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Abstract 
 
Robots are increasingly performing human work as manufacturing is automated. Accordingly, the use of precision speed reducers has 

become essential for achieving precise control of the robot arm position. Curved tooth profiles, such as cycloid or involute tooth profiles, 
are generally used in precision speed reducers. Speed reducers with cycloid tooth profiles, which enable high precision control, are wide-
ly used to manipulate robot systems. This study proposes a speed reducer that has a trapezoidal tooth profile with straight lines. In this 
work, we mechanically analyzed trapezoidal tooth profiles, and then measured performance was by various tests using a prototype manu-
factured specifically for this study. 
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1. Introduction 

Planocentric gears reducers and harmonic drivers are gener-
ally used among the many types of speed reducers currently 
available for robots. The cycloid reducer (RV reducer) is the 
most common type of planocentric gear reducer in use today. 
Cycloid drives have been popular reducers from the 1930s 
until the present time due to their compact, light-weight, high 
speed reduction compared to planetary gear trains, together 
with their high mechanical advantage in a single stage [1]. 
However, there is backlash in the cycloid drive due to varia-
tions in machining, which will reduce stability and inherent 
noise and vibration, particularly at high speeds [2]. 

Most robots used for automated manufacturing employ har-
monic drivers for the upper two or three joints and cycloid 
reducers for the base joints. In full-size robots, cycloid reduc-
ers are used for all six joints [3, 4]. Harmonic and cycloid 
reducers can exhibit significant speed reduction rates even at 
only one stage and are able to transfer large torques even at 
small sizes because of their much tooth gearing rates; thus, 
they are predominantly used for robots that require a compact  

structure, large load capacity, and high-precision control of 
position [5]. These reducers are becoming increasingly spe-
cialized for applications such as measurement of tooth profile 
manufacturing techniques and assembly skills. With increas-
ing demand for high functions in areas such as semiconductor 
manufacturing and the space industry, continued development 
of cycloid and harmonic reducers can be expected from the 
viewpoint of satisfying user requirements.  

In designing tooth profile considering user requirements, the 
geometry of conjugate surfaces is of major concern in design-
ing the gears and generating the conjugate meshing elements, 
and the meshing of gears and the generations of conjugate 
surfaces have been previously studied [6-10]. 

In this study, we designed a speed reducer for robots by in-
troducing a novel trapezoidal tooth profile concept, and we 
conducted a tooth profile design program and we manufac-
tured a prototype and measured its performance. 
 

2. Methodology 

2.1 Structure of speed reducer 

The proposed reducer essentially consists of an inner gear 
with inner teeth that function collectively as a housing, an 
external gear that conducts eccentric movements, and an out-
put part that generates reduced rotations. Generally, a cycloid  
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reducer can be categorized as a general cycloid reducer or one 
that contains a planetary gear. Fig. 1 shows the structure of a 
cycloid reducer that contains a planetary gear. Here, unlike in 
the general cycloid reducer, the input axis (③) from the motor 
generates power to rotate the planetary gear (②), and the ec-
centric axis (④) of the planetary gear moves the center posi-
tion of the cycloid gear (⑤) at the moment when it makes 
tooth-by-tooth contact with the inner gear (⑥). This causes 
the cycloid gear turn on its own axis in a direction opposite to 
that of the input rotation, because the axis has an all-in-one 
structure. Cycloid reducers containing inner gears composed 
of pins or planetary gears, which exert a two-speed slowdown 
effect on the reducer system, have recently gained in popular-
ity for robots. This is because they can yield a greater rate of 
speed reduction than general cycloid reducers of equal size, 
which reduce speed by translating cycloid gear motion di-
rectly through the input eccentric axis [11, 12]. 

 
2.2 Definition of trapezoidal tooth profile 

General tooth profiles of gears have shapes corresponding to 
those of involute curves or cycloids. In this study, however, a 
trapezoidal tooth profile was used rather than the previously 
used involute or cycloid tooth profiles. The gearing features of 
a trapezoidal tooth profile have not yet been studied in depth 
because trapezoidal tooth profiles have hitherto been used 
mostly for cam devices that have cycloid movement. In our 
current study, we conducted an analysis to reveal the interfer-
ence or gearing features of a trapezoidal tooth profile.  

Assuming that the tooth number of an external gear is 1Z , 
that of a internal gear is 2Z , and the number of modules is m , 
the basic diameters of the external gear and internal gear are 
equal to 1 1D mZ=  and 2 2D mZ= , respectively. The size of a 
tooth shown in Fig. 2 is equal to the value of the circumfer-
ence length of a pitch circle divided by the number of teeth. 
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2 2
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The tooth size is mπ , as shown in Fig. 2. At this point, as-

suming that the ratio between the declination surface and the 
outer and inner surface of the tooth is constant, the size of the 
outer surface of the tooth is equal to / 4mπ .  

Assuming that the center of the tooth falls on the starting 
point at which the trapezoidal tooth profile of the external gear 
is defined, the following equations can be deduced. 
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In the same manner, the trapezoidal tooth profile can be de-

fined as shown below; however, the amount of eccentric 
movement of the external gear must also be considered at the 
position where the tooth profile of the internal gear is defined. 

 
 
Fig. 1. Disassembly view of a robot reduction drive. 

 
 
Fig. 2. Angular size of one tooth. 
 

 
 
Fig. 3. Basic tooth profile for external gear. 
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In these equations, e  represents the amount of eccentric 

movement. 
 

2.3 Tooth profile kinematics equation 

In a cycloid reducer, the external tooth wheel exhibits eccen-
tric cam movement. The amount of eccentric movement can 
be controlled as shown below, and the tooth profile movement 
can change according to predictable values. Fig. 5 shows the 

results of kinematic pin trajectory modeling.  
The pitch circles of the external gear and the internal gear 

can be defined as follows [13]: 
 

1
1 2

mZr =   (10) 

2
2 2

mZr =   (11) 

 
where as in the tooth profile module, m  is equal to the pitch 
circle diameter, D , divided by the number of teeth, Z , in 
units of millimeters. 1Z  and 2Z  indicate the number of teeth 
in the internal and the external gear, respectively. 

If the larger pitch circle rotates, the two pitch circles must 
rotate in the same direction simultaneously, and it is like the 
two rotate at constant but different angular speeds. 
 

1 1 2 2r rφ φ=   (12) 
 
where 1φ  and 2φ  denote the angular speed when the inner 
and the external tooth wheels rotate, respectively. Eq. (13) 
immediately below shows the variation in Eq. (12) for 1φ . 
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Meanwhile, Eq. (14) can be used to calculate the absolute 

angular speed when the external tooth wheel rotates and re-
volves with the inner tooth wheel fixed. 
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The position coordinates of the external tooth wheel can be 

calculated from those of the inner tooth wheel by using the 
following equations: 
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Fig. 4. Basic tooth profile for internal gear. 

 

 
 
Fig. 5. Kinematic modeling of pin trajectory. 
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In the above equations, 1 fM , fpM  and 2pM  indicate the 
rotation conversion matrix for an angular speed of 1φ , the 
translation conversion matrix for a translational speed of e− , 
and the rotation conversion matrix for an angular speed of 2φ , 
respectively.  

The absolute coordinate system is necessary for data analysis 
in the simulation program. Therefore, in the absolute coordi-
nate system, 1r  and 2r  (obtained from the external tooth 
wheel 1r  and the internal tooth wheel 2r , respectively) are 
calculated as follows. 
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The aforementioned trapezoidal tooth profile moves accord-

ing to these equations of motion. 
 

2.4 Definition of the declination coefficient 

To determine the trajectory of the center of the external tooth 
wheel, the following equations for trajectory are used, with the 
tooth center set as ( , )c cx y : 

 
cos( ) cos

sin( ) sin
c

c

x H R e
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= × × + ×⎧
⎨ = − × × + ×⎩

  (23)  

 
Here, the definitions are as follows: 
 

0.5
2
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Table 1. Change in tooth profile trajectory as a function of declination 
coefficient λ . 
 

(a) 1λ <  

(b) 1λ =  

(c) 1 λ<  

 
where 
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f

R
Z
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Table 1 shows the results of evaluation of the trapezoidal 

tooth profile trajectory with respect to changes in the value of 
declination coefficient λ . 

When 1λ = , the end of the tooth surface encounters inter-
ference because of its position movement (as shown in red 
circle of Table 1(b)). This interference becomes greater be-
cause of the cycloid movement of the tooth when 1λ <  (as 
shown in red circle of Table 1(a)). However, when 1 λ< , 
there is no interference because tooth contact occurs in a di-
rection opposite to that of tooth movement. 
 

3. Experimental results. 
3.1 Prototype reducer for robot 

A prototype reducer for robots (shown in Fig. 7) based on 
our analysis results from the previous section is manufactured. 

 
 
Fig. 6. Trajectory of center position. 
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Then the data presented below from tests of this trial product 
is derived. 

Sag stiffness amounted to 609 Nm/arc min and the sag load 
moment was measured as 1131 Nm. The maximum sag mo-
ment load was 2262 Nm, and the application point size ranged 
from 83.71 mm to –8.14 mm. The axial direction load was 
3408 N and the radius direction load was 12180 N. The stan-
dard distance along the radius direction was measured as 50 
mm. The rated output torque was 500 Nm, and the rated out-
put frequency was 15 rpm. The maximum permissible average 
output torque was 700 Nm, the permissible speed in-
crease/decrease torque was 1250 Nm, and the maximum per-
missible instantaneous torque was 2500 Nm. The maximum 
permissible output frequency was 27 rpm, the rotation preci-
sion was measured as lower than 1 min, and the torsion stiff-
ness was 206 Nm/arc min. 
 
3.2 Lost motion 

To confirm the effectiveness of the developed tooth profile 
design, we manufactured a model with the following specifi-
cations. The manufactured model (HDXD050S-B148-S-S2) 
had a speed reduction ratio of 148:1, and lost motion was 
measured (using a test bed manufactured specifically to meas-
ure lost motion, as shown in Fig. 8) to be an average of 0.12 

arc min, thus satisfying the requirement for robots (less than 1 
min). 
 
3.3 Moment stiffness 

When designing robots, a high value of moment stiffness 
must be used, because if the stiffness is not high enough, the 
resulting low eigenfrequency decreases the precision of the 
robots, and they sag under additional loads. The stiffness of 
currently available robots amounts to about 600 Nm/arc min.  

In this study, based on experiments performed with the 
manufactured test bed (see Fig. 9) to measure the bending 
moment, the moment stiffness of robot reducers with a trape-
zoidal tooth profile was found to be greater than 600 Nm/arc 
min, which is a standard value of stiffness for robots (see Ta-
ble 2). 

Note: Distance to the forced point: 1000 mm; distance 
measured: 300 mm  
 
3.4 Noise measurement 

Table 3 lists the measured values of noise when a single re-
ducer was operated under Nyquist control and noise was 
measured at a distance of 1 m from the source. Given that the 
average noise of industrial robot reducers is 85 dB, our proto-
type has a considerable advantage in terms of noise. 

 
 
Fig. 7. Prototype of reducer for robots.  

 

 
 
Fig. 8. Test bed for lost motion.  

Table 2. Change in tooth profile trajectory as a function of declination.
 

 Displacement 
[mm] 

Force 
[kgf] 

Moment stiffness 
[Nm/arc min] 

0.096 50 480.21 

0.048 30 576.25 1 

0.013 15 1063.9 

0.098 50 470.41 

0.045 30 614.67 2 

0.011 15 1257.28 

0.094 50 490.43 

0.05 30 553.2 3 

0.018 15 768.33 

Average 697.18 

 

 
 
Fig. 9. Test bed for bending moment. 
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4. Conclusion 

The tooth profile of robots can be categorized as cycloid, in-
volute, or trapezoidal. Our study evaluated the gearing fea-
tures of the trapezoidal tooth profile. In addition, the applica-
bility of the profile to robots was verified via prototype manu-
facture and laboratory experiments. Based on the results of our 
study, we proposed a new robot reducer tooth profile with a 
number of improvements with regard to gearing. In summary,  

(1) Great improvements in gearing, stress, and stiffness by 
optimizing the declination coefficient have been introduced. A 
standard value of stiffness for general industrial robots is 600 
Nm/arc min, but average value of stiffness for reducer using 
trapezoidal tooth profile is 697 Nm/arc min. It shows that 
newly designed trapezoidal tooth profile is structurally sound.  

(2) Newly designed trapezoidal tooth profile make surface-
contact, whereas the previous cycloid tooth profile make line-
contact. Therefore the trapezoidal tooth profile has an advan-
tage in terms of stress and bending stiffness by comparing its 
strength with that of the previous cycloid tooth profile. 

(3) Reducer using trapezoidal tooth profile makes noise 
about 68~76dB in case input speed is from 1000 to 3000rpm. 
This shows proposed reducer offers improved noise reduction 
capability in comparison with previous reducer which makes 
noise about 85dB. 
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Nomenclature------------------------------------------------------------------------ 

D :  Diameter 
e :  Eccentric coefficient 
m  :  Module 
M  :  Conversion matrix 
Z  :  Tooth number of gear 
α  :  Pressure angle 
λ  :  Declination coefficient 
φ  :  Angular speed 
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Table 3. Noise test. 
 

Noise [dB] 
Input speed [rpm] 

Forward Backward 

1000 68 70 

2000 73 74 

3000 74 76 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
    /KOR <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


