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Abstract 
 
Micro electro-mechanical systems (MEMS) are increasingly being used in measurement and control problems due to their small size, 

low cost, and low power consumption. The vibrating gyroscope is a MEMS device that will have a significant impact on stability control 
systems in the transportation industry. This paper investigates the application of a modified model reference adaptive control for MEMS 
gyroscope. Using this adaptive control algorithm, an estimation of the angular velocity and the damping and stiffness coefficients in real 
time is easily computable. Changing the conventional model reference input makes it feasible to utilize a low pass filter to remove un-
wanted oscillations caused by high adaptation gain. This new adaptive control technique enables quick compensation for large changes in 
the system dynamics, providing consistent estimation of gyroscope parameters including angular velocity and large robustness to pa-
rameter variations and external disturbances. The asymptotic stability of the mentioned adaptive controller is guaranteed using the 
Lyapunov direct method. Numerical simulation is presented to verify the effectiveness of the proposed control scheme.   
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1. Introduction 

Since the 1980s, MEMS (Micro-Electro-Mechanical Sys-
tems) gyroscopes have been developed with the development 
of silicon surface micro-machining technology. MEMS gyro-
scopes have many benefits such as low cost, small size, and 
negligible weight compared to conventional mechanical gyro-
scopes [1-3]. Furthermore, they have a wide range of applica-
tions including navigation and guidance systems, automobiles, 
and consumer electronics, which has lead many researchers to 
focus on them over the last few decades. However, some 
drawbacks of the MEMS gyroscopes, such as low precision 
due to a small vibrating amplitude, very narrow bandwidth, 
and imperfections in fabrication are challenges that remain to 
be solved. 

When the gyroscope is subject to a rotation rate, the re-
sponse of the sensing mode provides the information of the 
rotation rate. With the advancement of MEMS technology, 
MEMS gyroscopes have been applied to automobiles for roll-
over sensors and skid control, consumer electronics (e.g. cam-
era stabilizations), GPS-assisted inertial navigation, industry, 
aerospace, etc. [4]. However, fabrication imperfections and 

environmental variations produce undesirable coupling terms, 
unknown disturbances, input and measurement noises, fre-
quency mismatch between two vibrating modes, and parame-
ter variations which degrade the performance of the gyro-
scopes. There are also certain factors which may affect the 
performance of gyroscopes, and these are known as the cou-
pling parameters. Coupling parameters are the terms that exist 
in the drive and sense motion equations in the form of stiff-
ness and damping terms multiplied by position and velocity 
states, thereby relating the drive and sense motion equations. 
Coupled damping parameters are usually small and are not as 
important as the coupled stiffness terms. As a consequence, a 
control system is essential to improve the performance and 
stability of MEMS gyroscopes. Advanced control technolo-
gies should focus on exploiting the inherent structures of the 
vibratory MEMS gyroscopes, so as to achieve disturbance 
attenuation and performance robustness against modeling 
uncertainties. There are two major control problems associ-
ated with vibrational MEMS gyroscopes: controlling two vi-
brating axes (or modes) of the gyroscope, and to estimating a 
time-varying rotation rate [5].  

Model reference adaptive control (MRAC) is one of the 
main approaches to adaptive control. This architecture was 
originally developed to control linear systems in the presence 
of parametric uncertainties. This architecture has been facili-
tated by the Lyapunov stability theory, which gives sufficient 
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conditions for stable performance without characterizing the 
frequency properties of the resulting controller. The basic 
structure of an MRAC scheme is shown in Fig. 1. The major 
drawback utilizing the MRAC algorithms with large learning 
rates is its sensitivity to time-delay. Refs. [6, 7] addressed this 
challenge and introduced a new paradigm for design of adap-
tive controllers. The resulting control architecture adapts 
quickly, leading to desired transient performance with analyti-
cally computable performance bounds. Moreover, as demon-
strated in Refs. [8-10], unlike the conventional MRAC algo-
rithms, the introduced adaptive control architectures have 
guaranteed time-delay margins in the instance of rapid adapta-
tion. 

Astrom [11], Ioannou and Sun [12], and Tao [13] described 
the model reference adaptive control. In the last few years, 
many applications have been developed for the improvement 
of the performance of adaptive controllers, and it has been 
addressed from various perspectives in numerous efforts [6, 7, 
14-17]. An adaptive control law and merging parameter iden-
tification were proposed and analytically studied by Fradkov 
and Andrievsky [18]. Cao and Hovakimian [10, 19, 20] de-
veloped a novel adaptive control architecture that ensures that 
the input and output of an uncertain linear system track the 
input and output of a desired linear system during the transient 
phase, in addition to asymptotic tracking. Zareh et al. [21, 22] 
utilized this modified MRAC for some special flight control 
systems. Some control algorithms had been proposed to con-
trol the MEMS gyroscope. Fei and Batur [2, 3] derived an 
adaptive sliding mode control for MEMS gyroscope to iden-
tify its angular velocity. Batur et al. [1] developed a sliding 
mode control for a MEMS gyroscope system combined with a 
force balancing control strategy to identify angular velocity. 
Leland [4] presented an adaptive controller for tuning the 
natural frequency of the drive axis of a vibratory gyroscope. 
An adaptive controller that drives both axes of vibration and 
controls the entire operation of the gyroscope for a MEMS 
gyroscope is reported in Ref. [4].  

The major contribution of this paper is to design a modified 
model reference adaptive controller to estimate angular veloc-
ity and all unknown gyroscope parameters and to prove the 
ability of the mentioned controller to be used in such systems. 
Due to the fast compensation behavior resulting from a suit-
able selection of the controller parameters, a faster and more 
precise estimation of angular velocity is expected. 

The present paper consists of 5 sections. After a brief intro-
duction in the present section (Section 1) the mathematical 
model of MEMS gyroscope will be introduced. In Section 3, 
the modified model reference adaptive controller is developed. 
Simulation results are depicted in Section 4. Conclusions are 
provided in Section 5. 

  
2. Dynamics of MEMS vibrational gyroscope 

A z-axis MEMS gyroscope is depicted in Fig. 1. The typical 
MEMS vibratory gyroscope includes a proof mass suspended 

by springs, an electrostatic actuation and sensing mechanisms 
for forcing oscillatory motion and sensing the position and 
velocity of the proof mass. We assume that the table where the 
proof mass is mounted moves with a constant velocity and the 
gyroscope rotates at a slowly changing angular velocity. The 
centrifugal forces m2z x, m2z y are assumed to be negligible 
due to small displacements. The Coriolis force is generated in 
a direction perpendicular to the drive and rotational axes. Fol-
lowing Ref. [1] and considering the assumptions stated above, 
the dynamics of gyroscope become: 

 
*

xx xy xx xy xmx+c x+c y+k x+k y=u (t)+2m yΩ
 

(1) 
*

yy xy yy xy ymy+c y+c x+k y+k x=u (t)+2m xΩ
 

(2) 

 
where m is the mass of the proof mass, x and y are the coordi-
nates of the proof mass relative to the table frame, and xxk , 

yyk , xyk  are the stiffness matrix parameters. The parameters 
xxC , yyC , xyC  represent the damping, ( )xu t  and ( )yu t  are 

the electrostatic driving forces, *Ω  is the unknown angular 
velocity that is to be determined, and *2m yΩ &  and *2m x− Ω &  
are the coupling forces caused by the Coriolis effect. The fol-
lowing assumptions were made to derive the lumped dynamic 
models in Eqs. (1) and (2): 
 

. (3) 
 
Friedland and Hutton [23] and Painter and Shkel [24] com-

prehensively analyzed the behavior of this coupled system. In 
order to minimize the coupling between the actuation (x) and 
sense modes (y), four degrees of freedom (two in actuation 
and two in sensing) have been proposed by Acar and Shkel 
[25]. The initial development of MEMS gyroscopes and the 
controller designs can be traced to the work of Shkel et al. [26]. 

Using non-dimensional time 0 tτ ω= , and dividing both 
sides of Eq. (3) by 2

0mω  with 0ω  being the reference fre-
quency, gives the final form of the non-dimensional equation 
of motion as: 

 

 
(4)

 
 

The parameters in Eq. (4) are defined as follows: 

 
 
Fig. 1. Block diagram of an MRAC. 

 



 M. Zareh and S. Soheili / Journal of Mechanical Science and Technology 25 (8) (2011) 2061~2066 2063 
 

  

 

(5) 

 
where 0q  is the reference length. Now define a set of new 
parameters as follows: 
 

 
(6) 

 
Consequently, the non-dimensional representation of Eqs. (1) 
and (2) becomes 
 

 (7) 
 

To achieve a compacted gyroscope model, Eq. (7) is written in 
state space form as 

 
 (8) 

 
where 
 

 

(9)

 
 

in which 
 

 
(10)

 
 

3. Modified model reference adaptive controller  

In this section, as in Refs. [6] and [7], a modified model ref-
erence adaptive controller is designed to control MEMS gyro-

scopes. The control target for a MEMS gyroscope is to design 
an adaptive controller so that the trajectory of the driving axes 
can track the state of a reference model while it permits com-
plete transient characterization for a system’s input and output 
signals. The purpose of the control is to establish conditions 
that the unknown angular velocity can be consistently esti-
mated. 

To achieve a continuous oscillating proof mass, the follow-
ing reference model is selected: 

 

 (11) 
 

where { }1 2, .mK diag ω ω=  Then the desired trajectory is 
achieved as 1 1sin ( )mx A tω=  and 2 2sin ( )my A tω=  in the x 
and y-directions, respectively. The reference model in Eq. (11) 
can be written in state space form as 
 

.

 

(12)

 
 

Eq. (12) can also be rewritten as 
 

 (13) 
 

in which cu  equals zero. The constant Hurwitz matrix 
n n

mA R ×∈  should be selected such that ( , )mA B  is controlla-
ble. To obtain a modified model reference adaptive controller 
introduced in Ref. [9], a control architecture is presented as 
follows: 
 

 

(14)

 
 

where ( )K t  is the adaptation parameter. The choice of eK  
needs to ensure that c m eA A BK= +  is Hurwitz or, equiva-
lently, that 1( ) ( )c cH s sI A B−= −  is stable. One obvious 
choice is 0.eK =  ˆ ( )df t  is an estimation of external distur-
bances and will be introduced in the next section. 

Following Ref. [2], in this section we consider the system in 
Eq. (8) with parametric uncertainties AΔ  and external dis-
turbance f  as 

 

 (15) 
 

where AΔ  is the unknown uncertainty of the matrix A  and 
( )f t  is an uncertain external disturbance.  
Assumption 1: AΔ  and ( )f t  have matched and un-

matched terms. There exist unknown matrices of appropriate 
dimension ,D G  such that ( )A BD t AΔ = + Δ %  and ( )f t =  

( ) ( )BG t f t+ Δ% , where ( )BD t  is a matched uncertainty and 
AΔ %  is an unmatched uncertainty. ( )BG t  is a matched dis-

turbance and ( )f tΔ%  is an unmatched disturbance. Therefore, 

Fig. 2. A schematic view of dynamic model of MEMS z-axis gyro-
scope. 
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Eq. (15) can be rewritten as 
 

 (16) 
 

in which .d m uf Bf f= +  Here, ( , )mBf t X  represents the 
system lumped matched uncertainty and disturbance, which is 
given by 
 

 (17) 
 

The term ( , )uf t X  represents the lumped unmatched uncer-
tainty and disturbance, which takes the form 
 

 (18) 
 

Assumption 2: The external disturbances and system uncer-
tainties have a small derivation with respect to time. 

 
Assumption 3: The matched and unmatched lumped uncer-

tainty and external disturbance mf  and uf  are bounded such 
as ( , ) ,m mf t X α≤  and ( , ) ,u uf t X α≤  where mα  and 

uα  are known positive constants, .  is the Euclidean norm. 
The tracking error is defined as  
 

 (19) 
 

Differentiating and using Eqs. (14) and (16) gives 
 

 (20) 
 
Assumption 4: There exists a constant matrix of ideal pa-

rameters *K  such that the following matching condition 
*

mA BK A+ =  can always be satisfied. 
Considering above assumption, Eq. (20) can now be rewrit-

ten as 
 

 (21) 
 

where *K K K= −%  and d d df f f= −% % . 
The reference model in Eq. (14) can be viewed as a low-pass 
system with u(t) as the control signal and ( ) ( )K t X t  as a time 
varying disturbance, which is not prevented from having high-
frequency oscillations. Instead of conventional control input 
for MRAC, a low-pass filtered adaptive version of the control 
algorithm is proposed for Eq. (15) as: 
 

 (22) 
 

where ( ), ( )u s X s  and ( )cu s  are the Laplace transforma-
tions of ( ), ( )u t X t  and ( )cu t , respectively. ( )LPF s  is a 
low-pass filter with low-pass gain 1. The design procedure for 
the low-pass filter has been addressed in Refs. [6] and [27]. It 
has also denoted that the small gain requirement can always 
be met by increasing the bandwidth of the low pass fil-

ter ( )LPF s .  
Consider the following Lyapunov function candidate: 
 

 

(23)

 
 

Differentiating V  with respect to time yields 
 

 

(24)

 
 

To make 0V ≤& , the adaptive law is chosen as 
 

 (25) 
 (26) 

 
in which (0)K  and ˆ (0)f  are determined arbitrarily. Using 
this adaptation law one can achieve 
 

 
(27)

 
 

Assuming ,n nQ I ×= −  V&  becomes a negative definite matrix 
and Lyapunov stability conditions are met. 

It has been shown that if 1 2ω ω≠ , i.e., the excitation fre-
quencies on the x and y axes are different, there would be 
persistent excitment [2]. Since 0,K →%  then the unknown 
angular velocity as well as all other unknown parameters can 
be determined from .T

mA BK A+ =  
To design the low-pass filter, let: 
 

 (28) 
 

The choice of ( )D s  and K  needs to ensure that [9]: 
(i) ( )LPF s  is strictly proper and stable with (0) ;m mF I ×=   
(ii) 1( ) ( )LP cF s H s−  is proper and stable;  
(iii) 

1
( ) 1,G s L <  (small gain theory) 

where  
 

 
(29)

 
 (30) 

 
In which m mI ×  denotes the identity matrix. For simplicity, one 
can consider the following most common choice of ( )D s  as 

( ) (1/ ) ,m mD s s I ×=  which leads to 
 

 (31) 

. 

. 
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Lemma 1 For a stable proper MIMO system H(s) with in-
put ( ) mr t R∈  and output ( ) nx t R∈  we have ( )x t

∞
≤  

1
( ) ( ) ,H s r t

∞
 0.t∀ ≥   

 
It follows from Lemma 1 that 
 

. (32) 
 
Since 

1
( )cH s  and L  are constant parameters, require-

ment (iii) can be met only by changing ω . To satisfy the 
requirement (iii), ω−  must be a Hurwitz matrix. 

It is worthy to summarize the whole design method as fol-
lows: 

(1)  Selecting the desired reference system behavior 
( 1 2,ω ω ) or a related mA (Eq. (12)) and eK .  

(2) Selecting adaption gain ( μ ).  
(3) Finding an appropriate ω  to ensure Eq. (32).  
 

4. Simulation results 

This section gives simulation results for the proposed adap-
tive controller derived in the previous section. The adaptive 
controller was performed on a MEMS gyroscope model in 
MATLAB/SIMULINK. The parameters of the lumped model 
are given in Table 1. Its response is obtained by simulating the 
lumped model 3 and 4 under the controller 9 operating with 
the estimation algorithm 18. 

The unknown angular velocity Ω  is assumed to be a sinu-
soidal function as sin100tΩ =  and the initial condition on 
K  matrix is *(0) 0 : 95K K= . eK  is selected as a zero ma-
trix, and, therefore, .c mA A=  The desired motion trajectories 
are 1sin ( )mx tω=  and 21.2sin ( ),my tω=  where 1ω =  
4.16kHz  and 2 5.11kHz.ω = . Letting 10ω = , it can be 
verified numerically that the condition (iii) is satisfied for all 
possible 1 10ω< < . The simulation results are shown in Figs. 
3 to 5. As shown in Fig. 5, the proposed adaptive controller 
has a fast compensating behavior which makes it possible to 
achieve a faster response. 

 
5. Conclusion 

A modified model reference adaptive controller for MEMS 
gyroscope, considering its multi input-multi output dynamics, 

has been achieved in this paper to estimate the unknown angu-
lar velocity. It is assumed that all states of the system are 
measurable. There is an inevitable cross coupling between the 
orthogonal axes of a vibrating MEMS gyroscope. The pro-
posed adaptive controller structure can compensate fast for 
large uncertainties and disturbances. Simulation results dem-
onstrate that the use of the proposed modified adaptive control 
technique is effective in estimating the gyroscope parameters 
and angular velocity and provides a sufficient condition of 
robustness against high adaptation gain, system uncertainties 
and external disturbances. 
 

Nomenclature------------------------------------------------------------------------ 

m  : Proof mass    
,x y  : Proof mass coordinates relative to the table frame 
ijk  : Stiffness matrix elements 
ijc  : Damping matrix elements 
iu  : Control effort in direction i  

*Ω  : Angular velocity 
0ω  : Reference frequency 

Table 1. Parameter of the MEMS gyroscope. 
 

m  0.57 8 ;e kg−  
xxK  80.98 /N m  

xxc  0.429 6 /e Ns m−  
yyK  71.62 /N m  

yyc  0.687 3 /e Ns m−  
xyK  5 /N m  

xyc  0.0429 6 /e Ns m−  
0ω  1kHz  
0q  1 6e m−  

 

 
 
Fig. 3. Control Effort in x-direction. 
 

 
 
Fig. 4. Control Effort in y-direction. 
 

 
 
Fig. 5. The real input and Estimated angular velocity. 
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q  : Extended coordinate 
aK  : Stiffness matrix 
*C  : Damping matrix 

f  : External disturbances 
( )LPF s  : Low-pass filter 
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