@ Springer

ro
KSME

Journal of Mechanical Science and Technology 24 (2010) 331~336

www.springerlink.com/content/1738-494x
DOI 10.1007/512206-009-1101-1

Differential quadrature application in post-buckling analysis of a
hinged-fixed elastica under terminal forces and self-weight "

0. Sepahi', M.R. Forouzan' and P. Malekzadeh®"

'Department of Mechanical Engineering, Isfahan University of Technology, Isfahan 84156-83111, Iran
Department of Mechanical Engineering, Persian Gulf University, Bushehr 75168, Iran

(Manuscript Received June 1, 2009; Revised July 10, 2009; Accepted September 14, 2009)

Abstract

Based on geometrically non-linear theory for extensible elastic rods, governing equations of statically post-buckling of a beam with
one end hinged and the other fixed, and subjected to a terminal force and a self-weight, are established. The formulation is derived from
geometrical compatibility, equilibrium of forces and moments, and constitutive relations, which characterize a complex two-point bound-
ary value problem. By using differential quadrature method (DQM), the non-linear governing equations are solved numerically and the
post-buckled configurations of the deformed column are presented. Results are plotted in non-dimensional graphs for a range of density
and terminal force, and are in good agreement with available references.
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1. Introduction

In conventional column buckling problems, the self-weight
is often neglected since it is assumed to be small when com-
pared to the applied axial loads. When the column self-weight
is relatively significant, it has to be taken into consideration in
the buckling analysis and such column is generally referred to
as a “heavy” column [1]. Grischcoff [2] obtained the buckling
load for the combined effect of both the self-weight and an
axial load for a cantilevered column. This line of investigation
was later extended by Wang and Drachman [3.,4] to include
the case of a finite column hanging from its foundation. In
addition, Wang and Ang [5] studied the stability of heavy
column from the energy approach. In their study, the simple
formulas to various column end conditions for buckling ca-
pacity are obtained. Vaz et al. [6, 7] performed the post-
buckling analysis of slender elastic rods subjected to terminal
forces and self-weight using the shooting method. Li and
Zhou [8] presented the post-buckling of a hinged-fixed beam
under a pair of following forces via the shooting method.

Differential quadrature method, as a powerful and efficient
numerical method, is used in the analysis of large deformation
problems in the works of Malekzadeh et al. [9-11]. In addition,
Karami and Malekzadeh [12] constructed a new differential
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quadrature methodology for beam analysis as well as through
the associated differential quadrature element method. Many
illustrative numerical examples are shown in the works of
Malekzadeh et al. on the efficiency, accuracy, and CPU time
requirement of DQM in solid mechanics. Malekzadeh [13]
presented the comparison of convergence and accuracy of the
first four frequencies between the DQM and both orthogonal
polynomial-Ritz method and the Chebyshev-Ritz method.
Malekzadeh and Vosoughi [9] showed the comparison of
CPU time requirement for the evaluation of the first three
nonlinear frequencies between the DQM and Finite Element
Method (FEM). Results show that CPU time requirement of
the DQM may decrease to hundredth (%]1) in comparison to
other methods such as FEM and Finite Difference Method
(FDM), with sound agreement in accuracy and convergence.

This paper deals with the post-buckling analysis of a
hinged-fixed elastica under terminal forces and self-weight via
differential quadrature method. Post-buckling configurations
and some characteristic curves are plotted in good agreement
with available references.

2. Mathematical formulation

Fig. 1 shows a heavy column of length Z, Young’s modulus
E, second moment of area /, and weight per unit length ¢,
which is subjected to an axial load P. A reference Cartesian
coordinate with x—axis coinciding with the neutral axis of the
un-deformed column, and y—axis aligned in direction of the
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off-axis deformation was used. Let C (x,0) with xe [0, L]
denote a point of the pre-deformed axial line of the column,
where x and y form a Cartesian coordinate system. When the
rod is in a buckled state, the material point C moves to point
C’ (x + u, w), in which u and w are the displacements of point
C in x and y directions, respectively. Here, it is presumed that
the deformed central axis is still in the Oxy plane.

Based on the geometrically nonlinear theory of axially ex-
tensible elastic rods, the basic equations can be expressed as

Geometric equations:

as_ , @:Rcose—l , ﬂ:Rsinﬁ @)
dx dx dx

Sedx_pop =149 2)
dx R dx

Equilibrium equations:
N(x) =-PcosO +H sinf- Joxq(n)diy cosO
M(x)=- Pw(x)-H (x+u-u, )+ 3)
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Constitutive equations:

N=AE(R-1), M=E1? 4)
X

where 5 (x), R (x), 0 (x), ¢ (x), and « (x) are the arc length of
the deflection curve, stretch ratio of the axial line, rotation
angle of the cross-section, strain of the axial line, and curva-
ture of the deflection curve, respectively. In addition, N (x), M
(x), P and H are the axial internal force, internal bending mo-
ment, terminal force at the hinged end along the x direction
and horizontal constraint force, respectively. The equality
J.(;Y(X)q'(§)d§: Joxq(n)dn has been employed in the above
derivation, where ¢'(&) is the distributed vertical load con-
tributed by the weight on the deformed column and ¢(7) is
the distributed load on Cartesian coordinate system with
0<£<s and 0<p<x. Bending moment and stretch ratio
expressions are obtained using Egs. (3) and (4) as

u(0)

L |Luo

Fig. 1. Hinged-fixed heavy column under axial forces P and self-
weight.
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Differentiating Eq. (5) with respect to x yields:
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dx (6)
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with the boundary conditions of a hinged-fixed beam
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by introducing the following dimensionless quantities
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Consequently, the governing equations in dimensionless
form can be written as

2
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where A>=4I’/I and A = 120 is used for comparison and
verification with other reference results.

3. The initial buckling solution

Due to the strong nonlinearity of the governing equations, it
is difficult to find any analytical solution. Thus, the differen-
tial quadrature method is used for solving the nonlinear equa-
tions. In the first step, the initial buckling solution is con-
structed via DQM. In the case of combined loads (terminal
force P and column weight g), each load has a contribution in
buckling occurrence, which will be investigated in this section.

Now, by applying DQM, Eq. (9) is discretized at n-4 inner
points, which produces n-4 equations for buckling analysis.
Henceforth, the buckling loads will depend on the applied
boundary conditions. In ordinary polynomial-based differen-
tial quadrature, the kth-order derivative of the solution func-
tion w at grid point  in one dimension can be written as [14]:
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where ¢ is the weighting coefficients of Ath-order deriva-

tive, and n and w; are the total number of grid points includ-
ing the two boundary points, and the solution values at grid
point j, respectively. Also, the following non-uniform grid
spacing is used for fast convergence, namely [14]

(i-1) -
x(i) = ( J{] cos;z(n_])} (i=1,2,..,n) 11

The following assumption is used to calculate the initial
buckling load

RcosO~1 , Rsinf~0 , 0= aw (12)

dx

Finally, dimensionless forms of the governing equations for
buckling analysis are written as
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The DQ discretized form of the resulting equations can be
expressed as

ZCWW +ch(2/w +q (zc(z)
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The above equations consist a set of linear equations used
for calculation of initial buckling loads, denoted by P,
(P=0,q=0), g. (g=0,P=0) and P, &g, ( P=0,
g #0). The above set of linear equations can be expressed in
compact form as

Table 1. The values of critical weight g, .

Method Present [5] [8] 1
q. 52.6799 53.91 52.666 52.5007
Error (%) - 233 0.02 0.34

Table 2. The values of critical terminal load P,

o

for some prescribed

values of g .
Method Buckling load Difference (%) Blﬁ;gng
Present ]3 =16.600 _ 7.=
[5] P,=16.662 037 q,=
Present P,=14.841 R 7,15
(3] P, =14.849 0.05 7.=15
Present P,=12.899 - 7.,=20
B P,=12.997 0.78 q.,=20
Present P,=11.166 } q,=25
B P,=11.108 0.52 q,=25
Present ﬁ =9.187 B 3.=30
5] P,=9.180 0.07 9., =30
Present E,- =7.228 - q,=35
(3] P.=7212 0.22 q.,=35
[A4] 0}, = 2[B] 16}, (15)

3.1 Numerical results

A FORTRAN code is developed based on the differential
quadrature method in order to solve the eigen value problem.
The results are compared with available references with good
agreement (Tables 1, 2), though the DQM has simpler as-
sumptions and less computation burden. The column stability
behavior and its post-buckling configuration are influenced by
the value of column weight (Table 2). In the absence of termi-
nal force, the column remains stable up to a critical value of
density (g <52.6799) and unstable beyond that.

4. Post-buckling numerical results

From the strong nonlinearity of the governing equations, the
DQ method is used for discretization, a process which pro-
duces a set of nonlinear equations that could be solved via
Newton's iteration method. The DQ discretized form of Eq.
(9) can be written as

"¢ 0, + PR sin6, + HR cos6, +q X, sinf,=0
Jj=1
R = J-LZ(ﬁcosai - Hsin6, +qx,cos0,),2<i<(n-1)  (16)
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Fig. 2. Post-buckling configuration for (a) g =0, (b) g=>5.
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Fig. 3. Variation of (a) bending moment and (b) axial force parameter for g = 5.
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The post-buckling configuration of the column is the goal of
this section, which is plotted via Eq. (16) in conjunction with
Newton's iteration method. In the next figures the following
symbols are used: #1: =20, #2: f=40°, #3: f=60°, #4: =
80°, #5: f=100°, #6: f= 120", #7: f = 140°, #3: f=160".

Post-buckling configurations for different g are shown in
Figs. 2(a), 2(b) and 4(a). In addition, the characteristic curves
of bending moment and axial force for different ¢ are plotted
in Figs. 3 (a), 3 (b), 5 (a) and 5 (b), respectively.

Results show that when P reaches a certain value, the small
increment of P causes the great increment in beta. For exam-
ple,in g =15 (see Fig. 4(b)) when P reaches approximately
18, then beta increases from 120 to 160 degree for a small
increment in P. The critical points of the column must be con-
sidered. For example, in g = 15 (see Fig. 5), the first relative
extremum for the bending moment parameter occurs near x =
0.4. In addition, the axial force parameter has the relative ex-
tremum in this point that can produce critical condition for
failure occurrence. The second critical condition occurs in the
clamped end of the column where both bending moment and
axial force have relative extremum. Figs. 2(a), 2(b) and 4(a)
show that an increase in g causes a decrease in P, and
vice versa, but the variation of ¢ has a trivial effect on the
magnitude of the bending moment and axial force through the
column because the increment in ¢ is accompanied by the
decrementin P, .

5. Conclusion

This paper presents a formulation and a solution for post-
buckling analysis of initially vertical elastic hinged-fixed col-
umns that are subjected to terminal forces and a gravitational
field. Based on geometrically nonlinear theory (considering
extensibility of the column), an exact mathematical model was
established. The simple but powerful numerical procedure, i.e.
differential quadrature method, is employed to provide a nu-
merical solution for initial buckling load and post-buckling
configuration of the column. The present results are in good
agreement with available references; the simplicity of the pre-
sent method in computer programming is noticeable.

References

[1] W. H. Duan and C. M. Wang, Exact solution for buckling of

columns including self-weight, J. Eng. Mech. 134 (1) (2008)
116-119.

[2] N. Grishcoff, In: S. P. Timoshenko and J. M. Gere, Editors,
Theory of Elastic Stability, McGraw-Hill, New York, USA,
(1961).

[3] C. Y. Wang and B. Drachman, Stability of a heavy column
with an end load, J. Appl. Mech. 48 (3) (1981) 668-669.

[4] C.Y. Wang, Buckling and post-buckling of a long hanging
elastic column due to a bottom load, J. Appl. Mech. 50 (2)
(1983)311-314.

[5] C. M. Wang and K. K. Ang, Buckling capacities of braced
heavy columns under an axial load, Comput. Struct. 28 (5)
(1988) 563-571.

[6] M. A. Vaz and D. F. C. Silva, Post-buckling analysis of
slender elastic rods subjected to terminal forces, Int. J.
Nonlinear. Mech. 38 (4) (2003) 483-492.

[71 M. A. Vaz and G. H. W. Mascaro, Post-buckling analysis of
slender elastic vertical rods subjected to terminal forces and
self-weight, Int. J. Nonlinear. Mech. 40 (7) (2005) 1049-
1056.

[8] S. R. Li and Y. H. Zhou, Post-buckling of a hinged-fixed
beam under uniformly distributed follower forces, Mech. Res.
Comm. 32 (4) (2005) 359-367.

[9] P. Malekzadeh and A. R. Vosoughi, DQM large amplitude
vibration of composite beams on nonlinear elastic founda-
tions with restrained edges, Comm. Nonlinear. Sci. Numer.
Simulat. 14 (3) (2009) 906-915.

[10] P. Malekzadeh, and G. Karami, A mixed differenttial quad-
rature and finite element free vibration and buckling analysis
of thick beams on two-parameter elastic foundations, Appl.
Math. Model. 2 (7) (2008) 1381-1394.

[11] P. Malekzadeh and A. R. Setoodeh, Large deformation
analysis of moderately thick laminated plates on nonlinear
elastic foundations by DQM, Compos. Struct. 80 (4) (2007)
569-579.

[12] G. Karami, and P. Malekzadeh, A new differenttial quadra-
ture methodology for beam analysis and the associated dif-
ferential quadrature element method, Comput. Meth. Appl.
Mech. Eng. 191 (32) (2002) 3509-3526.

[13] P. Malekzadeh, Three-dimensional free vibration analysis
of thick laminated annular sector plates using a hybrid
method, Compos. Struct. 90 (4) (2009) 428-437.

[14] C. Shu, Differential Quadrature and Its Application in
Engineering. Springer, London, (2000).



336

O. Sepahi et al. / Journal of Mechanical Science and Technology 24 (2010) 331~336

Parviz Malekzadeh received his B. S.
(1992), M.S. (1995) and Ph.D. (2001)
degrees in Mechanical Engineering from
Shiraz University, Iran. Since then, he
worked as an associated Professor in the
department of mechanical engineering at
Persian Gulf University (Bushehr, Iran).
He is the author or the co-author of

more than sixty papers published in the international journals
(indexed in ISI). His field of interest is the application of
computational mechanics in solid mechanics.

Omid Sepahi received his M.S. degree
in Mechanical Engineering from Isfahan
University of Technology (IUT), Iran, in
2002. In the following three years, he
worked as a lecturer in a university. He
is now a PhD student in IUT, working
on nonlinear bending and post-buckling
of FGM plate via differential quadrature

method. Sepahi’s research interests are in computational solid
mechanics, especially in nonlinear analysis.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
    /KOR <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


