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Abstract

The nonlinear dynamic behaviors of oscillators described by fractional-order differential are presented in this paper.
The background of the research is based upon two engineering practices. First is that the visco-elastic behaviors of
some advanced polymeric materials can be accurately modeled by the fractional calculus constitutive law. Second is
that the influence of nonlinear visco-elasticity described by the fractional operator cannot be neglected in some cases
such as the vibration with large displacement or large strain and thermo-visco-elastic coupled problems. The numerical
scheme for solving the nonlinear equation of motion is developed. The results show that because of the introduction of
nonlinear damping modeled by the fractional-order operator, the bifurcation and chaos of the oscillator appear in forced
vibration. Furthermore, the fraction value of the fractional operator evidently affects the dynamic behavior of the

nonlinear fractional differential oscillator.
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1. Introduction

The nonlinear behaviors of the mechanical systems
described by nonlinear fractional calculus have begun
to appear in literature in recent years due to the devel-
opment of fractional calculus and fractals. Addolfsson,
Enelund, and Larsson (2005) studied the models and
numerical procedures for nonlinear fractional order
viscoelastics fractional differentiation [1]. Meshaka,
Stephane, and Christian (2005) demonstrated how
describing the viscoelasticity by using thermody-
namic functions is linked with fractional type opera-
tors [2], while Nasuno and Shimizu (2005) presented
the experimental evidence of nonlinear static and
dynamic models of a fractional derivative viscoelastic
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body [3]. These studies remind us that the nonlinear
influence on both the constitutive relationship of ma-
terials and mechanical behavior of structures cannot
be ignored in some cases of engineering applications
[6, 8]. It is therefore necessary that we expose, under-
stand, and simulate the nonlinear characteristics of the
dynamic systems described by a fractional-differen-
tial operator.

Based on the studies on viscoelasticity of polymer
materials [3, 4], Zhang and Shimizu proposed a
nonlinear viscoelastic constitutive model with a frac-
tional-differential operator

o()= e (1) + D" aa[o(1) ]+ a2(1))

0<g<l1

M

where DY - ) is the Riemann-Liouville fractional
derivative operator; ¢ (¢) is the stress; & (2) is the
strain; and ¢y, q;, and ¢, are the model parameters.
Thus, we can obtain the four-parameter nonlinear
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fractional Kelvin-type viscoelastic model. By adopt-
ing the nonlinear constitutive law (1) to the oscillator
system, we can obtain a type of a simple nonlinear
dynamic system of a structure described by a frac-
tional-differential operator

D’x(t) + D (e, [x(O] +ex(@) + k()= f(1)  (2)

where x(t) denotes the non-dimensional displacement
of the oscillator, f{) denotes the outside excitation, k&
describes the stiffness of the oscillator, and ¢; and ¢,
refer to the linear and nonlinear damping, respectively,
acted on the oscillator. A special case of a Van der
pol-like fractional oscillator can be assumed as

D*x(t) +e(1-[x(t)’DD'x(t) + x(t) + x(t) = £(©) (3)

where ¢ is a non-dimensional positive real number.

By referring to (1), (2), and (3), this paper presents
the results of the nonlinear dynamic behaviors of the
oscillators described by fractional-differential equa-
tions. The numerical schemes for solving the nonlin-
ear Egs. (2) and (3) are developed, which are based
on the Zhang-Shimizu numerical algorithm of frac-
tional derivative [5, 7]. The dynamic behaviors of the
proposed nonlinear oscillator system are compared
with the classical correspondent nonlinear oscillators.
The results show that because of the nonlinear damp-
ing modeled by the fractional-order operator, the bi-
furcation and even the chaos of the oscillators appear
in the forced vibration. Furthermore, the fraction
value of the fractional operator evidently affects the
dynamic behavior of the nonlinear fractional oscilla-
tor.

2. Numerical algorithm of fractional derivatives

The Riemann-Liouville fractional derivative is de-
fined as

Dif(t)=

| — 7de‘ f 4
(1 q) 0(t Z)q ()

where TI'(e) denotes the Gamma function.

By replacing /(1) with [x(1)] in Eq. (4) and as-
suming at least the first continuous derivative of x(z),
we can obtain

. 21 O | o 2x(0)x(1)
D [X(Z)] _F(l—q){ # +.[o (l‘—r)q d‘L’} (5)

O<g<l

From Zhang-Shimizu’s numerical scheme [5, 7],
we can write

21 (O] 20
UW@”*HF@[% ﬂ)mﬁrﬁ]

2[Mm LGP LG

] ©)

“T-g) €0 (G,
2
:l“(li—q)<‘]"+J"’l+N")
where
0)[’ -
Jo = <O and AJ, = X2)i() dr
2 v (1, ~ 1)’

If the trapezoidal integration method is adopted to
calculate

J-t 1X(T)X(T)
(@, —r)" ’
we can have
1, .x(r)x(r)
¢, - T)"
7
ol rh, i) ?
2 tj = (1, —iAr)!
For AJ,, suppose that Eq. (7) is
X(7) =X, +n(0)(x, —X,,) ®
T—1
where 17(7:)=T"1, At=t -t ,, t _ <t<I, .
If we further take
.. 1 I . 1
X, :W(xn -x,.) WG [2/3— lj RN )]

X, =X, +(1-a)Atx,_ | +aAt, (10)

where a and f are the parameters of the Newmark-
type numerical integration.
By substituting Egs. (8) and (9) for Eq. (10), we
can derive
X(T):xnfl-‘-[(l_ X, +ox, ] . l) an
Likewise, by substituting Egs. (9) and (11) for
AJ, we can obtain
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X, A . X2 AT
I-¢  (1-9)(2-9)

| Tax ]x At

n-

+[(1 oc) -

(1-9)(2-q)

+3[(1 a) | Fox, ]xn lAt3’q
(1-4)(2-4)(3-4)

3[(1 a)¥, 1+ooc] A

1-9)(2-9)(3-4)(4-0)

(12)

By substituting J,, J,,, and AJ, for Eq. (6),
we can then find

(L)) =

I'l-q)
[X(O)] xoxo X% | AN 2x )
2 2| +2; : —lAt)

X, x, A ' X;_lAt2 ¢
I-qg  (1-g)(2—9)
L[(l—oc)jé,H + i ]xn AP
(1-9)(2-9)
L3[(1—a)5én7, +ak, |&, A
(1-9)(2-9)(3-9)
(1-a)k,, +e, T s

(1-4)(2-9)(3-4)(4-9)

(13)

Thus, at 7, the nonlinear numerical scheme of the
fractional-differential Eqs. (2) and (3) of nonlinear
oscillators can be set up.

Fig. 1 illustrates the bifurcation diagrams of the
Duffing-like fractional oscillator with different orders
of fractional derivatives, which are solved by means
of our proposed numerical scheme. It can be seen that
the algorithm of the fractional derivative developed
here shows the correctness and effectiveness of the
nonlinear numerical scheme. A detailed discussion on
the Duffing-like fractional oscillator can be found in

paper [8].

3. Nonlinear dynamic behavior

The nonlinear dynamic behavior of the oscillator
described in Eq. (2) is first presented here. Suppose
the zero initial condition and f{#)=FCos(nt), and set
the model parameters at c¢,=25, c¢;=0.03, k=(27r)2,
F=1, a=0.5, and f=0.25. If we change only the

Bifurcation of Classical Duffing Oscillator
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Fig. 1. Bifurcation diagram of the Duffing-like fractional oscilla-
tor.

order of fractional differentials, we can obtain the
following results as depicted in Fig. 2.

The results show that the orders of fractional de-
rivatives evidently affect the dynamic behavior of the
nonlinear oscillator. The increase of the order of frac-
tional differential has seen the increase of the degree
of bifurcation of the oscillator. Insight into this phe-
nomenon exposes the material damping characteriza-
tion, with the values of fractional differential orders
for the dissipation system modeled by fractional cal-
culus. This conclusion is more obvious when com-
pared with the oscillator described by the integer dif-
ferential operator if we keep the other parameters
unchanged, as shown in Fig. 3.

It can be seen from Fig. 3 that the dynamic behav-
ior of the oscillator with the integer differential opera-
tor is more “chaotic,” and its energy dissipation capa-
bility is weaker than the one described here by the
fractional differential operator.
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Fig. 2. Time response, phase graph, and power spectrum of the nonlinear oscillator.
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Fig. 3. Time response, phase graph, and power spectrum of the nonlinear oscillator when the order of fractional differential g=1.0.

The strength of outside excitation can certainly in-
fluence the nonlinear dynamic behavior of the oscilla-
tor. Suppose that ¢,=5, ¢;=0, k=6m, ¢=0.5, « =0.5,
and & =0.25, and let amplitude F' change from [ unit
to 15. The numerical solutions can be presented as
depicted in Fig. 4.

As we predicted, the larger the amplitude of excita-
tion, the stronger the nonlinearity of the oscillator is.
When the strength of the outside excitation reaches a
point, the chaos of the oscillator occurs. We can also
assume the twin attractors of the oscillator. Therefore,
although this kind of oscillator described in Eq. (2) is
constrained by the stronger damping described by the

fractional calculus viscoelastic law, it can still evolve
into strong and typical nonlinear dynamic behaviors,
which are the same as the correspondent nonlinear
oscillator with integer derivative.

If Eq. (3) of the Van der pol-like fractional differ-
ential oscillator is treated as a special case of Eq. (2),
then the nonlinear dynamic behaviors will appear as
illustrated in Fig. 5, as we set & =5, F=10, andw =1.5.

The data in Fig. 5 demonstrate that along with the
change of the orders of fractional derivative from a
small to a large nonlinearity of this type of oscillator
is the change from strong to less complicated. In other
words, the influence of the orders of fractional deriva-
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Fig. 4. Time response, phase graph, and power spectrum of the nonlinear oscillator when the order of fractional differential g=0.5.
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Fig. 5. Influence of the orders of fractional derivative.
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Fig. 6. Bifurcation diagram of the displacement-fractional de-

rivative orders.

tive indeed strongly affects the dynamic behavior of
the system. In fact, it can be indicated that the fraction
values of the fractional derivatives reflect the charac-
teristics of the energy dissipation of such systems as
polymeric damping materials [8].

The bifurcation diagram in Fig. 6 depicts the dy-
namic behaviors of the fractional differential oscilla-
tor along with the changes in the order of fractional
derivative. The chaotic vibration of these kinds of
dynamic systems can be encountered. Again, the frac-
tion values of the fractional derivatives influence the
dynamic status of the systems they describe, and they
can surely reflect the characteristics of the energy
dissipation of such systems as polymeric damping
materials.

4. Conclusions

The oscillator dynamic systems associated with a
type of nonlinear viscoelasticity modeled by a frac-
tional differential operator are proposed and carefully
studied in this paper. The numerical scheme for the
solution of the nonlinear oscillator is successfully
developed. The main results of the research in this
paper can be summarized as follows:

The order of fractional derivative evidently affects
the dynamic behavior of the nonlinear oscillator. The
fraction values of the fractional derivatives reflect the
characteristics of the energy dissipation of such sys-
tems as polymeric damping materials.

The introduction of the nonlinear damping brings
about not only stronger energy dissipation in some
cases, but it may also incur the more complex dynamic

namic behavior of the oscillator system as well in
other cases.
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