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Abstract 
 
This paper presents a finite element method (FEM) free and forced lateral vibration analysis of beams made of functionally graded ma-

terials (FGMs). The temperature dependency of material properties along with damping had not previously been taken into account in 
vibration analysis. In the present study, the material properties were assumed to be temperature-dependent, and were graded in the thick-
ness direction according to a simple power law distribution of the volume fractions of the constituents. The natural frequencies were 
obtained for functionally graded (FG) beams with various boundary conditions. First, an FG beam was assumed to be isotropic (metal 
rich) and the results were compared with the analytical solution and the results for ANSYS and NASTRAN software. Finally, dynamic 
responses were obtained for damped and un-damped systems. Numerical results were obtained to show the influences of the temperature 
dependency of the materials properties, the boundary conditions, the volume fraction distribution (the index of power law, N) and the 
geometrical parameters. 
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1. Introduction 

Functionally graded materials (FGMs) are special composite 
materials that have been developed for their excellent me-
chanical and thermal properties. The concept of FGMs, espe-
cially as relating to the thermal barrier or heat shielding utility, 
was proposed in 1984 by a group of material scientists, in 
Sendai, Japan [1-4]. Such types of inhomogeneous composite 
materials and systems are presently in the forefront of materi-
als science research, and are receiving worldwide and increas-
ing attention. The advantage of using these materials is that 
they are able to withstand high-temperature and stress gradient 
environments while maintaining their structural integrity [5, 6]. 
They possess properties that vary gradually and continuously 
in their spatial coordinates for the purposes of a required func-
tion. The composition, which is varied from a ceramic-rich 
surface to a metal-rich surface according to a desired variation 
of the volume fraction of the two materials between two sur-
faces, can easily be manufactured [7]. Initially, FGMs were 
designed as thermal barrier materials for aerospace and fusion 
reactors applications. Later on, they were developed for mili-

tary, automotive, biomedical application, semiconductor in-
dustry, manufacturing industry and general structural elements 
in thermal environments.  

For example, the use of functionally graded (FG) coating on 
structural elements in high-temperature environments can 
effectively help to reduce possible failures induced by thermo 
or combined thermo-mechanical loadings. Typical examples 
of those elements are movable arms, tall buildings and towers 
and beams used in high-performance surface and air vehicles.  

The temperature dependency of material properties has not 
thus far been taken into account in vibration analysis. Then, 
one of the important problems is damping in structures sub-
jected to dynamic loading, because this reduces the dynamic 
stress level and increases, thereby, fatigue life. One example is 
to control the noise, vibration and harshness (NVH) in struc-
tures, such as vehicles, by a passive damping treatment. In the 
present study therefore, damping also was considered. 

The dynamic behavior of composite beams certainly has 
been an active subject of research, as evidenced by the many 
analytical and numerical analyses published in the literature, 
whether based on classical Euler-Bernoulli beam theory, Ti-
moshenko beam theory, or the three-dimensional theory of 
elasticity. Research work on FG structures in consideration of 
temperature dependency, however, is scarce. Contrastingly, 
the pure elastic mechanical behaviors of FGMs, including free 
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and forced vibration, stability and buckling, among others, 
understanding of which is of great significance to engineering 
design and manufacture, have also been studied by many sci-
entists.  

Khatua and Cheung [8-9] presented a finite element formu-
lation for the analysis of multi-layer sandwich beams and 
plates with soft cores. In their work however, they neglected 
the normal stress in the core or the transverse shear in stiff 
layers. Rao and Nakara [10] carried out an analysis on the 
vibration of unsymmetrical sandwich beams and plates with 
viscoelastic cores. Rao [11], using an energy approach, de-
rived a complete set of equations of motion and boundary 
conditions governing the vibration of sandwich beams. Baner-
jee et al. [12] employed the dynamic stiffness method for a 
free vibration analysis of three-layer sandwich beams. Chak-
raborty et al. [13] developed a new finite element for FG 
beams that proved to be fast convergent and free of shear 
locking. Qian and Ching [14] used a meshless method to study 
the free and forced vibration of an FG cantilever beam. Li-
brescu et al. [15] carried out vibration and stability analysis of 
thin-walled FG beams in a high temperature environment. Wu 
et al. [16] obtained closed-form natural frequencies of a sim-
ply supported FG beam with properties as polynomial func-
tions of the axial coordinates. Azadi et al. [17] used a modal 
analysis to obtain the dynamic response of an FG beam.  

FG structures in thermal environments are an attractive 
emerging area of research. Free lateral vibration analyses of 
FG beams considering temperature dependency remain rare 
though. The present study investigated the free lateral vibra-
tion behavior of an FG beam in consideration of temperature 
dependency. The beam can be hinged, clamped, or free at its 
ends. The finite element method (FEM) and modal analysis 
were employed to obtain the natural frequencies and dynamic 
response of the FG beam. The present finite element formula-
tion was used by second-order elements with 3 nodes. In this 
paper, first, the results for the metal-rich FG beam are com-
pared analytically with the results of ANSYS and NASTRAN 
programs. Then, the influences of the beam geometry, the 
temperature change, material composition, and the end sup-
port conditions on the free vibration of the FG beam are dis-
cussed in detail. The results data obtained are presented in 
tables and figures herein. 
 
2. FG material equations 

FGMs are typically made of a mixture of ceramic and metal 
or a combination of different metals. The ceramic constituent, 
with its low thermal conductivity, imparts the high-

temperature resistance. The ductile metal constituent, on the 
other hand, prevents very sudden fractures caused by stresses 
due to a high-temperature gradient. Consider the FG beam 
shown in Fig. 1. 

In the present analysis, it was assumed that the composition 
of the FGM stiff layer varies from the top to the bottom sur-
faces, that is, the top surface (z = h/2) of the beam is ceramic-
rich, whereas the bottom surface (z = -h/2) is metal-rich.  

In addition, material properties were graded in the thickness 
direction according to the volume fraction power law distribu-
tion. As FGMs are used mainly in high-temperature environ-
ments, the constituent materials possess temperature-
dependent properties. These properties can be expressed as 
follows [18] 
 

1 2 3
0 1 1 2 3( 1 )P P P T PT PT PT−

−= + + + +  (1) 
 
where P0, P-1, P1, P2 and P3 are constants in the cubic fit of the 
material properties. The material properties are expressed in 
this way so that the higher-order effects of the temperature on 
the material properties can be readily discernible.  

Volume fraction is a spatial function whereas the properties 
of the constituents are functions of temperature. The combina-
tion of these functions gives rise to the effective material 
properties of FGMs, which can be expressed by 

 
( , ) ( ) ( ) ( ) ( )eff m m c cP T z P T V z P T V z= +  (2) 

 
where Peff is the effective material property of the FGMs, and 
Pm and Pc are the temperature-dependent properties of metal 
and ceramic, respectively. Vm, is the volume fraction of the 
metal constituent of the FGM, can be written 

 

  (3) 
 
where volume fraction index N dictates the material variation 
profile through the beam thickness and may be varied to ob-
tain the optimum distribution of component materials 
(0≤N≤∞). The metal-rich FG beam defined by N is equal to 
zero and the ceramic-rich FG beam defined by N is equal to 
infinite. From the above equation, the effective Young’s 
modulus E and mass density ρ of an FG beam can be written 

 

.  (4a) 

.  (4b) 
 
In this paper, only the effective Young's modulus depends to 

temperature, and the related equation is 
 

.  (5) 

 
 
Fig. 1. Schematic of FG beam with used coordinates. 
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3. Modal analysis 

In this section an FEM is proposed to solve the free vibration 
problem for non-proportionally damped Euler-Bernoulli non-
homogeneous beams. In particular, two different damping 
models are considered: internal viscous damping, and external 
lumped or distributed viscous damping. 
 
3.1 Boundary value problem [19, 20] 

The partial differential equation of motion for a distributed 
viscously damped system can be expressed in the operator 
form 
 

 (6) 
 
where M, C and K are linear homogeneous differential opera-
tors, and are referred to as the mass operator, damping opera-
tor and stiffness operator, respectively, f is the external force 
density (also including all non-conservative forces other than 
viscous damping ones), w is the displacement in the x-
direction and t is the time. Associated with differential Eq. (6), 
appropriate boundary conditions must be satisfied by solution 
w at every point of the boundary. In the special case of a 
Euler-Bernoulli beam in bending vibration, the mass operator 
and the stiffness operator consist of 
 

  (7a) 

  (7b) 
 
where m (x,z) is the mass per unit length of beam, V is the 
beam volume, k (x,z)=EI (x,z) is the bending stiffness, or flex-
ural rigidity, in which E is Young’s modulus of elasticity that 
can be changed in two directions, x and z, and I is the area 
moment of inertia. The damping operator can be expressed as 
 

  (7c) 
 
which is the case of internal damping or, simply, as 
 

  (7d) 
 
which is the case of external distributed viscous damping 
(note that the two distributions cin (x,z) and cex (x,z) are dimen-
sionally different).  

The partial differential equation of motion, Eq. (6) for an 
Euler-Bernoulli beam in bending vibration under the distrib-
uted transverse force f (x,t) is 
 

 (8) 

in which 
 

  (9a) 

  (9b) 

.
  (9c) 

 
Two boundary conditions must be satisfied at x = 0 and L 

(beam length). In the case of pinned end, they are 
 

.
  (10a) 

 
For the clamped and free end, the boundary conditions are 

 

  (10b) 

.
  (10c) 

 
3.2 Finite element method (FEM) [21-23] 

Kantorovich approximation is 
 

.  (11) 
 
[N] is the shape function matrix for second order elements 

(with 3 nodes), used in this paper, and can be written 
 

  (12) 
 
ξ , the natural coordinate that changes between -1 and 1 is 

used because of the Gauss-Legendre numerical integration 
method. The relation between the differentials of global and 
natural coordinates is 

 

  (13) 
 
where n is the number of elements.  

The residual integration form in the Galerkin method is 
 

[ ] 0TN Rd
Ω

Ω =∫   (14a) 

 (14b) 
 
To reduce the differential order and satisfy the boundary 

. 
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conditions, integration-by-parts and Gauss-Grin theory are 
used: 

 

  
(15a)

 

  
(15b) 

 
After satisfying the relations and arranging the general Eq. 

(14a), the result is 

 

  (16a) 

  
(16b) 

 
(16c)

 

 
(16d)

 

.
  

(16e)
 

 
The boundary conditions are satisfied by integrals on the 

boundaries and also by eliminating the rows and columns of 
zero displacements in the mass, damping and stiffness matri-
ces. The general integral is 

 

 (17a) 

 (17b) 

Integrals on the boundary are zero except at both ends (x = 0 
and L). Then, the transformation of Eq. (16b) into Eq. (16e) is 

 

  (18a) 

 (18b) 

 (18c) 
 

in which, 
 

  (19a) 

.
  (19b) 

 
3.3 Modal analysis [24, 25] 

In modal analysis, reduced equations are formed by intro-
ducing a (2n× 1) state vector such as 
 

.  (20) 
 
Then, the governing equation can be expressed 

 

  (21a) 

 (21b) 
 

Eq. (21a) also can be expressed in a more convenient form 
by multiplying by A-1 and defining H = -A-1B. Thus 

 
.  (22) 

 
The eigen values for free vibration are obtained by assuming 

the solution of Eq. (22) as 
 

  (23) 
 
where γ  is a complex number (the real part of γ  is damped 
natural frequency and its imaginary part is un-damped natural 

. 

. 
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frequency) and { }Ψ  a (2n× 1) modal vector with complex 
elements. By substituting Eq. (23) into Eq. (22) with zero on 
the left side, the characteristic equation becomes 

 
.  (24) 

 
The modal matrix [ ]Ψ  is a linear combination of the eigen-

vectors and is of order 2n: 
 

  (25) 
 

The reduced Eq. (21a) can be uncoupled by means of this 
modal matrix [ ]Ψ . Introducing a new state vector {z} as de-
fined by the transformation 

 
.  (26) 

 
Eq. (21a) becomes 
 

.  (27) 
 

Multiplying the equation above by [ ]TΨ , the transpose of 
the modal matrix, the governing equation becomes 

 
  (28a) 

 
where 
 

  (28b) 
 
and where [A*] and [B*] are diagonal. Eq. (28a) can be written 
in the form of matrix elements, such as 

 
  (29) 

 
Furthermore, on the basis of the orthogonal relations, it can 

be written 
 

  (30) 
 

Thus, Eq. (29) can be further simplified to become 
 

  (31) 
 

The particular solution of the equation above is found from 
direct application of a convolution integral, 

 

  (32) 
 
where the above exponential function is the impulse response 
of Eq. (31) with zero initial conditions. The initial conditions 
in { }z  coordinates are found by transformation in Eq. (26), 

that is 
 

.  (33) 
 

Let 0iz  be the initial condition for the i-th mode. Hence the 
complementary solution of Eq. (31) is of the form 

 
.  (34) 

 
The complete solution of iz  for the ith mode is the sum of 

the solutions from Eq. (32) and Eq. (34). Note that the particu-
lar solution and the complementary solution are evaluated 
separately. The complete solution in the principal coordinates 
is determined by means of the transformation in Eq. (21a) like 
below 

 

  (35) 
 
For an un-damped system, the governing equation is 
 

  (36) 
 

The natural frequencies ( ω ) are calculated as 
 

.  (37) 
 
To solve the above equations, a code written using 

MATLAB software is used.  
The geometrical characteristics and coefficients of the FG 

beam properties are listed in Table 1 and Table 2, respectively. 
 

Table 1. Geometrical characteristics. 
 

Characteristic Contents 

Length of Beam (L) 500 (mm) 
Width (b) 31 (mm) 
Height (h) 31 (mm) 

Moment of Inertia (I=bh3/12) 76960.083 (mm4) 
 
Table 2. Coefficients of properties. 
 

Properties Metal (Ti-6Al-4V) Ceramic (Si3N4) 

 2370 4429 

 122.557 348.430 

 0 0 

 -4.586 e -4 -3.700 e -4 

 0 2.160 e -7 

 0 -8.946 e -11 
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4. Analytical solution [24, 25] 

An analytical solution was derived for a continuous system. 
By defining a2=EI/m, the beam equation for its lateral vibra-
tion is 

 

  (38) 
 

where EI is the flexural stiffness and m is the mass per length 
of the beam. By using the separation of variables method, 
solving the linear differential equations and satisfying the 
boundary conditions, the natural frequencies of a simply sup-
ported (at both ends) beam is obtained from 

 

  (39a) 

  (39b) 
 

where ω  is the natural frequency and n is varied from 1 to 
infinity. Then 
 

.  (39c) 
 
For a clamped or free (at both ends) beam, natural frequen-

cies are obtain from 

 
.  (40) 

 
In Table 3, the roots Lβ  of the frequency equations for the 

various boundary conditions (CC: clamped-clamped, FF: free-
free, CS: clamped-simply support, SF: simply support-free 
and CF: clamped-free) are listed [23].  

Table 3. Roots Lβ  of frequency equation for FG beam [23]. 
 

B.C. 1Lβ  2Lβ  3Lβ  4Lβ  
CC 4.730041 7.853205 10.995608 14.137166 

FF 4.730041 7.853205 10.995608 14.137166 

CS 3.926602 7.068583 10.210176 13.351768 

SF 3.926602 7.068583 10.210176 13.351768 

CF 1.875104 4.694091 7.8547570 10.995541 
 
Table 4. Natural frequencies of SS metal-rich FG beam. 
 

Natural Frequencies (Hz), N=0 
Mode Number 

Analytical NASTRAN ANSYS Present 

1 404.3 404.3 402.2 404.1 

2 1617.4 1617.4 1584.2 1617.1 

3 3639.1 3639.1 3482.2 3639.0 

4 6469.4 6469.4 6002.8 6469.5 

5 10108.5 10108.0 9409.3 10108.0

6 14556.2 14556.0 14117.0 14556.0

7 19812.6 19813.0 18828.0 19813.0

8 25877.7 25878.0 24745.0 25878.0

9 32751.4 32751.0 29236.0 32751.0

10 40433.9 40434.0 38617.0 40434.0
 

Table 5. Natural frequencies of SS FG beam for different Ns. 
 

Natural Frequencies (Hz) Mode 
Number N=0.5 N=1 N=2 N=3 N=5 

1 502.1 519.4 533.1 539.0 544.3 

2 2008.5 2077.7 2132.6 2156.0 2177.2 

3 4519.1 4674.8 4798.3 4850.9 4898.6 

4 8033.9 8310.8 8530.3 8623.8 8708.7 

5 12553.0 12986.0 13329.0 13475.0 13607.0

6 18076.0 18699.0 19193.0 19404.0 19594.0

7 24604.0 25452.0 26124.0 26410.0 26670.0

8 32136.0 33243.0 34121.0 34495.0 34835.0

9 40672.0 42074.0 43185.0 43658.0 34835.0

10 50212.0 51943.0 53314.0 53899.0 54429.0
 

Table 6. Natural frequencies of SS FG beam for different Ts. 
 

Natural Frequencies (Hz), N=1 Mode 
Number T=350 (°K) T=400 (°K) T=450 (°K) T=500 (°K)

1 487.0 482.8 478.7 474.7 

2 1948.1 1931.4 1914.9 1898.7 

3 4383.3 4345.6 4308.6 4272.2 

4 7792.5 7725.5 7659.7 7594.9 

5 12176.0 12071.0 11968.0 11867.0 

6 17533.0 17382.0 17234.0 17089.0 

7 23865.0 23659.0 23458.0 23259.0 

8 31170.0 30902.0 30639.0 30380.0 

9 39450.0 39110.0 38777.0 38449.0 

10 48703.0 48284.0 47873.0 47468.0 
 

Table 7. Natural Frequencies of SS FG beam for various geometries. 
 

Natural Frequencies (Hz), N=1 

L=250 (mm) L=500 (mm) L=1000 (mm) 
Mode

Number
h/b=0.5 h/b=2 h/b=0.5 h/b=2 h/b=0.5 h/b=2

1 1038.9 4155.4 259.7 1038.9 64.9 259.7

2 4155.4 16622.0 1038.9 4155.4 259.7 1038.9

3 9349.7 37399.0 2337.4 9349.7 584.4 2337.4

4 16622.0 66487.0 4155.4 16622.0 1038.9 4155.4

5 25971.0 103890.0 6492.8 25971.0 1623.2 6492.8

6 37399.0 149590.0 9349.7 37399.0 2337.4 9349.7

7 50904.0 203610.0 12726.0 50904.0 3181.5 12726.0

8 66487.0 265950.0 16622.0 66487.0 4155.4 16622.0

9 84147.0 336590.0 21037.0 84147.0 5259.2 21037.0

10 103890.0 415540.0 25971.0 103890.0 6492.8 25971.0
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Then, the natural frequencies are 
 

.
  (41) 

 
All of the above natural frequencies (except the results of 

ANSYS and NASTRAN software) are in rad/sec. If they are 
divided by 2π , the natural frequencies will be in Hz. 

 
5. Numerical results 

5.1 Free vibration 

First, the numerical results for an un-damped system were 

 

 
 
Fig. 2. Natural Frequencies of SS FG beam vs. temperature and index 
of power law. 

 

 

 
 
Fig. 3. Natural Frequencies of CC FG beam vs. temperature and index 
of power law. 

Table 8. Natural frequencies of FF metal-rich FG beam. 
 

Natural Frequencies (Hz), N=0 Mode 
Number Analytical NASTRAN ANSYS Present

1 916.6 916.3 905.3 916.3 

2 2526.6 2525.3 2443.6 2525.4 

3 4953.2 4949.6 4655.5 4950.4 

4 8187.9 8180.2 7431.7 8182.1 

 
Table 9. Natural Frequencies of CC metal-rich FG beam. 
 

Natural Frequencies (Hz), N=0 Mode 
Number Analytical NASTRAN ANSYS Present

1 916.6 916.6 898.2 916.7 

2 2526.6 2526.6 2412.4 2526.6 

3 4953.2 4953.2 4577.3 4953.1 

4 8187.9 8187.9 7282.5 8187.2 

 
Table 10. Natural frequencies of CS metal-rich FG beam. 
 

Natural Frequencies (Hz), N=0 Mode 
Number Analytical NASTRAN ANSYS Present

1 631.7 631.7 624.1 631.7 

2 2047.0 2047.0 1981.3 2047.0 

3 4270.8 4270.8 4016.9 4270.8 

4 7303.4 7303.4 7055.8 7303.3 

 
Table 11. Natural frequencies of SF metal-rich FG beam. 
 

Natural Frequencies (Hz), N=0 Mode 
Number Analytical NASTRAN ANSYS Present

1 631.7 631.6 626.2 631.9 

2 2047.0 2046.5 1993.0 2046.3 

3 4270.8 4269.4 4049.4 4270.0 

4 7303.4 7300.1 7191.1 7300.7 

 
Table 12. Natural frequencies of CF metal-rich FG beam. 
 

Natural Frequencies (Hz), N=0 Mode 
Number Analytical NASTRAN ANSYS Present

1 144.0 144.0 143.7 144.1 

2 902.7 902.6 887.3 902.3 

3 2527.6 2527.0 2429.1 2527.0 

4 4953.1 4951.3 4615.9 4951.5 
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studied. The main purpose of this paper, therefore, was to 
study simply-supported FG beams. 

The natural frequencies for a simply-supported metal-rich 
FG beam were calculated by ANSYS and NASTRAN soft-
ware, using beam elements, and also by theoretical solutions. 

The results for N=0 are listed in Table 4. 
As can be seen in Table 4, the analytical method and the re-

sults for NASTRAN software and the present method all show 
the same answers. But the results for ANSYS software show 
varying extents of errors. 

 
Fig. 4. Natural Frequencies of FF FG beam vs. temperature and index of power law. 
 

 
Fig. 5. Natural Frequencies of CS FG beam vs. temperature and index of power law. 
 

 
Fig. 6. Natural Frequencies of CF FG beam vs. temperature and index of power law. 

 

 
Fig. 7. Natural Frequencies of SF FG beam vs. temperature and index of power law. 
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The natural frequencies of a simply-supported FG beam for 
different Ns (index of power law), in ambient temperature 
(T=300 °K) are listed in Table 5. Then, for various tempera-
tures and N=1, the natural frequencies of a simply-supported 
FG beam are calculated and listed in Table 6. In Table 7, the 
natural frequencies of a simply-supported FG beam are listed 
for the various geometrical parameters (L and h/b) using N=1. 

As the results show, the natural frequency of the FG beam 
increases as the power law index N increases when approach-
ing the homogeneous ceramic side. The effect of temperature 
on the natural frequency of the FG beam is to reduce the natu-
ral frequency with increasing in temperature.  

By increasing the length of the beam, the natural frequency 
was decreased as expected. By increasing in parameter h/b, 
the natural frequency was increased. 

For the other boundary conditions (FF, CC, CS, SF and CF) 
of the FG beam, the natural frequencies calculated by ANSYS 
and NASTRAN software, and the theoretical and present 
methods, are listed in Tables 8-12.  

As it apparent, for the different boundary conditions, the pre-
sent method incurs a small error in most of boundary condi-
tions, but its accuracy is sufficient. 

Some of the above results (only for the first 4 modes) are 

Table 13. First complex frequency for different Ns. 
 

N First Damped Natural Frequency (Hz) 

0.0 -0.112710 + 448.78i 

0.5 -0.087399 + 502.12i 

1.0 -0.078576 + 519.43i 

2.0 -0.071371 + 533.14i 

3.0 -0.068243 + 538.99i 

 

 
 
Fig. 8. Dynamic response of SS (left) and CC (right) FG beam (N=1, T=300 °K). 

 

 
 
Fig. 9. Dynamic response of SS FG beam for T=390 °K (left) and T=410 °K (right). 

 

 
 
Fig. 10. Dynamic response of SS FG beam for N=0 (left) and N=0.2 (right). 
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also drawn in some of the figures (Fig. 2 to Fig. 7) for various 
boundary conditions, different temperatures and Ns. The re-
sults show that by increasing the power law index N, the natu-
ral frequencies of the FG beam increase according to obtained 
homogeneous ceramic property, which is harder than metal. 
And by increasing the temperature, the natural frequencies of 
the FG beam are decreased as the material becomes softer at 

higher temperatures. 
Finally, the first damped natural frequencies of a FG beam 

with a distributed damper (cex=0.1 Kg/Sec) located along the 
beam, are listed in Table 13 for simply-supported state and 
different Ns. As can be seen, the magnitude of the first 
damped natural frequency of the FG beam under the simply-
supported condition increases when N increases. 

 
 
Fig. 11. Dynamic response of SS FG beam for L=0.2 m (left) and L=0.3 m (right). 

 
 
Fig. 12. Dynamic response of SS FG beam for h/b=2 (left) and h/b=3 (right). 
 

 
 
Fig. 13. Dynamic response of FG beam for SS (left) and CC conditions (right). 
 

 
 
Fig. 14. Dynamic response of SS FG beam for N=0 (left) and N=0.2 (right). 
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5.2 Forced vibration 

Initially, the numerical results for an un-damped system and 
various boundary conditions were studied. The initial condi-
tions are as below. 

 

 
 

An excitation external force, Sin (t), was applied to the mid-
dle point of the beam. For N=1 and the ambient temperature 
(T=300 °K), the dynamic responses for the various boundary 
conditions such as SS and CC are plotted for the middle point 
of the beam, in Fig. 8.  

As is apparent, by increasing the number of oscillations in a 
certain period of time, the period is decreased and so the natu-
ral frequency is increased. Then, the natural frequencies of the 
simply-supported condition are less than those of the clamped-
clamped condition, as expected.  

Fig. 9 shows the dynamic response of the middle point of the 
simply-supported FG beam for N=1 and different tempera-
tures (T=390 and 410 °K). The dynamic response of the mid-
dle point of the simply-supported FG beam is drawn in Fig. 10 
for T=300 °K and a different index of power law (N=0 and 
0.2). The results show that the effect of temperature on the 
natural frequency of the FG beam was to reduce the natural 
frequency with increase in the temperature. Also, the natural 
frequency of the FG beam increased as the power law index 
(N) increased when approaching the homogeneous ceramic 
side. Fig. 11 and Fig. 12 show the effects of the geometrical 
parameters on the natural frequencies of the simply-supported 
FG beam. Fig. 11, at issue are for different lengths of beam 
(L=0.2 and 0.3 m) and N=1, and ambient temperature and in 
Fig. 12, the parameter h/b of the dynamic response of the sim-
ply-supported FG beam, also for N=1 and ambient tempera-
ture. As can be seen, by increasing the length of the beam, the 
natural frequency decreases and by increasing the parameter 
h/b, the natural frequency increases, as expected. 

Finally, a damped system was considered. The dynamic re-
sponses of the FG beam with a distributed external damper 
(cex=0.1 Kg/Sec) located along the beam are drawn for N=1, 
ambient temperature and the SS and CC conditions in Fig. 13; 
for different indexes of power law (N=1 and 3), ambient tem-

perature and the simply-supported FG beam in Fig. 14; and 
for different temperatures (T=390 and 410 °K), N=1 and the 
simply-supported FG beam in Fig. 15.  

As the results show, the damped natural frequency of the FG 
beam exhibits the same behavior, such as natural frequency 
which increasing with increasing N and decreasing with in-
creasing temperature. 
 

6. Conclusion 

As discussed in this paper, an FEM free and forced lateral vi-
bration analysis of FG beams was performed. The material 
properties were assumed to be temperature-dependent, and 
were graded in the thickness direction according to a simple 
power law distribution of volume fractions of the constituents.  

The natural frequencies were obtained for FG beams under 
various boundary conditions including SS, FF, CC, SF, CF and 
CS. Initially, the FG beam was assumed to be isotropic (metal 
rich) and the results were compared with the analytical solution 
and the results for ANSYS and NASTRAN software. Then, 
dynamic responses were obtained for different states of FG 
beams. 

The first results showed that the analytical method and the 
results for NASTRAN software and the present method in-
cluded the same answers. The numerical results of the free and 
forced vibration analysis showed that the effect of temperature 
on the natural frequency of the FG beam was to reduce the 
natural frequency with increase the temperature. Also, the natu-
ral frequency of the FG beam increased as the power law index 
N increased when approaching the homogeneous ceramic side. 
Then, with an increase in the length of the beam, the natural 
frequency decreased as expected and with an increase in the 
parameter h/b, the natural frequency increased. The first 
damped natural frequency of the FG beam under the simply-
supported condition increased when N was increased.  
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