micromirror shown in Fig. 1 is considered.

The differential Casimir force exerted to the differential sur-
face element of the mirror with width W and infinitesimal
length dx shown in Fig. 1 is [36]:

2
dFy, = Lﬁj Welx 1)
2402

where ¢ is speed of light, % is Plank’s constant divided by
2rn, and z is the distance between the mentioned surface
element and the substrate. So the torque due to Casimir force
that is applied to nano/micromirror is

L
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where 7 is the initial distance between the mirror and the
substrate, L is the length of the nano/micromirror and ¢ is
its tilting angle as illustrated in Fig. 1.

The tilting angle in nano/micromirrors are usually small and
sing ~ ¢ . Therefore Eq. (2) can be restated as:

L
2
Mcy = J‘ﬂ4 Wxdx . 3)
0 240(h — x¢)

The maximum rotation angle is ¢, ~sing, = /L, so the
normalized rotation angle is introduced as S =¢/¢, which
leads to:

Cas
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The mechanical restoring torque applied to the micromirror
is obtained using the following relation:

Mypeen =—Ko %)

where
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In this equation, G is the shear modulus of the torsion
beams, / is the length of each torsion beam and 7, is the
polar momentum of inertia of the rectangular cross section
expressed as [9]:

o0
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where ¢ and w are the length and width of the beam’s
cross section respectively. So using Eq. (6), Eq. (5) is simpli-
fied as Eq. (8).
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At equilibrium point, the net torque applied to the na-
no/micromirror is zero.

MCas + MMech =0 (9)

Using Egs. (4) and (8), Eq. (9) is simplified to the following
equation:

AL 381 |,
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where
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In Egs. (10) and (11), A is called the instability number.

In order to investigate the matter of stability, the total poten-
tial energy principal [37] is utilized and the energy of the sys-
tem is divided into two parts: the potential strain energy of the
torsion beams, U and the potential energy of applied loads,
V' which is equal with minus of work done by external forces,
w,.

[I=U+V=U-W, (12)

where [] is the total potential energy. At equilibrium points,
I1 has no variation.

ST =6U-W, =0 (13)

The potential strain energy in the torsion beams is calcu-
lated as:

(b)

Fig. 1. Schematic: (a) isometric; (b) side view of a nano/micromirror
under the effect of Casimir force.

U :%K(pz (14)

which leads to Eq. (15) for the variation of the potential strain
energy.

oU = Kpop (15)

The work done by the Casimir forces to deflect the mirror
from angle ¢ toangle ¢+ J¢ iscomputed using Eq. (16).

L
oW, = [ @Fo, )

J (16)

2
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So at equilibrium points, the following equation is satisfied:

2
7"he Wdx(x5p) . (17)

L
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By performing the integration and using dimensionless va-
riable £, Eq. (18) is obtained.

AL 381 4
/32[6 6(/3—1>3J peo (49
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I(B)

Fig. 2. Stability function 1(f) at equilibrium points versus £ .

This equation is the same as Eq. (10) for the equilibrium
equation. Performing the second variation operator on the Eq.
(13), and using equilibrium Eq. (18), one can conclude:

52H_(5ﬁ)2h2[K+7z2thL3[8 1
I? 24081 \ 3 (1= B)°
B 1-5) (19)
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According to minimum total potential energy principle an
equilibrium point is stable when 52[1>0 and is unstable
when §2T1<0 . So the stability condition is reduced to:

1A
1A= ﬂJ

8 1 2 1 1
— - - +—1>0 (20)
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where () is called the stability function. Using equilib-
rium Eq. (18), instability number, A can be obtained in terms
of dimensionless angle S as follows:

3
P A @1)
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Substituting Eq. (21) into Eq. (20) leads to the following
equation for the stability of the equilibrium points:

8 1 2 1 1
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Fig. 2 shows the stability function /() versus /.
It is observed that when £ is less than 0.2679, the result-
ing equilibrium point is stable and if £ is larger than 0.2679,
the resulting equilibrium point is unstable and finally If £

equals 0.2679, the equilibrium point corresponds to the pull-in
state. The value of A at this point is obtained by Eq. (23):

J>0. 22)
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Dimensionless Torque

Fig. 3. Dimensionless elastic restoring torque and Casimir torque (at
different values of A ) applied to the nano/micromirror versus its
rotation angle.

=0.2309 (23)

where Ap and B, are the values of 4 and S at pull-in,
respectively. In Fig. 3, the dimensionless torque functions,
f(B)=p and g(ﬁ):/1(1/6—(3ﬂ—1)/6(ﬁ—1)3)/ﬂ2 are
plotted versus f at various values of A. It is observed that
at low values of A, there exist two roots for Eq. (18) where
the smaller one (which is smaller than the critical value of
Bp=0.2679) is the stable equilibrium point and the larger
one (which is larger than the critical value of fp =0.2679)

is the unstable equilibrium point. At A = Ap, Eq. (18) has just
one root. For A larger than Ap, Eq. (18) does not have any
root and equilibrium can’t be established.

The interesting point is that the Sp which is the root of
I() is also the root of dA/df3=0 which means at pull-in,
the derivative of 4 with respect to /S is zero. So in design-
ing rectangular nano/micromirrors shown in Fig. 1, Eq. (24)
has to be satisfied, otherwise the structure would be unstable
and pull-in would happen.

3
0.7082?}% <h (24)

Eq. (24) can be used for a safe design of nano/micromirrors
under Casimir force.

3. Analytical solutions for equilibrium equation

In this section, it is tried to find the value of the rotation an-
gle of the nano/micromirror analytically in terms of A. For
this purpose, the analytical tool, HPM is utilized.

The linear part of Eq. (10) can be found by using Taylor se-
ries expansion of the equilibrium Eq. (10) as follows:

L(ﬂ,l):%+(%—ljﬂ 25
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where L(,4) is the linear part of Eq. (10). Obviously the
nonlinear part of equilibrium equation is obtained by subtract-
ing L(p,4) fromEq. (25).

_ AL 381 | A4
N(ﬂ,ﬂ)—ﬂ2[6 6([}_1)3] > 3,6’ (26)

Now, the homotopy form is constructed as follows:
3(B,AP)=L(B,2)+P.N(B,A)=0. 27

In Eq. (27),5(B,4,P) is the homotopy formand P isan
embedding parameter which serves as perturbation parameter.
When P =1, the homotopy form would be the same as the
equilibrium equation and when P =0, homotopy form would
be the linear part of equilibrium equation. The value of the
dimensionless rotation angle £ can also be expanded in
terms of the embedded parameter P .

B=Py+PP+P P+ P fy+.. (28)
Substituting Eq. (28) into homotopy form yields:

S(BAP)=L( o+ PR+ P By +..2)

29)
+ P.N(,BO +Pp+ Pzﬁ2 + /1) =0.
The Taylor series expansion of right hand side of Eq. (29) in
terms of P would be as

OL( By,
%(ﬂ,ﬂ,P):L(ﬁo,z)Jr[ﬁl;/;>)+N(ﬁo,/1)]P
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+

Since the homotopy form must be unified with zero, the co-
efficients of all powers of P must be zero. This, leads to the
following equations:

L(fp:4)=0 31)
OL( By, A

ﬂl(ai;;)‘i‘N(ﬂo,/i):O (32)
OL(fy.A) . ON(Bo.A)

Yo B + 5 P =0 (33)
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Fig. 4. Equilibrium behavior of the mirror shown in Fig. 1, comparison
of analytical HPM results with numerical results.

With solving Egs. (31) to (34) , the parameters fg;
0<i<3 can be found as follows:

32
ﬁo:m (35)
5= —N(ﬂo,ﬂ)/[(W) (36)
__ [N (Bo:2) ) /([ OL(Bp:2)
B = ﬂl[ o ]/( o 37
[ ON(BoA) 1 2@ N(BoA)| [ OL(BoA)
By = (ﬂz 0B, +2,31 5ﬂ02 B, -
(38)

The value of £ is found by substituting g, 0<i<3 and
P =1 in Eq. (28). In Fig. 4 the results of the numerical simu-
lations is compared with those of analytical HPM results. It is
observed that with increasing the value of A1, the rotation
angle increased and pull-in occurs. This figure also shows that
the presented analytical solution closely follows the numerical
one. Furthermore, it is observed that with increasing the de-
gree of the perturbation approximation the accuracy of the
analytical solution is increased, but by increasing the men-
tioned number more than 5, the accuracy of the obtained solu-
tion does not improve appreciably. So a fifth order perturba-
tion approximation can be used for an accurate design.

4. Conclusions

The statical behavior of nano/micromirrors under the effect
of Casimir force was studied. First, the equation governing the
statical behavior of a nano/micromirror was obtained. Then
energy method was utilized to investigate the statical stability
of nano/micromirror equilibrium points. It was shown that
when there exist two equilibrium points, the smaller one is
stable and the larger one is unstable. Furthermore, a useful
equation was suggested for the successful design of na-
no/micromirrors in the stable operational range.

The tilting angle of nano/micromirrors due to Casimir
force was also investigated both numerically and analyti-
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cally using HPM. It was observed that with increasing the
instability number defined in the paper, the rotation angle of
the nano/micromirror is increased and suddenly the pull-in
occurs. The analytical results well followed the numerical
ones and so the presented analytical method can be used as
a fast and accurate design tool for nano/micromirrors design
optimization.

Nomenclature

G : Shear modulus of elasticity of the beam’s material
h : Initial distance between the mirror and the substrate
/ : Length of each torsion beam

L : Length of mirror

U : Potential strain energy of the torsion beams

14 : Potential energy of applied loads

w : Width of mirror
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