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Abstract 
 
An improved singular value decomposition method of gear fault identification based on Hilbert-Huang transform was proposed to 

overcome the problem of reconstructing a feature matrix of singular value decomposition. The method includes three steps. First, the 
instantaneous frequency and amplitude matrices were acquired by Hilbert-Huang transform from faulted gear signals. Second, after the 
matrices were decomposed by singular value decomposition, the defined distances of singular value vectors and the optimal threshold of 
the distance for classification were calculated. Third, the fault characteristics of a gearbox were identified and classified by the threshold 
of the distances. The result demonstrates that the proposed method effectively identifies the gear fault and can realize an automatic gear 
fault diagnosis. 
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1. Introduction 

Gears and rolling element bearings are critical elements in 
complex machinery, so predictive maintenance is often ap-
plied to them. Signal analysis has been an important and in-
dispensable part of fault diagnosis. Vibration analysis has 
successfully been applied towards monitoring and diagnosis in 
many practical areas for three decades. In the application of 
machine fault diagnosis, vibration signal analysis is used to 
detect the dynamic characteristics of machines and to extract 
fault characteristics if a fault occurs and then identify its cause 
[1, 2]. Fault signals of gearboxes or rolling-element bearings 
are non-stationary. The signal generated by the inspected ma-
chine must be linear and temporally stationary; otherwise, the 
resulting Fourier spectrum will have little physical sense. The 
resulting frequency components are not always consistent as 
the patterns of the acquired signals often change with time. 
Therefore, the Fourier transform can not fulfill the require-
ments of fault diagnosis, particularly in real applications. 
Hitherto, the Fourier transform has dominated in the field of 
signal analysis because of its prowess and simplicity. How-
ever, there are some crucial restrictions on the use of the Fou-

rier transform. Hilbert-Huang transform could analyze non-
stationary data well [3, 4]. Although wavelet transform is ca-
pable of analyzing nonlinear and non-stationary signals and is 
deemed suitable for vibration-based machine fault diagnosis, 
many deficiencies have been reported in the use of wavelet 
transform [5]. 

Among those signal analysis, singular value decomposition 
(SVD) has its own advantages. SVD methods extract alge-
braic features from stable spectrums. When a small perturba-
tion is added, a large variance of its singular value does not 
occur. However, for some signals, a different signal may pro-
duce the same singular value which makes classification diffi-
cult [6-8]. The proposed technique is based on the SVD for 
reducing noise from a signal’s time series using a time–
frequency distribution. The feature matrix is associated with 
the time–frequency representation of the signal. The results 
from applying the proposed method on synthetic signals indi-
cate superiority of the proposed technique over the existing 
one in reducing noise from signals [9]. Moreover because of 
the unavailability of the differential equations of the system 
for a real vibration signal, some important issues regarding the 
practical application of the embedding theorem should be 
carefully considered. First, reconstruction parameters must be 
determined before reconstructing the state space. Second, 
noise reduction techniques should be employed to eliminate 
noise components in a vibration signal while its chaotic com-
ponents should be kept unmodified. Finally, the phase space 
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reconstructed from a vibration signal must be multi-
dimensional. To achieve these requirements, the plane of pro-
jection of the attractor must be carefully selected [10, 11].  

Meanwhile, the feature matrix of SVD can be gotten by a 
new type of time-frequency analysis called Hilbert-Huang 
transform (HHT). This transform has been proposed for ana-
lyzing nonlinear and non-stationary signals. In comparison to 
the wavelet transform the EMD, which is the most computa-
tionally intensive process in the HHT, does not involve any 
convolution. Hence, less time is used for computation in EMD 
and is deemed suitable for analyzing numerous data or signals. 
The technique of HHT has been used for vibration signal 
analysis in a number of applications. HHT was used to inter-
pret the nonlinear response of a crack-induced rotor [4, 12]. 
Traditional methods can not deal with it well. Hilbert-Huang 
transform is a new way to process non-stationary signals. It is 
capable of extracting all oscillatory modes present in a signal 
at different length scales.  

This research presents a method of SVD based on Hilbert-
Huang transform in order to overcome the traditional prob-
lems of SVD. This method includes three main steps: ① The 
feature matrix for SVD is acquired by computing Hilbert-
Huang transform; ② A singular value is obtained using 
SVD; ③ Characteristics are extracted and faults are identi-
fied. In Section 2, the method of singular value decomposition 
based on HHT is introduced. Then in Section 3, a novel 
threshold is described from the singular value. Consequently, 
experiment analysis results are presented in Section 4, fol-
lowed by discussions and conclusions. 
 

2. Identification methods of singular value decompo-
sition on Hilbert-Huang transform 

It is difficult to determine lag time and embedding dimen-
sion for phase space reconstruction of SVD, so a method of 
SVD based on Hilbert-Huang transform is presented. The 
feature matrix for SVD is acquired by computing Hilbert-
Huang transform and the problem of feature matrix recon-
struction is avoided. 
 
2.1 Time-frequency distribution on Hilbert-Huang trans-

form 

HHT is derived from the principals of empirical mode de-
composition and the Hilbert Transform. First, the EMD will 
decompose the acquired signal into a collection of intrinsic 
mode functions (IMF). The IMF is a kind of adaptive and 
nearly orthogonal representation for the analyzed signal. The 
IMF is almost mono-component, so all the instantaneous fre-
quencies of the IMF can be determined from the nonlinear or 
non-stationary signals. Second, the amplitude of each instan-
taneous frequency can be derived through the Hilbert trans-
form. Hilbert spectrum on HHT is an amplitude-frequency-
time distribution of the signal.  

Each signal x (t) can be decomposed as following Eq.  (1) 
by using EMD method [4]. 
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in which ci is an IMF. Thus, one can achieve a decomposition 
of the signal into n IMFs and a residue rn. The IMFs c1, c2, ···, 
cn include different frequency bands ranging from high to low. 
The frequency components contained in each frequency band 
are different and they change with the variation of the signal x 
(t). EMD has the following characteristics [4]: 

(1) The aim of EMD is to decompose the multi-component 
signal to a number of signal components. 

(2) IMF has a unique local frequency. The good character of 
narrowband is presented. Then the time-frequency distributing 
of any IMF can be obtained by Hilbert Transform. 

EMD decomposes a time series into components by empiri-
cally identifying the physical time scales intrinsic to the data. 
Each extracted mode, named Intrinsic Mode Function (IMF), 
is symmetric with respect to zero, and different IMFs do not 
share the same frequency at the same time.  

The Hilbert transform of a function f (t) is defined for all t 
by  
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where the integral exists.  

It is normally not possible to calculate the Hilbert transform 
as an ordinary improper integral because of the pole at τ = t. 
However, the P in front of the integral denotes the Cauchy 
principal value, which expands the class of functions for the 
integral in Eq. (2).  

In EMD and Hilbert Transform, the two key steps of the 
Hilbert spectrum effectively analyze the data. Hilbert–Huang 
spectrum can be defined by the following: 
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where aj (t) is the instantaneous amplitude, and the rate of 
instantaneous phase transformation is the instantaneous fre-
quency ωj (t). The relation of the time, frequency and ampli-
tude is represented in the Hilbert spectrum. 

 
2.2 Singluar value decomposition on Hilbert-Huang trans-

form 

A singular value decomposition of an M ×N matrix X is of 
the form 
 

X = U Σ V T  (4) 
 
where U (M × M) and V (N × N) are orthonormal matrices, 
and Σ is an M × N diagonal matrix of singular values with 
components σij = 0 if i = j and σii > 0. Furthermore, it can be 
shown that there exist nonunique matrices U and V such that 
σ11, σ22, ···, 0. The columns of the orthonormal matrices U and 
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V are called the left and right singular vectors (SVs), respec-
tively. An important property of U and V is that they are mu-
tually orthogonal [10]. 

The sampling signal is a time series. The precondition of 
applying SVD is obtaining feature matrix X from the signal. 
And Hilbert-Huang transform can reconstruct the feature ma-
trix. 
 

3. Proposed scheme for fault identification and its 
criteria 

Characteristics extraction is the key point, and the fault is 
diagnosed by extracting characteristics. Then, fault identifica-
tion and classification are realized. The scheme for fault iden-
tification follows Fig. 1. 

The algorithm of gear fault feature extraction is given as: 
Step 1: Calculate Hilbert-Huang transform of the vibration 

signal. 
Step 2: Obtain characteristic matrix A and B from instanta-

neous frequency and instantaneous amplitude of IMF. 
Step 3: Realize SVD of characteristic matrix A and B and 

obtain singular value. 
Step 4: Calculate the distance of singular value vector and 

the threshold of the distance to classify. 
Step 5: Output the classification and realize fault diagnosis. 

 
3.1 The definition of fault characteristics vector  

The vibration signal x(t) is acquired from the set-up and the 
characteristics of Hilbert spectrum are computed as Eq. (3). 
The instantaneous amplitude ai and the instantaneous fre-
quency ωi of each IMF can be obtained. Then the feature ma-
trix A of the instantaneous amplitude ai of each IMF is ob-
tained as follows:  
 

A = [a1,a2, ···,an].  (5) 
 

The feature matrix B is made up of the instantaneous fre-

quency ωi of each IMF as follows: 
 

B = [ω1, ω2, ···, ωn].  (6) 
 

The feature matrix is obtained by computing Hilbert-Huang 
transform of the sampling signal. Then, the singular value 
decompostion of matrix A and B can be applied. After com-
puting, the singular values are obtained. The singular value 
vector of feature matrix A is given as follows: 
 
σ1=<σ11, σ12, ···, σ1n>. 

 
The singular value vector of feature matrix B is defined as 

follows: 
 
σ2=<σ21, σ22, ···, σ2n>. 
 
The relative distance di of the singular value vector can be 

defined as follows: 
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where σi —is the singular value vector of the current status, 
σ —is the average singular value vector of the normal status. 
The status will be identified and classified after the character-
istics of relative distance di are obtained. 
 
3.2 The optimal threshold for classification  

If the data can be classified into two sets by the threshold x, 
the value of variance of set I should be minimal, and the value 
of variance of set II should be minimal as well. The times 
series an are constructed as follows: 

 
an= [d1,d2,···,dn-1,x] .  (8) 

 
Thus, the value of variance of the time series an must be 

minimum. 
Sample variance f (x) of a finite time sample is an unbiased 

and consistent estimation of data variance. The threshold 
value can be obtained when sample variance is minimal. The 
optimal threshold xopt of the distance can be calculated as fol-
lows: 

Input Signal

Hilbert-Huang 
transform

Generate Matrix A and B from 
instantaneous frequency and 

instantaneous amplitude 

SVD of feature Matrix A and B

Calculate the distance of the  
vector from singular value

Calculate the threshold of the 
distance for fault classification

Fault diagnosis
 

 
Fig. 1. The scheme for fault identification. 
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Fig. 2. Data classification to two sets. 
× — data of set I  
 * — data of set II  
 |  — threshold of set I and set II  
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Through Eq. (11), the optimal threshold xopt of the distance 

for classification can be obtained. The data can be classified 
and identified by the threshold of characteristics, and then the 
fault can be diagnosed. 
 

4. Experiment and discussion  

From the above analysis, we know the method of singular 
value decomposition based on Hilbert-Huang transform is 
effective especially for multi-component non-stationary sig-
nals. Gear fault is common in running machines, and is diffi-
cult to diagnose. Gear vibration is a multi-component signal 
and when fault occurs, non-stationary signals may be shown. 
In this section, the method proposed above is used to analyze 
the faulted gear signal. 

Experimental data were collected from an induction motor 
driven gearbox set-up, which is shown in Fig.3. An acceler-
ometer was mounted on the gearbox to acquire the vibration 
signal from the gear. Local defect gear fault and abrasion wear 
gear were introduced, and the motor speed was 800 rpm. The 
signal was sampled from three kinds of gears and each class of 
data corresponds to the following gear conditions: (i) normal 
status; (ii) a gear flaw fault; (iii) abrasion wear fault. The sam-
pling frequency is 3838 Hz and the gear mesh frequency is 
385 Hz. For every gear condition, 10 group samples were 
obtained and each had 1024 data. Of these samples, 20 groups 
are used for training and 10 groups for testing. 

Before feature extraction, Hilbert-Huang transform method 
is used to obtain the Hilbert spectrum and the matrix from the 
instantaneous frequency and instantaneous amplitude of IMF. 
First, Fig. 4 shows the Hilbert spectrum of the signal acquired 
from the gearbox with abrasion wear. The time-frequency 
distribution is complex, but the main energy of the vibration 
fluctuates around mesh frequency and double mesh frequency, 

 
 
Fig. 3. Gearbox set-up. 

 

 
 
Fig. 4. Hilbert spectrum of vibration signal I. 

 

 
 
Fig. 5. Hilbert spectrum of vibration signal II. 

 

 
 

Fig. 6. Hilbert spectrum of vibration signal III. 
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which is colored magenta in Fig. 4. Second, the Hilbert spec-
trum of the signal from a flawed gear is represented in Fig. 5. 
The main energy of vibration is in the band around double 
mesh frequency. The fault feature is extracted well. Third, Fig. 
6 represents the Hilbert spectrum of the vibration from a nor-
mal status gear. The main energy of vibration is in the band 
around mesh frequency. 

Despite the tremendous computational load induced by 
such a scheme in practical application, it is a realistic consid-
eration for automatic fault diagnosis because the method does 
not need any manual intervention. Most importantly, Hilbert-
Huang transform and SVD have been tested extensively using 
different vibration data, always with acceptable results. By 
extensive experimentation, 3 group samples were randomly 
collected from each fault type; in total, 9 group samples for 
automated fault diagnosis of a gearbox were collected. 

According to classification I in Table 1, many sampling 
groups of gear fault are classified by criteria I and the bound-
ary of classification BA is 0.188 by Eq. (11). The data can be 
classified into two sets: One is gear flaw fault, the other is 
indeterminate. And according classification II in Table 1, the 
other indeterminate data can be classified to two sets by crite-
ria II, and the boundary of classification BB is 0.038,. One is 
abrasion wear fault while the other is normal status gear. Thus, 

three type faults can be identificatied and classificatied.  
For all 9 groups of samples, we can obtain 9 group input 

vectors by feature extraction. The 9 test samples are input into 
the system of the method and output results show that all test 
samples are classified correctly. We selected three samples 
from every kind of gear test signal and listed its actual and 
target output in Table 1, from which we can see that the output 
result is very close to target output. Therefore, we conclude 
that this method could realize accurate classification and the 
method is proved to effectively identify and classify the gear 
faults. By comparing the cepstrum of the signals in Fig. 7, the 
double period of flaw gear can be obtained as 0.23 s, but the 
abrasion wear fault can not be identified.  

This method has the feature extracting merits of both the 
Hilbert spectrum and singular value decomposition and solves 
the problem of reconstructing the feature matrix. The method 
can then be used to realize automatic fault diagnosis. 
 

5. Conclusion 

A novel method of singular value decomposition based on 
Hilbert-Huang transform was proposed. It has the feature ex-
tracting merits of both Hilbert-Huang transform and singular 
value decomposition, and the reconstruction of feature matrix 
is solved well. 

The vector of singular value and the distance of the vector 
of singular value are defined. The optimal value of distance 
threshold to classify is derived. 

The classification of experimental data from a gearbox set-
up demonstrates the method is effective to classify fault and 
identify gear fault. Thus, the whole algorithm could obtain a 
reliable result for gear fault diagnosis and the method can be 
used to realize automatic fault diagnosis. 
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Table 1. Comparison of actual and target output of test samples. 
 

Feature matrix   Data  
Number Fault type 

Singular value σA Singular value σB Classification I (σA）
Classification II 

 (σB） 
Target output 

① Gear flaw fault <201.5，86.6，60.3>  y =+1 (d=0.466)  1 0 0 

② Gear flaw fault <201.1，92.1，56.7>  y=+1 (d=0.469)  1 0 0 

③ Gear flaw fault <200.9，81.1，62.6>  y=+1 (d=0.460)  1 0 0 

④ Abrasion wear fault <118.8，76.2，47.7> <219.1，109.1，64.8> y=-1 (d=0.074) y=+1 (d=0.053) 0 1 0 

⑤ Abrasion wear fault <115.8，73.1，41.6> <221.5，104.1，62.2> y=-1 (d=0.093) y=+1 (d=0.062) 0 1 0 

⑥ Abrasion wear fault <119.2，77.9，44.5> <217.7，108.0，62.7> y=-1 (d=0.083) y=+1 (d=0.066) 0 1 0 

⑦ Normal status <130.5，74.6，52.3> <231.0，100.7，68.3> y=-1 (d=0.012) y=-1 (d=0.016) 0 0 1 

⑧ Normal status <128.6，72.4，48.8> <233.9，103.3，63.7> y=-1 (d=0.017) y=-1 (d=0.018) 0 0 1 

⑨ Normal status <127.4，74.3，50.3> <234.1，106.9，66.7> y=-1 (d=0.016) y=-1 (d=0.013) 0 0 1 
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