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Abstract

This paper presents a two degree-of-freedom (DOF) planar parallel manipulator with two linear actuators, whose degree of freedom is
dependent on a passive constraining leg connecting the base and the platform. The kinematics of the presented manipulator is first stud-
ied: the inverse and forward kinematics problems are solved in the closed form, the practical workspace is described symbolically, the
Jacobian matrix is derived, and several singular conditions are discussed. Then, in order to determine the geometric parameters and the
operating range of the actuators, the optimization of the mechanism is performed considering its dexterity and stiffness.
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1. Introduction

The manipulator introduced in this paper is a 2-DOF planar
parallel manipulator which consists of two identically actuated
legs with three degree-of-freedom and one passive constrain-
ing leg with two degree-of-freedom, connecting the platform
and the base. The degree-of-freedom of the manipulator is
dependent on the passive leg’s degree of freedom, and there-
fore the moving platform has two degrees of freedom: one
degree of translational freedom and one degree of rotational
freedom, with respect to the base. In what follows, the kine-
matics of the presented manipulator is analyzed: the inverse
and forward kinematics problems are solved in the closed
form, the practical workspace is described symbolically, the
Jacobian matrix is derived, and several singular conditions are
discussed. Then, in order to determine the geometric parame-
ters and the operating range of the actuators, the optimization
of the mechanism is performed in terms of dexterity, stiffness
and workspace. The results of this paper can be of great help
in the design, application and control of such devices.

2. Description of the manipulator

The 2-DOF parallel manipulator studied in this (Fig. 1) con-
sists of a moving platform that is connected to a fixed base by
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three legs. Two of the three legs, called the actuated leg, have
kinematically identical topology. The ith actuated leg [
(i=1,2) connects point B, on the base to point 5, on the
moving platform by a passive revolute joint followed by an
active prismatic joint and another passive revolute joint. The
third leg /. is a passive constraining leg and has architecture
different from the other legs, one end of which is fixed per-
pendicularly at the center C of the moving platform and the
other is jointed at the center O of the base by a passive revo-
lute joint followed

by a passive prismatic joint. Here, the geometric parameters
of the mechanism are r=|Ch| and R=|0B|, which desig-
nate the sizes of the moving platform and the base, respec-
tively.
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Fig. 1. 2-DOF parallel manipulator with a passive constraining leg.



20 J.-H. Lee et al. / Journal of Mechanical Science and Technology 24 (2010) 19~23

3. Position kinematics

Considering that the passive constraining leg should be
fixed perpendicularly to the moving platform, the relationship
between the independent and dependent variables is given by

X, 080+ y.sind =0 (1)

3.1 Inverse kinematics

The inverse kinematics is to find a set of input joint vari-
ables for a given position and orientation of the moving plat-
form with respect to the base. For the presented manipulator,
the output variables (x.,y.) are given, and the input joint
variables (/,,1,) are to be found.

Referring to Fig. 1, the closed-loop equations for each actu-
ated leg are written as

I = j:\/(xc +7cosf —R) + (y. +rsind)’ ?)
A :j:\/(xcfrcostrR)zJr(ycfrsinb?)2 3)

Only positive leg lengths should be taken into consideration
for real applications, since negative solutions could only be
obtained by reassembling the mechanism.

3.2 Forward kinematics

The forward kinematics is to find the position and orienta-
tion of the moving platform corresponding to a given set of
input joint variables. For the given mechanism, the inputs
(1,1,) are known, and the pose of the moving platform
(x> ye) 1s to be found.

Referring to (1) and the architecture of the manipulator yields

{xc =—I.sinf 4

Ve =1.cos0

where [.=(x} + ;)" is the length of the passive constrain-
ing leg. Substituting (4) into (2) and (3) and rearranging leads
to

I} = =4[.Rsinf 3)
IP+ 12 =212 +2r" + 2R* — 4Rrcosf (6)

Applying the identity cos*6+sin’d =1 to (5) and (6), the
forward kinematics expressed by a cubic polynomial in square
of I. is obtained as

I* 4+ 20l + (0~ B +7 =0 %)

where a=r"+R —(’+1)/2 , [=4R*»* , and
y=r{} —1I})/2. From (7), we can see that there are at most
three forward kinematics solutions for the given input joint
variables, since the passive constraining leg should become

positive lengths in real practice. With the obtained /. and the
given values / and [, , the rotation angle 6 can be
uniquely determined from (5) and (6). Therefore, all possible
solutions to the forward kinematics for the presented manipu-
lator are to be three.

4. Workspace analysis

The workspace of the presented manipulator is the set of all
the output variables (x., y.) at which the reference point C
of the moving platform can reach. In this study, in order to
disregard the mechanical interferences between the links and
joints, especially between the passive leg /. and the base
joints B, and B, , the range of the rotation angle of the mov-
ing platform is restricted to 6=arctan(—x./y.)
€ (—n/2,m/2). In addition, the range of motion of the actua-
torsis givenby 1,5 €[l ... 1.

Fig. 2 shows the geometric algorithm to obtain the bounda-
ries of the workspace for the manipulator studied in this paper.

Ifinputs /, and I, are specified, (2) and (3) represent two
circles in the frame O _ xy, each of which has its radius of /,
(i=1, 2) and its center at (x,, y,) . Considering that these cen-
ters are given as the function of the dependent variable 6
yields the following relationships

(x, =R +y;=r (®
(x,+ R’ +y, =7 )

For effectively calculating the workspace size required in
the design stage of the presented manipulator, it is necessary
to derive the boundaries of the workspace symbolically. The
outer boundary represented by (x,, y,,) is obtained wher-
ever at least one of the actuators reaches at its maximum
length I while the inner boundary represented by

(x5 Vo) at its minimum length /. With these geometric

AY
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Fig. 2. Geometric algorithm for generating the boundary of workspace.
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constraints, these workspace boundaries can be obtained in
four cases as follows:

Casel: [, =1, or ,=1[ for =0
RZ 2 _ 2 R _ 2 )

x,,, = sgn(i)| R — \/Rz A 2c0s9 b |Gin7

sin” 0
Yoy = —Xg, coto (10)
Case2: [, =1, or =1, for =0
Yo = —X¢, cotf (11
Case3: /=1, and ,=1_  for =0
X =0, Yoy = \/lmaxz —(R- }’)2 (12)
Case4: /=1, and [,=1_ for 6=0
X =0, Yoy = by —(R=7)’ (13)

where the sign function sgn(i) is to be “1” for i=1 and to
be “-1”for i=2.

5. Jacobian analysis

5.1 Jacobian matrix

The Jacobian of the presented manipulator relates the ve-
locities of the moving platform to the input joint rate.

Ll = (x. +rcosf — R)x. + (y. + rsind)y,

. (14)
+(—x.rsind + y.rsind + Rrsin )0

LI, = (x. —rcosf + R)x. + (y. — rsinf)y, (15)
+(x.rsin@ — y,rsinf + Rrsin0)f

The angular velocity 6 should be expressed as the function
of x. and y., which can be obtained by differentiating (1)
with respect to time as

;  X.cosf+ y.sinf

0 (16)

X.sinf — y.cosf

x.sinf — y.cos@ =0 1implies /.=0 which cannot be
achieved in practice. Substituting (16) into (14) and (15) and
rearranging in vector form leads to

Ja=Jx 17
where q=[/, L] and x=[i., 7.]" are defined as the
input and output velocity vectors, respectively. The inverse
and forward Jacobian matrices J, and J, € R* are, respec-
tively, expressed by

J, =diag(, 1) (18)
X, —R+0b6cosd y.+6sind

= . (19)
X, +R+0bcosf  y.+6sind

X

Rrsi
where §—— frsiné
X.sinf — y.cosd

Therefore, the Jacobian matrix of the presented mechanism

can be written as
J=J1, (20)

The second part consisting of the paper body must be edited
in double column format.

5.2 Singularity analysis

The first kind of singularity is related to matrix J_, which
means that J_ becomes singular but J_ is invertible.

det(J)=0 ; =0 or L,=0 @1

This corresponds to the configuration in which the moving
platform is at or near boundary of its workspace. In such a
singularity, the manipulator can resist external forces or mo-
ments without exerting any force of the actuated legs since the
moving platform loses one or two degrees of freedom. How-
ever, this condition cannot be reached since the actuated leg
has a positive length in practice.

The second kind of singularity occurs when J_ is invert-
iblebut J_ becomes singular.

det(J,)=0 ;
. . (22)

R=0 or x.y.sinf — y}cosf + Rrsin’0 =0

This corresponds to the configuration in which the moving
platform can move even when all the actuators are locked. In
such configurations, the moving platform gains one mobility
and the manipulator cannot resist an external force or moment.

The third kind of singularity, called architecture singularity
[1], occurs when both J, and J_ become singular simulta-
neously. This corresponds to the configuration in which the
moving platform can locally move with all the actuators
locked or in which a finite motion of the actuators cannot oc-
cur any motions of the moving platform. For the identification
of such singularities, assume that one of the actuators has its
length of zero. Then, in this case, the rotation angle of the
moving platform 6 and the length of the passive constrain-
ing leg [.are given by

0 = arccos(r/R), I.=~R*—r* for R>r (23)

Substituting the above equations into the second singular
condition of (22) leads to

1> cos = Rrsin® 0 (24)

from which we can see that the architecture singularity corre-
sponds to the first kind of singularity. In addition, the same
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result is obtained even when both the actuators have zero
length.

6. Optimal design

(1) Global Conditioning Index: The first performance index
used in this paper as an objective function to be maximized is
the global conditioning index [2, 3] defined by

/K aw
e (25)
L aw

where dW is differential workspace of the manipulator, and
k is the condition number of the Jacobian J at a given
position of the moving platform within the workspace.

(2) Global Resistivity Index: The second performance index
introduced for measuring the ability of the presented manipu-
lator to resist the externally applied forces is defined by

e —W 26)

where w =1/ ‘det(J")‘:\det(J)\ is the inverse of the ma-
nipulability.

(3) Space Utilization Index: Actually, since the first two
performance indices are normalized by the workspace size,
they have the limitation to consider the workspace size of a
ma- nipulator. Hence, the workspace size of the presented
manipulator is evaluated by the space utilization index [4]
expressed as

~faw

s 3 @7

where S is the bounding box defined as the smallest rectangle
enclosing the manipulator structure and the workspace size.

It is clear that a practical optimization of the manipulator
studied here would require a design index comprising multiple
performance indices mentioned above. The values of the three
performance indices may be distributed in different ranges.
Hence, in order to make a meaningful comparison among
them and to prevent simply cancellations between denomina-
tors and numerators during the combination process, each of
the three indices is normalized by using their maximum and
minimum values. Then, the composed design index for the
workspace optimization of the presented manipulator can be
defined as

n=wi), + w, + wy; (28)

The objective of the workspace optimization is to determine
the set of the manipulator design parameters leading to the
composed design index to be maximized. The design parame-
ters of the presented manipulator include the operating limits
of the actuated joint variables, /  and / ., and the sizes of
the base and moving platforms, »and R .

On the basis of the above analysis, assuming that R =1 and
the given design parameters vary in their constrained ranges,
the workspace optimization problem of the presented manipu-
lator can be defined as follows

Maximize (1) subjectto r,Al €[0, 2] (29)
rAl

Fig. 3 shows the global isotropy index, the global resistivity
index, and the space utilization index with respect to » and
Al , actually »/R and Al/R. The global isotropy index
monotonically increases as both » and Al decrease, and its
maximum value is taken at the smallest values at » =0 and
Al=0. The global resistivity index decreases as r keeps
away from about r=0.2 and increases slowly as Al de-
creases. Moreover, the index is relatively insensitive to the
variation of A/ compared to r. The space utilization index
monotonically increases with the decrease of r and the in-
crease of Al. Also, as compared to r, the variation of Al
has more effects on this index.

0.4 o<

r/R "% 78 >G4 AI/R

(a) Normalized global conditioning index

—

(c) Normalized space utilization index

Fig. 3. Kinematic performance indices.
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Fig. 4. Normalized composed design index.

Fig. 4 shows that the composed design index for the pre-
sented manipulator, when all of the weighting factors w,
(i=1~3) are given by 1 such that the effects of three indices
can be considered equally. Similarly to the global isotropy
index, this index increases as » and A/ decrease and its
minimum value is taken at the smallest values at »=0 and
Al=0. Moreover, the index is relatively insensitive to the
variation of A/ compared to r, indicating that the work-
space size of the presented manipulator can be decided rather
freely.

7. Conclusion

A 2-DOF planar parallel manipulator with two linearly ac-
tuated legs and one passive constraining leg was presented.
The mobility of the presented mechanism depending on one
passive constraining leg is determined to be two degrees of
freedom including one translational motion and one rotational
motion, leading to arbitrary cylindrical motions of the moving
platform.
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