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Abstract 
 
In the present paper, radial and hoop thermal and mechanical stress analysis of a rotating disk made of functionally graded material 

(FGM) with variable thickness is carried out by using finite element method (FEM). To model the disk by FEM, one-dimensional two-
degree elements with three nodes are used. It is assumed that the material properties, such as elastic modulus, Poisson’s ratio and thermal 
expansion coefficient, are considered to vary using a power law function in the radial direction. The geometrical and boundary conditions 
are in the shape of two models including thermal stress (model-A) and mechanical stress (model-B). In model-A there exists no pressure 
in both external and internal layers, and there is a temperature distribution considered as a second order function in the radial direction of 
the rotating disk. In this case, the temperature dependency of the material properties is considered and a hyperbolic type is assumed for 
the geometry of the disk. In model-B, there is a constant pressure only on the internal layer and a pressure on the internal layer of the disk 
without temperature distribution but with different types of surface profiles. Furthermore, the displacements and stresses for various 
power law indices (N) and angular velocities are calculated and compared to other results in the literature. The effect of varying thick-
nesses and dependency of material properties on temperature distribution is investigated.  
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1. Introduction 

Recent research on new applicable materials known as 
functionally graded materials (FGMs) illustrate that these 
materials have a good capability for resisting high tempera-
tures and also severe temperature gradients. The concept of 
FGM was proposed in 1984 by a group of materials scientists 
in Sendai, Japan. These materials are appropriate for space 
structures, aircraft bodies and nuclear fusion reactors [1]. In 
developing FGMs, a lot of work has been performed on this 
topic. A recent paper by You et al. [2] discusses deformations 
and stresses in annular disks made of functionally graded ma-
terials subjected to internal and/or external pressure The main 
process of this development, however, began in 1995 [3, 4]. 

FGMs are a combination of different materials, including 
metals and ceramics. They are non-homogeneous on a micro-
scopic scale and completely different from composites materi-
als due to their continuously changing microscopic properties 
[5]. Usually, these changes are related to material parameters 
and are considered as power or exponential functions in the 

radius or thickness directions of the disk. Rotating disks play a 
vital role in turbo machines and flywheels of automobiles. 
Usually, for simplicity in analyzing rotating disks, plane strain 
or plane stress assumptions are used. In this paper, the plane 
stress state is considered [6-10]. A lot of research has been 
presented on the stress analysis of FGMs, including some of 
our recent works [11-13]. Some of these papers are related to 
rotating FG disks. 

Leissa and Vagins [14] and Jain et al. [15] optimized the 
distribution of stresses in rotating disks by varying elastic 
coefficient as a function of radius. Jain et al. [16] and Zhou 
and Ogawa [17] presented an analytical method for analyzing 
rotating disks. In their investigation, the elastic coefficient was 
considered a function of circumferential coordinates. Ramu 
and Iyengar [18] studied the effect of longitudinal stress on 
internal plane stresses and stated the quasi-three dimensional 
elastic stresses in rotating disks. Chen and Lee [19] considered 
the problem of a simply-supported, laminated orthotropic, 
rotating cylindrical shell by involving centrifugal forces as 
well as the Coriolis acceleration effect. Mian and Spencer [20] 
studied the deformation of symmetric rotating disks made of 
FGMs. In this study, elastic coefficient was considered to be a 
function of the disk’s thickness. Chen et al. [21] derived an 
analytical solution for rotating disks made of FGMs. In their 
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investigation, all material properties were considered to vary 
in the thickness direction of the disk, and optimization was 
carried out according to the distribution of radial and hoop 
stresses. Zenkour [22] calculated the stress distributions in 
FGM disks with an accurate elastic solution for exponentially 
graded rotating angular disks with constant thickness. Bayat et 
al. [23] considered the analysis of functionally graded rotating 
disks with variable thickness. In another paper, Bayat et al. 
[24] performed a thermoelastic solution of a functionally 
graded, variable thickness rotating disk with bending based on 
the first-order shear deformation theory. Chen et al. [25] con-
sidered a three-dimensional analytical solution for a rotating 
disc of functionally graded materials with transverse isotropy. 

In almost all of the previously mentioned research, the tem-
perature dependency of material properties and thickness vari-
ation of rotating disks are neglected. Therefore, in the present 
paper, stress analysis of a rotating disk made of FGMs is con-
ducted by using finite element method (FEM) and considering 
the effect of thickness variation and dependency of material 
properties to temperature distribution. The properties of the 
disk are considered as power law functions of radius. These 
properties include elastic modulus, Poisson’s ratio and thermal 
expansion coefficient. Two models are considered for geomet-
rical and boundary conditions including thermal (model-A) 
and mechanical (model-B) stresses. In model-A, temperature 
dependency of the properties of this disk is also considered. 
The displacements and stresses for various power law indices 
and angular velocities are studied in the radius direction. 

 
2. Governing equation 

2.1 Material modeling 

FGMs are a combination of metals and ceramics. They can 
be used in high temperature conditions, so their properties are 
dependent on temperature. Constitutional properties of metals 
and ceramics should be stated as functions of temperature; 
these properties include elastic modulus, Poisson’s ratio, 
thermal conductivity coefficient, thermal expansion coeffi-
cient and thermal capacity as follows [26]: 

 
( )1 2 3

0 1 1 2 3( ) 1P T P P T PT PT PT−
−= + + + +  (1) 

 
where Pi (i = -1, 0, 1, 2, 3) are constants of the aforementioned 
properties and T is temperature. Volume fraction is a spatial 
function, whereas properties of constituents are functions of 
temperature. Combining these functions gives rise to effective 
material properties (Peff) of FGMs according to temperature 
(T) and disk radius (r) as follows: 

 
( , ) ( ) ( ) ( ) ( )eff m m c cP T r P T V r P T V r= +  (2) 

 
in which, Peff is effective material property and Pm and Pc are 
the temperature-dependent properties of metal and ceramic, 
respectively. Vc and Vm are volume fractions of ceramic and 
metal constituent which have a relation as follows: 

( ) ( ) 1m cV r V r+ = . (3) 
 
Volume fractions can be presented in different forms. In this 

study, volume fraction is considered according to Reddy’s 
assumption [26] as follows: 

 

( ) : ,
N

i
j

o i

r rV r j c m
r r

⎛ ⎞−
= ≡⎜ ⎟

−⎝ ⎠
 (4) 

 
in which ri is inner radius and ro is outer radius of the disk, and 
N (power law index) is a material constant whose value can 
change from zero to infinity. 

 
2.2 Structural modeling 

There are many cases in engineering practice, such as for 
rotating disks, that the distribution of stresses about one axis 
could be symmetrical. Such cases can be considered as in 
plane stress state (σz = 0) and displacement is not related to 
circumferential coordinate (θ) but is only a function of radius 
(r). Moreover, due to symmetry, the shear stress is zero, while 
the radial and hoop stresses are non-zero. 

In a rotating disk with constant thickness, the maximum 
stress will appear on internal layers. Therefore, to reduce 
weight and the effect of centrifugal force, in many designs of 
disks, such as that of steam turbines, the internal layers are 
usually thicker in comparison to external layers. Also, in the 
design of such disks, a smooth distribution of stresses is pre-
ferred (especially hoop stress). To obtain this purpose, the 
material distribution can be changed. 

A schematic of an FG disk with variable thickness is shown 
in Fig. 1. 

Analysis of the disk with variable thickness is similar to the 
disk with constant thickness. For this case, two types of pro-
files are considered. 

 
Model-A) The profile of the radial section assumed to be of 

 
Fig. 1. Schematic of an FG disk with variable thickness. 
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hyperbolic type: 
 

1( ) sh r h r−= . (5a) 

 
In the above equation, h1 and p are constants and p is posi-

tive definite. Furthermore, h1 is the thickness in section with 
unit radius. This assumption is not appropriate for solid rota-
tion disks, because at the center of the disk (r = 0), the thick-
ness approaches infinity. The geometrical parameters of this 
model are listed in Table 1.  

 
Model-B) The profile of the radial section assumed to be as 

a power law: 
 

( ) 1
m

o
o

rh r h q
r

⎡ ⎤⎛ ⎞
⎢ ⎥= − ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (5b) 

 
in which h0, q and m are constants listed in Table 2. 

The differential equation in this case is as follows [27, 30]: 
 

( ) ( ) 2( )( ) ( ) ( ) 0r r
d h rh r h r r r
dr r θσ σ σ ρ ω− − + =  (6) 

 
in which σr, σθ, ω and ρ are hoop stress, radial stress, angular 
velocity and volume density, respectively. In this paper, the 
effect of volume weight force is neglected. In a rotating disk, 
the stresses are functions of strains as follows [27, 30]: 
 

( )2

( ) (1 )
1r r
E r v T

v θσ ε νε α= + − − Δ
−

 (7a) 

( )2

( ) (1 )
1 r
E r v T

vθ θσ ε νε α= + − − Δ
−

 (7b) 

 
where α, ΔT, E and v are thermal expansion coefficient, tem-

perature difference, elastic modulus and Poison’s ratio, re-
spectively. In the present paper, elastic modulus is considered 
as change in different radius and Poison’s ratio is considered 
as a constant. The relations between strains and deformations 
are described as follows: 

 

,r
du u
dr rθε ε= =

.
  (8) 

 
Therefore, the differential equation of a rotating disk can be 
obtained as follows: 
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2

2

( ) ( ) (1 )
1

( ) ( ) ( ) ( ) 0.
1

d h r E r du u v T
dr v dr r
h r E r u du h r r r
r v r dr

ν α

ρ ω

⎡ ⎤⎛ ⎞+ − − Δ +⎜ ⎟⎢ ⎥− ⎝ ⎠⎣ ⎦
⎛ ⎞− + =⎜ ⎟+ ⎝ ⎠

  (9) 

 
The above relation is the governing equation. 

 
3. Finite element method (FEM) 

To solve the governing equation for the FG disk, the finite 
element method (FEM) is used. According to this procedure, 
the Kantorovich approximation is considered as follows [28-
29]. 

 
( ) [ ]{ }( ), ( ) ( ) : 1,...,eu r t N r U t e n= =   (10a) 

 
in which e and n are element number and the number of ele-
ments, respectively. [N(r)] is shape function matrix for two 
degree elements (with 3 nodes) and can be written as follows 
[28-29]: 

 

[ ] ( ) ( ) ( )21 1( ) 1 , 1 , 1
2 2

N r ξ ξ ξ ξ ξ⎡ ⎤= − − +⎢ ⎥⎣ ⎦
  (10b) 

 
where ξ is natural coordinate and its value varies between -1 
and 1 content. The reason for employing this coordinate is in 
order to use the Gauss-Legendre numerical integration method. 
The integration form of whole volume (V) of disks in the 
Galerkin method is shown below: 

 
[ ] 0T

V

N RdV =∫   (11a) 

 
where 
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dr v dr r
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  (11b) 

 
The above equation is then simplified to the following equa-

Table 1. The geometrical parameters of the FG disk in model-A. 
 

Characteristic Contents 

Inner Radius (ri) 0.05000 (m) 

Outer Radius (ro) 0.25000 (m) 

Inner Height (hi) 0.07500 (m) 

Outer Height (ho) 0.01500 (m) 

Hyperbolic Constant (h1) 0.00375 (m) 

Hyperbolic Constant (p) 1.000000 (-) 

 
 

Table 2. Constants of geometric model of the disk in model-B. 
 

Structure type m q 

a (Concave) 0.5 0.96 

b (Linear) 1.0 0.80 

c (Convex) 3.0 0.42 

d (Constant thickness) - 0.00 
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tion: 
 

{ } { }( ) ( ) ( )e e eK U f⎡ ⎤ =⎣ ⎦   (12a) 
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∫

∫
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 (12b) 
 

The displacement vector can be obtained from the above rela-
tion and then strain and stress can be calculated. 

  
4. Boundary conditions 

The stress boundary conditions, such as the aforementioned 
geometrical conditions, are assumed in two models including 
thermal (model-A) and mechanical (model-B) stress. 

 
Model-A) Non-existence of radial pressure (consequently, 

zero radial stress) at both internal and external layers (inner 
and outer radius) of disk: 

 
: 0
: 0

i r

o r

r r
r r

σ
σ

= =

= =
 . (13) 

 
To satisfy the above conditions, Eq. (7a) can be written in 

the following form: 
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Substituting the value of radial stress as zero in the first and 

last elements of the disk in Eq. (12a) simplifies the equation as 
follows: 
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 . (15) 

 
In this model, the temperature distribution is considered as 

follows: 

( )
2

2 1
i

o i

r rT T T
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  (16) 

 
in which T1 is 55℃ and T2 is 25℃. 

 
Model-B) Non-existence of radial pressure (consequently, 

zero radial stress) at internal (inner radius) and pi on the exter-
nal layers (outer radius) of disk: 

 
:
: 0

i r i

o r

r r p
r r

σ
σ

= = −

= =
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In this model, the temperature distribution is neglected and 

only mechanical stresses are considered. As a result, Eq. (15) 
is changed as follows: 
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 . (18) 

 
To solve these relations, a computer code is prepared in 

MATLAB software. 

 
5. Numerical results 

To show the distribution of displacement and stresses of the 
FG disk, two numerical examples are solved, including 
model-A and model-B. 

 
5.1 Results for model-A 

Here the angular velocity is 900 rpm and temperature distri-
bution in the radius direction of the disk is shown in Fig. 2. 
The profile of the disk surface is shown in Fig. 3.  

In this case, stainless steel and zirconium are used as the 
metal and ceramic constituents, respectively. The material 

 
Fig. 2. Temperature distribution on the FG disk in model-A. 
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properties of the rotating disk are mentioned in Table 3. The 
value of N for ceramic and metal-rich materials is infinity 
and zero, respectively. The external layer of the disk is met-
al-rich and the internal layer of disk is ceramic-rich. The 
metal volume fraction is drawn versus N and is shown in 
Fig. 4. 

The radial displacement for different numbers of elements 
(n) (when N = 0), which is evidence for the convergence of the 
results, is shown in Fig. 5. Thus, 30 elements are chosen for 

further analysis. 
When N is zero, the material properties are isotropic 

(metal-rich), and therefore, the governing differential equa-
tion of the rotating disk is reduced to the simplified govern-
ing equation for isotropic rotating disks given by Ti-
moshenko [5] and can be solved by an analytical procedure. 
Fig. 6 shows the results of the present method and are com-
pared to the results obtained by Ref. [5] for a stainless steel 
rotating disk with the material properties given in Table 4. 
The variation of radial stress obtained by both methods is 
compared for validation and confirms that there is good 
agreement between the results. 

The effect of the angular velocity of the FG disk on the ra-
dial stress, hoop stress and radial displacement of rotating disk 
is shown in Figs. 7-9. As expected, increasing the angular 
velocity increases the radial, hoop stress and radial displace-
ment. The maximum discrepancy in stresses occurs at the 
center of the disk’s radius. In Table 4, the effect of angular 
velocity and power law index on the maximum radial stress 
has been investigated. As expected, increasing the magnitude 
of two parameters also increases the maximum radial stress in 
the rotating disk. 

Table 3. The material properties of the FG disk in model-A. 
 

Ceramic (Zirconium) Metal (Stainless Steel) Parameters 
5700 7800 ρ (Kg/m3) 

244.27 201.04 E (GPa) 

0.288 0.326 v 

1.277 1.233 α (10-5/K) 

0 0 P-1 (E,α) 

-1.371 X 10-3 +3.079 X 10-4 P1 (E) 

+1.214 X 10-6 -6.530 X 10-8 P2 (E) 

-3.680 X 10-10 0 P3 (E) 

-1.490 X 10-3 +8.086 X 10-4 P1 (α) 

+1.000 X 10-6 0 P2 (α) 

+6.800 X 10-12 0 P3 (α) 

 

 
 
Fig. 3. Profile of the FG disk surface in model-A. 
 

 
 
Fig. 4. Metal volume fraction for various Ns in model-A. 

 

 
Fig. 5. Radial displacement for different numbers of elements (n) in 
model-A. 

 

 
Fig. 6. Radial stress obtained by FEM and analytical method for N = 0 
(metal-rich) in model-A. 
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The radial displacement, radial stress and hoop stress for 
various power law indices N along the radial direction is illus-
trated in Figs. 10-12. It should be mentioned that there is a 
small error near the boundary conditions due to numerical 
calculations. 

Increasing the magnitude of N increases the displacement, 
and therefore, the stresses are also increased. It should be 
mentioned that the location of the maximum radial and hoop 
stresses (peak of the curves) in Figs. 11 and 12 is moved from 

Table 4. Max Radial stress for Hoop stress for various angular velocity 
and N in model-A. 
 

Max Radial stress (Mpa) Angular  
Velocity 

(rpm) N = 1 N = 2 N = 3 N = 4 N = 5 

200 -70.3 -70.5 -70.6 -70.7 -70.9 

500 -83.6 -89.1 -93.5 -95.2 -95.3 

700 -94.7 -116.3 -126.3 -129.4 -129.5 

1000 -128.3 -176.9 -198.6 -204.2 -204.7 

1500 -206.4 -327.1 -377.7 -380.2 -390.4 

 

 
 
Fig. 7. Radial stress for various angular velocity and N = 5 in model-A.
 

 
 
Fig. 8. Hoop stress for various angular velocity and N = 5 in model-A. 

 

 
 
Fig. 9. Radial displacement for various angular velocity and N = 5 in 
model-A. 

 
Fig. 10. Radial displacement for various Ns in model-A. 
 

 
Fig. 11. Radial stress for various Ns in model-A. 
 

 
Fig. 12. Hoop stress for various Ns in model-A. 
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the internal layer to the external layer of the FG disk. The 
internal layer of the FG disk is ceramic-rich and its external 
layer is metal-rich. Therefore, by increasing N, the harder 
internal layer deflects to some extent, but the softer external 
layer is displaced more than the internal layer. Therefore, as 
shown in Fig. 10, by moving from the internal layer to the 
external layer, the displacement is increased. 

In Eq. (2), the function of properties P, consists of two parts, 
namely temperature and location. If the temperature part is 
considered to be constant or the effect of temperature is ne-
glected in the properties variation, Eq. (2) can be a function of 
location only and independent of temperature. To study the 
effect of temperature dependency of material properties on the 
response of the FG disk, the radial and hoop stress variations 
in two states of temperature-independent and temperature-
dependent material properties along the radial direction for N 
= 5 are shown in Fig. 13. 

The results show that temperature dependency is not a dis-
missible parameter due to a significant discrepancy (about 
15%), which is remarkable in the values of radial and hoop 
stresses in rotating FG disks. Thus, the dependency of the 
material properties on temperature must be imposed in the 
design procedures. 

 
5.2 Results for model-B 

In this case, in inner radius of the disk is 0.2 m. Here, the 
angular velocity is 50 rad/sec, the internal pressure is 100 MPa 
and temperature distribution is neglected. The profiles of the 
disk surface are shown in Fig. 14. The material properties of 
the rotating disk are mentioned in Table 5. The external layer 
of the disk is ceramic-rich and the internal layer of the disk is 
metal-rich. The elastic modulus is drawn versus N and is 
shown in Fig. 15.  

The non-dimensional radius and radial and hoop stresses are 
defined as follows: 

 

, ,r
r

o i i

rr
r p p

θ
θ

σ σσ σ= = =

. 
 

First, the convergence of the results is examined for differ-
ent numbers of elements, n (Fig. 16). Then, 30 elements are 
used for further analysis.  

To validate the code in this case, the present results are 
compared to Ref. [2]. For this case, an internal pressure (100 
MPa) is applied on a non-rotating disk with a constant thick-
ness. The inner and outer radiuses are 0.3 m and 0.5 m. Elastic 
modulus is considered 440 GPa in the inner layer and 110 
GPa in the outer layer of the disk. The material properties are 
changed as linear relations (N = 1). The results are shown in 
Fig. 17 which has a good adoption. 

The other results are shown in Figs. 18 and 19 (N = 1) and 
Figs. 20 and 21 (N = 5) for different disk profiles. In profile 
type (a), due to thickness reduction near the outer layer of the 
disk and constant applied internal pressure, force should de-

 
Fig. 13. Temperature dependency on radial and hoop stresses for N = 5 
in model-A. 

 

Table 5. Material properties of the FG disk in model-B. 
 

r = ro (Ceramic) r = ri (Aluminum) Properties 

151 70 Young modulus 
(GPa) 

0.3 0.3 Poison ratio 

5700 2700 Density (Kg/m3) 

 

 
 
Fig. 14. Changing thickness of an FG disk for different profiles in 
model-B. 
 

 
 
Fig. 15. Distribution of elastic modulus in model-B. 

 



834 M. Damircheli and M. Azadi / Journal of Mechanical Science and Technology 25 (3) (2011) 827~836 
 

 

crease relative to the cross section of the disk, thus reducing 
radial stress in this area as well. This behavior is also seen for 
hoop stress (Fig. 19) in both different contents of N (Figs. 20 
and 21). 

In Figs. 22 and 23, radial and hoop stresses are drawn for 

different Ns in a disk with a constant thickness. In this model, 
zero content of N indicates a ceramic-rich material. By in-
creasing N, the material properties almost become metal prop-
erties. As the material properties change, the stress behavior 
becomes complex. 

 
Fig. 16. Convergence of results for different numbers of elements (n) 
in model-B. 

 

 
Fig. 17. Validation results of model-B in comparison to Ref. [2]. 

 

 
Fig. 18. Non-dimensional radial stress versus non-dimensional radius 
for N=1 in model-B. 

 

 
Fig. 19. Non-dimensional hoop stress versus non-dimensional radius 
for N=1 in model-B. 

 

 
Fig. 20. Non-dimensional radial stress versus non-dimensional radius 
for N=5 in model-B. 
 

 
Fig. 21. Non-dimensional hoop stress versus non-dimensional radius 
for N=5 in model-B. 
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6. Conclusion 

In the present paper, thermal and mechanical stresses of ro-
tating FG disks are analyzed by FEM in two models of ge-
ometry and boundary conditions. The geometry of the disk in 
the direction of its thickness is variable and temperature de-
pendency of material propensities is considered. To solve the 
governing equation for FG disks, one-dimensional second 
(two) degree elements with three nodes are used. The tem-
perature distribution is as second order variation, while the 
material properties vary using a power law function in the 
radial direction of the disk.  

Validation and convergence is checked and good agreement 
is observed with other literature. The numerical example in 
model-A (thermal stress) shows that the displacements and 
stresses increased by increasing power law index N and the 
angular velocity. Modeling of the dependency and in-
dependency of the material properties on the temperature 
proves a significant discrepancy in the results, which should 
be considered in design procedures. In another numerical ex-
ample in model-B (mechanical stress), it has been shown that 
different types of profile surfaces of FG disk have different 
complex behaviors due to the distribution of material proper-
ties. 
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