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1. Introduction

Infrastructure built in cold regions, such as expressways, railways, 

tunnels, pipelines, and canals, are more or less facing the deleterious 

deformation brought by frost heave due to water migration 

(Azmatch et al., 2012). This deformation, which has a negative 

influence on surrounding structures, increases the construction 

cost and period of engineering projects, even threatening their 

safety. Saturated soil, due to its higher water content and sufficient 

water supplement, will produce considerable frost heave once the 

rapid separation of soil particles occurs, which is worthier of 

scholars' attention. Although a series of anti-frost heave measures 

have been successfully employed in engineering, understanding 

the underlying mechanism to predict frost heave under complex 

geological conditions should be the direction of future research.

Frost heave can be identified as a combination of pristine frost 

heave (9%), which is due to the transformation of ice/water, and 

segregated frost heave (109%), which is induced by the freezing 

of migrated water (Zhang et al., 2018). Therefore, the phenomenon 

of water migration is the main cause of frost heave; however, this 

was not recognized until Taber (Taber, 1929, 1930), who observed

frost heave by replacing distilled water with a frozen shrinking 

substance, “benzene.” Later, researchers investigated the factors 

affecting water migration in frozen soil, including the temperature 

gradient, initial water content, water supply conditions, external 

load, salt content, and soil mineral composition (Zhang et al., 

2017a; 2017b; 2021; Gao et al., 2018; She et al., 2018; Qu et al., 

2020; Li et al., 2021; Xue et al., 2021; Zhao et al., 2021). However, 

the most above experiments were conducted based on the 

complete lateral restriction. Although it has been confirmed that 

the horizontal restraint has great influence on the vertical frost 

heave, few literatures studied the effect of confining pressure on 

water migration (Lu et al., 2021). Based on the author's limited 

knowledge, Lu et al. (2021) pioneered to conduct a frost heave 
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experiment on saturated clay soil under different stress levels, 

analyzing the effect of the confining pressure on the frost heave, 

water content at the freezing front, and quantity of water intake, 

providing valuable test results for validating the coupling model.

Frost heave is a complicated process, related to the mass transfer, 

heat transfer, phase transition, and moving boundary. This 

phenomenon can be described using the multiphysical coupling 

theory. Coupling models have been studied for more than half a 

century. Accordingly, many empirical, theoretical, and numerical 

models have been proposed to describe frost heave. The coupling

model, starting from the mechanism of frost heave and focusing 

on the conditions of frost heave, is the theoretical basis for the 

investigation and prediction of frost heave. Based on the various 

assumptions, theoretical basis, formation conditions of ice lens, the 

driving force of water migration, and independent variables of 

field equations, a large number of competitive coupling models 

were deduced for nearly 60 years, such as capillary bundle model

(Everett, 1961), hydrodynamic model (Harlan, 1973), segregation 

potential model (Konrad and Morgenstern, 1981), thermodynamics

model (Duquennoi and Fremond, 1989), rigid ice model (O'neill 

and Miller, 1985), and crystallization kinetics model (Wu et al., 

2017). Some other models considering the coupling of the 

temperature, moisture, salt, stress, and strain have also been 

proposed (Liu and Yu, 2011; Tan et al., 2011; Li et al., 2017; Yu 

et al., 2018; Bai et al., 2020; 2022; Ji et al., 2021). Although the 

variation of the temperature, water distribution, and frost heave 

can be calculated accurately by these models, the effect of 

external load on water migration was not considered in these 

coupling models. 

To address this limitation mentioned above, the relationship 

between the ice, water pressure, and external load in Clapeyron 

equation for saturated soil were employed (Zhou and Li, 2012; 

Lai et al., 2014). In their models, the driving force of water 

migration depended on the external load and further affected the 

frost heave. Similar method considering external load can be also 

applied in unsaturated frozen soil by introducing a coefficient of 

the reduced suction in Clapeyron equation (Yin et al., 2018; Teng 

et al., 2020; Li et al., 2021). From the point of view of the 

segregation potential model, Konard and Morgensten (1982) 

introduced two empirical parameters related to the external load 

to describe the variation of frost heave. Besides, the external 

loads can be also considered as part of the matric suction to predict 

the quantity of the water intake (Ming and Li, 2016), however, 

the water distribution and frost heave could not be calculated 

using this model. Recent studies have confirmed that in addition 

to the external load, the confining pressure has a significant effect on 

the development of frost heave (Shen et al., 2020). However, few 

studies have considered this factor in the coupling models. 

Moreover, some other coupling models are complicated, and the 

parameters are difficult to determine accurately, which may 

hinder their wide application in engineering.

 The objective of this paper is to develop a new and simple 

coupled model for saturated frozen soil under different stress levels, 

to obtain the process of heat transfer, total water redistribution, 

frost heave, and water intake under different stress levels and 

temperature gradients. The Drucker–Prager yield criterion, 

anisotropic frost heave, and an empirical formula for soil 

permeability considering the pressure were employed in the 

coupling model to clarify the freezing process accurately. Research 

on frost heave of saturated frozen soil in this paper helped 

confirm that the proposed model can serve as a reference for 

controlling frost heave of in cold-saturated regions.

2. Heat-water-stress Coupling Model for Saturated 
Frozen Soil 

Figure 1 shows the schematic of the ice, unfrozen water, and soil 

grain in saturated frozen soil. Due to the capillarity and surface 

energy of the soil particles, some amount of water remains 

unfrozen and attached to the surface of the particles when the 

temperature reaches the freezing point (Li et al., 2020). In the 

figure, Si is the ice ratio, that is, the ratio of the ice content to the 

porosity n. The porosity n is constantly varying with the freezing 

process. Therefore, the content of each phase can be expressed 

as:

, (1)

where θs, θi, and θl are the volumetric content of the soil grain, 

ice, and unfrozen water content, respectively.

 The ice ratio can be empirically expressed as a function of the 

temperature (Li et al., 2017):

 (2)

where T and Tf are the temperature and freezing point of the soil, 

respectively; a is the freezing coefficient related to the Soil 

Freezing Characteristic Curve (SFCC).

2.1 Basic Assumption
To simplify the coupling mechanism of the heat-water-stress in 

saturated frozen soil, the following five assumptions are first 

made:

1. Because of the small variation range of deviatoric and 
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Fig. 1. Schematic of Ice, Unfrozen Water, and Soil Grain in Saturated 

Frozen Soil
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confining pressure in the experiment, the freezing point 

drop is ignored.

2. Water migration obeys Darcy’s law.

3. The effect of vapor migration on frost heave is ignored.

4. Heat losses through insulated walls can be neglected in a 

numerical simulation.

5. The elastoplastic constitutive relation of soil is considered.

6. The water content in the unfrozen zone for the open system 

is equal to the initial water content. 

2.2 Coupling Equation of Temperature and Hydraulic 

Field
Based on the principle of energy conservation and Fourier’s law, 

the governing equation for the temperature field considering the 

ice/water transformation and water convection in the saturated 

frozen soil can be expressed as:

, (3)

where ρ, ρl, and ρi represent the densities of the porous media, 

unfrozen water, and ice, respectively; C and λ denote the specific 

heat capacity and thermal conductivity of the porous media, 

respectively; Cl represents the specific heat capacity of the water;

L is the latent heat of water/ice transformation; u (ux, uy) is the 

velocity of the water flow; and t is the time.

The specific heat capacity and thermal conductivity of the 

porous media can be calculated based on the volume fraction and 

thermal parameters of each phase, respectively, expressed as:

, (4)

, (5)

where Cs and Ci are the specific heat capacities of the soil grain 

and ice, respectively; λs, λi, and λl represent the thermal conductivities

of the soil grain, ice, and water, respectively.

Since the horizontal water flow is ignored due to the unidirectional 

freezing condition, the velocity of the water flow along the direction 

of heat flow uy can be calculated based on Darcy’s equation:

, (6)

where φ is the matric suction head, and ky is the soil permeability 

in the y-direction.

According to the chain rule, Darcy’s equation can be expressed 

as (Lu, 2004):

, (7)

where Cφ is the specific water capacity, and D is the soil water 

diffusivity.

When ice forms in a frozen zone, it will impede the movement of 

water, thereby decreasing the soil water diffusivity. Taking this 

into account in the model, Darcy’s equation can be modified as 

(Li et al., 2017): 

, (8)

where I denotes the impedance coefficient.

The hydraulic field equation considering the gravitational 

effect can be obtained based on Richards’s equation:

. (9)

Substituting Eq. (1) into Eq. (3) and Eq. (9), the coupling 

equations of the temperature and hydraulic field can be expressed

as:

, (10)

. (11)

The above governing equations provides a coupling framework

with the porosity and temperature as the field variables; however, 

the deviator and confining pressures were not considered in the 

coupling model. Li et al. (1998) concluded that the soil permeability 

decreases exponentially with the external load based on experiments, 

expressed as:

. (12)

As for the influence of confining pressure on soil permeability,

Yuan et al. (2012) proved by a series of experiments that the 

permeability of soil-cement increases exponentially with decreasing 

confining pressure. By analogy with the soil-cement and Eq. (12),

the soil permeability can be assumed to change exponentially 

with the increase in the confining and deviator pressure, expressed 

as:

, (13)

where pe and qe are the confining and deviator pressures, 

respectively; b1 and b2 are the undetermined parameters related 

to the soil properties; p0 and q0 are the reference pressures, both 

of which are equal to 1 kPa in this study.

Based on assumption 2, the modified soil water diffusivity D’ 

can be expressed as:

.  (14)

2.3 Static Balance Equation
The compressive deformation of the frozen soil is generally 

considered positive in geotechnical engineering. Based on the 

principle of local equilibrium, the static balance equation can be 

expressed as (Li et al., 2015):

, (15)
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where [L] is the differential operator matrix, [L] = [∂/∂x, 0, ∂/∂y; 

0, ∂/∂y, ∂/∂x]T; {σ} is the total stress vector, {σ} = {σx, σy, τxy}
T; 

{F} represents the external force vector, {F} = {Fx, Fy}
T.

The displacement of the frozen soil can be calculated from the 

strain–displacement relationship, expressed as:

, (16)

where {u} is the displacement vector, {u} = {ux, uy}
T; {ε} is the 

strain vector, {ε} = {εx, εy, εxy}
T.

When the deviator and confining pressures act on the surface 

of the frozen soil column, the constitutive model considering the 

plastic strain and frost heave strain can be written as (Shen and 

Branko, 1987):

, (17)

where [DT] is the elastic matrix, which depends on the temperature,

and a detailed description can be found in Appendix; {∆ε}, 

{∆εv}, and {∆εp} represent the total strain increment vector, 

volumetric strain increment vector induced by frost heave, and 

plastic strain increment vector, respectively; {∆σ} is the stress 

increment vector.

The plastic strain increment vector can be calculated based on 

the assumption of the associated flow law:

, (18)

where dλ is the plastic scalar factor; F is the yield function, 

which can be calculated based on the Drucker–Prager yield 

criterion matched with the Mohr–Coulomb criterion.

The total volumetric strain increment induced by frost heave 

for conventionally unidirectional freezing test can be expressed 

as (Zhou and Li, 2012):

, (19)

where ∆e and ∆n are the increments in the void ratio and porosity, 

respectively; e0 is the initial void ratio.

The frost heave can be obtained by integrating the above 

strain along the height:

. (20)

Here, H is the frost heave with the lateral confinement; Ht is 

the frozen depth of the soil column at time t.

In this study, the lateral side of the frozen soil column is 

allowed to deform, since there is no deformation limitation on 

the sides. Shen and Branko (1987) assumed that both frozen and 

unfrozen soils are isotropic. Hence, the strain due to frost heave 

in each direction can be expressed as: 

. (21)

However, layers of freezing fronts are formed perpendicular 

to the heat flow direction during the freezing process. With the 

variation in the freezing temperature, the freezing front also 

develops in parallel, indicating that the mechanical properties of 

the frozen soil along the freezing front and the heat flow direction

are quite different (Cai et al., 2015). In this condition, the deformation 

induced by the frost heave of the frozen soil should be anisotropic: 

the main direction is along the heat flow direction, the other two 

main directions are perpendicular to the heat flow direction, and 

frost heave mainly occurs along the heat flow direction. 

Considering the anisotropic nature of the frost heave, a modified

function g is employed to reflect this anisotropic property, and 

the strain caused by frost heave in each direction can be expressed 

as:

, (22)

where the heat flow direction is in the y-direction in this study.

The important point is how to determine the modified 

function g. The value of this function may be influenced by the 

confining pressure, deviator pressure, and temperature gradient. 

By adjusting the value of g under different test conditions, the 

calculated maximum frost heave was close to the experimental 

maximum frost heave. Therefore, the modified function g can be 

written as:

, (23)

where Tg is the temperature gradient.

Therefore, the frost heave H' without lateral confinement can 

be calculated as:

. (24)

The transient frost heave ratio η can be calculated as:

. (25)

Equations (1) – (25) are fundamental heat-water-stress coupling

equations for the saturated frozen soil under different stress 

levels. The other necessary parameters are provided in Appendix.

3. Numerical Simulation of Soil-column Tests 

3.1 Outline
Based on the proposed heat-water-stress coupling model, a 

numerical simulation was conducted and compared with the 

corresponding experimental results obtained from a soil column 

test reported in previous research (Lu et al., 2021). 

Lu et al. (2021) conducted a thorough soil column test on a 

cylindrical soil sample (clay taken from Harbin, China) with a 

height of 5 cm and a radius of 5 cm in an open system, considering 

various temperature gradients, confining pressures, and deviator 

pressures. Initially, the temperature and pressure of the corresponding 

soil column remained stable before the test; Subsequently, the 
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warm end, cold end, and initial temperature of the soil column were 

controlled using three circulated cooling equipment based on the test 

conditions. A nonpressure water device was used in this test, and the 

water intake was recorded. Notably, the soil was saturated; however, 

unfortunately, the value of the saturated water content was not 

mentioned. For a convenient calculation, the value of the saturated 

mass water content was set to 0.279. Table 1 presents the test 

conditions of the open system. The details of the test introduction 

can be found in the work conducted by Lu et al. 

The mathematical module in COMSOL Multiphysics 5.5 was 

employed to solve the derived equations numerically. The 

calculated region followed the actual size of soil column. For the 

thermal boundary condition in the model, Dirichlet temperature 

boundary conditions on the top and bottom surface of soil were 

used to control temperatures; Adiabatic boundary condition was 

applied to the lateral of soil column. For the hydraulic boundary 

condition, only zero-flux boundary was used on the side of soil 

column. For the mechanical boundary condition, external loads 

were exerted on the top and side of soil column, while the bottom of 

soil was set as fixed. The calculated period and step length were 20 h 

and 0.1 h, respectively. Table 2 presents the parameters of the frozen 

soil column used for solving the governing equations. The other 

calculated parameters can be found in Appendix.

3.2 Parameter Determination
In the proposed coupling model, the most essential procedure is 

to determine the fitting parameters of the permeability and 

anisotropic frost heave coefficient under different test conditions. 

First, the fitting parameters of the permeability is introduced. Lu 

et al. (2021) did not provide the specific permeability values 

under different test conditions. Fortunately, the data of the amount of 

water intake were provided in their study; these can be adopted 

to determine the permeability given the dependence between the 

water intake and permeability. The calculated expression of the 

water intake Q can be written as:

, (26)

where r is the radius of the soil column; n0 is the initial porosity 

without freezing.

Based on the principle that the calculated value of the water 

intake is approximately equal to the experimental value, the 

permeability can be determined, as listed in Table 3. Fig. 2 shows 

the calculated and fitting results obtained using Eq. (13) of the 

soil permeability under different test conditions, in which the 

fitting parameters b1 and b2 in Eq. (13) are equal to 7.535 × 10−3

and 2.488 × 10−3, respectively.

The anisotropic function g can be determined based on the 

measured frost heave ratio. When the calculated value of Eq. 

(24) is consistent with the measured maximum frost heave, the 

value of g is the anisotropy coefficient used in the model. Table 4

presents the value of g under different test conditions. From the 

available test data and relevant results, the deviator pressure has 
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Table 2. Soil Parameters

Parameter Value/Unit Parameter Value

Freezing point T0 272.35 K Density of soil grain ρs 2,700 kg m−3

Latent heat of water freezing L 334.5 kJ kg−1 Density of water ρl 1,000 kg m−3

Permeability of saturated soil k0 5.215 × 10−9 m s−1 Density of ice ρi 917 kg m−3

Gravitational acceleration g 9.8 m s−2 Dry density of soil ρd 1,540 kg m−3

Volumetric heat capacity of soil grain Cn 2,160 kJ m−3 K−1 Thermal conductivity of soil grain λs 1.2 W m−1 K−1

Volumetric heat capacity of water Cl 4,180 kJ m−3 K−1 Thermal conductivity of water λl 0.58 W m−1 K−1

Volumetric heat capacity of ice Ci 1,874 kJ m−3 K−1 Thermal conductivity of ice λi 2.22 W m−1 K−1

Freezing coefficient a −2

Table 1. Test Conditions of Open System

No.

Top  

temperature 

(℃)

Bottom  

temperature 

(℃)

Confining  

pressure  

(kPa)

Deviator  

pressure  

(kPa)

#1 −5.99 1.63 20 1.5

#2 −6.15 1.60 20 23.40

#3 −6.11 1.58 20 40.19

#4 −6.08 1.58 20 60.22

#5 −6.10 0.47 0 41.60

#6 −6.11 0.53 20 40.40

#7 −6.12 0.40 40 40.21

#8 −4.02 1.59 20 41.52

#9 −7.96 1.58 20 40.87

Table 3. Permeability under Different Test Conditions

No. Permeability (m/s) No. Permeability (m/s) No. Permeability (m/s)

#1 4.90 × 10−9 #4 3.12 × 10−9 #7 3.52 × 10−9

#2 4.15 × 10−9 #5 3.84 × 10−9 #8 3.65 × 10−9

#3 3.65 × 10−9 #6 3.65 × 10−9 #9 3.65 × 10−9
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little effect on the frost heave ratio in the given test results (#1 – 

#4). The value of g increases linearly with the increase in the 

confining pressure due to the increase in the lateral constraint (#5 

– #7). Moreover, the value of g increases linearly with the 

increase in the temperature gradient due to the increase in the 

strength of the frozen soil (#3, #8, and #9). However, because of 

the difference between the designed test and the real conditions, 

particularly the fact that the temperatures at the warm and cold 

ends are difficult to keep constant, it is challenging to propose an 

empirical formula for g based on the test results. 

3.3 Influence of Deviator Pressure on Hydro-thermal-
mechanical Performance

Figure 3 shows the total mass water content distribution after 

freezing for 20 h under different deviator pressures. The water 

inside the specimens accumulated near the position of the 

freezing front under the temperature gradient. However, with 

increasing deviator pressure, the amount of water accumulation 

gradually decreased. This can be explained by the fact that the 

increase in the deviator pressure reduces the hydraulic conductivity

of the soil and simultaneously restricts the amount of water 

migration. For the case where the deviator pressure is 1.5 kPa, 

the maximum total mass water content reaches 115%; however, 

for the case where the deviator pressure is 60.22 kPa, the maximum 

total mass water content only reaches 73%. In other words, the 

deviator pressure has a significant impact on the amount of water 

migration in frozen soil. 

To validate the efficacy of the proposed model, a comparison 

between the experimental and calculated total mass water 

contents after freezing for 20 h under different deviator pressures 

is shown in Fig. 4. The calculated results are in good agreement 

with the experimental results, particularly the total water content 

near the freezing front. However, the average mass water content 

has a certain deviation in the frozen zone in that the calculated 

value is slightly greater than the experimental one. This may be 

related to the value of the initial water content, because the initial 

water content was not provided by Lu et al. (2021). Since the 

mass water content in the unfrozen zone is assumed to remain 

constant in our study, the method to determine the initial water 

content is based on the test water content in the unfrozen zone. In 

fact, the mass water content in the unfrozen zone also slightly 

increases after freezing, which may lead to overestimation of the 

initial water content and then further overestimation of the total 

water content in the frozen zone. However, overall, the variation 

trend in the coupling model is consistent with the test value, 

which is convenient for predicting the water content in cold 

regions. 

Figure 5 shows the dynamic variation in the freezing front and 

frost heave ratio under different deviator pressures. Fig. 5(a)

shows that the variation in the freezing front calculated is consistent 

with that obtained from the test. Moreover, the variation in the 

freezing front is consistent under different deviator pressures, 

and the small deviations may be due to the slight differences in 

the temperature gradient. Fig. 5(b) shows that the calculated 

Fig. 2. Calculated and Fitted Results of the Soil Permeability under 
Different Test Conditions

Table 4. Anisotropic Function g under Different Test Conditions

No. g No. g No. g

#1 0.63 #4 0.59 #7 0.82

#2 0.60 #5 0.72 #8 0.41

#3 0.61 #6 0.78 #9 0.77

Fig. 3. Distribution of the Total Mass Water Content after Freezing for 20 h under Different Deviator Pressures: (a) #1, (b) #2, (c) #3, (d) #4



KSCE Journal of Civil Engineering 7

Fig. 4. Comparison between the Experimental and Calculated Total Mass Water Contents after Freezing for 20 h under Different Deviator 
Pressures: (a) #1, (b) #2, (c) #3, (d) #4

Fig. 5. Dynamic Variation in the Freezing Front and Frost Heave Ratio under Different Deviator Pressures (Symbol: Experimental Results; Line: 
Calculated Results): (a) Freezing Front, (b) Frost Heave Ratio
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result of the frost heave ratio with time is in good agreement with 

the experimental result. During the freezing process, the frost 

heave ratio gradually increased, whereas its rate decreased with 

time. 

To validate the model more intuitively, Fig. 6 shows comparisons 

of the calculated and experimental results, such as of the water 

intake, mass water content at the freezing front, and maximum 

frost heave ratio under different deviator pressures. The experimental 

and calculated results are highly consistent under different deviator

pressures, indicating that the proposed model can be employed 

to predict the water intake, frost heave, dynamic freezing front, 

and water redistribution when considering the deviator pressure.

3.4 Influence of Temperature Gradient on Hydro-Thermal-
Mechanical Performance

Figure 7 shows the total mass water content distribution after 

freezing for 20 h under different temperature gradients. The 

greater the temperature gradient, the greater the amount of water 

accumulated near the freezing front. This is because the temperature

at the warm end is almost similar in the three cases considered; 

with the increase in the temperature gradient, the temperature at 

the cold end decreases, and the freezing front is closer to the 

position of nonpressure water supply; thus, more water accumulates 

near the freezing front. In addition, because the temperature 

gradient is high initially, and the water near the cold end does not 

have sufficient time to migrate, the water content here does not 

change much.

Figure 8 shows a comparison between the experimental and 

calculated total mass water contents after freezing for 20 h under 

different temperature gradients. The proposed model can effectively 

predict the water redistribution. However, for the case #8, there 

seems to be a certain deviation in the position of the maximum 

water content between the calculated and experimental results. 

This can be attributed to certain errors in determining the position of 

the freezing fronts in the study by Lu et al. (2021); nevertheless, 

the calculated maximum mass water content accumulation near 

the freezing front is consistent with experimental results for case 

#8. 

Figure 9 shows the dynamic variation in the freezing front and 

frost heave under different temperature gradients. When the 

temperature at the warm end keeps constant, the depth of the 

freezing front inside the soil increases with increasing temperature 

gradient. Meanwhile, the frost heave ratio is also influenced by 

the temperature gradient due to the difference in the content of 

water accumulated near the freezing front. Under the condition 

that the temperature at the warm end is basically the same, the 

Fig. 6. Comparison between the Calculated and Experimental Results under Different Deviator Pressures: (a) Water Intake, (b) Mass Water 
Content at the Freezing Front, (c) Maximum Frost Heave Ratio

Fig. 7. Total Mass Water Content Distribution after Freezing for 20 h under Different Temperature Gradients: (a) #3, (b) #8, (c) #9
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Fig. 8. Comparison between the Experimental and Calculated Total Mass Water Contents after Freezing for 20 h under Different Temperature 
Gradients: (a) #3, (b) #8, (c) #9

Fig. 9. Dynamic Variation in the Freezing Front and Frost Heave Ratio under Different Temperature Gradients (Symbol: Experimental Results; 
Line: Calculated Results): (a) Freezing Front, (b) Frost Heave Ratio
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larger the temperature gradient, the larger the frost heave ratio. 

Moreover, the calculated results of the dynamic variation in the 

freezing front and frost heave ratio are consistent with the test 

results.

By comparing the test results of the water intake, mass water 

content at the freezing front, and maximum frost heave ratio, the 

calculated results under different temperature gradients are also 

shown in Fig. 10. The good agreement between the calculated 

and experimental results confirms the accuracy and feasibility of 

the simulation with the proposed coupling model.

3.5 Influence of Confining Pressure on Hydro-thermal-
mechanical Performance

Figure 11 shows the total mass water content distribution after 

freezing for 20 h under different confining pressures. The amount of 

water accumulated near the freezing front decreases with the 

increase in the confining pressure. This can be explained by the fact 

that an increase in the confining pressure brings more pores closer 

and reduces the path of water supply migration, thus affecting the 

amount of water migration. Moreover, as the temperature at the 

warm end is only approximately 0.5℃, the depth of the freezing 

front inside the soil column is closer to the warm end, leading to 

more water migration and accumulation near the freezing front.

Figure 12 shows a comparison between the experimental and 

calculated total mass water contents after freezing for 20 h under 

different confining pressures. Although there is a certain difference 

between the predicted and experimental results of the water 

distribution for case #6, the proposed model can predict the water 

distribution well overall. The difference for case #6 is possibly 

due to the assumption that the amount of water content in the 

unfrozen zone remains constant in the model, leading to a 

deviation in the estimation of the water content near the freezing 

front. Besides, for case #5, the mass water content reaches 204% 

near the freezing front. This is because the freezing period of this 

case #5 is 27 h; therefore, there is sufficient time for more water 

to migrate.

Figure 13 shows the dynamic variation in the freezing front 

and frost heave ratio under different confining pressures. The 

effect of the confining pressure on the development of the freezing 

front inside the soil column is largely negligible. Besides, with the 

Fig. 10. Comparison between Calculated and Experimental Results under Different Temperature Gradients: (a) Water Intake, (b) Mass Water 
Content at the Freezing Front, (c) Maximum Frost Heave Ratio

Fig. 11. Total Mass Water Content Distribution after Freezing for 20 h under Different Confining Pressures: (a) #5, (b) #6, (c) #7
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Fig. 12. Comparison between the Experimental and Calculated Total Mass Water Contents after Freezing for 20 h under Different Confining 
Pressures: (a) #5, (b) #6, (c) #7

Fig. 13. Dynamic Variations in the Freezing Front and Frost Heave Ratio under Different Confining Pressures (Symbol: Experimental Results; Line: 
Calculated Results): (a) Freezing Front, (b) Frost Heave Ratio
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increase in the confining pressure, the frost heave ratio also gradually

decreases due to the decrease in the water intake. Moreover, the 

proposed model can be validated directly by comparing the 

calculated and experimental results under different confining 

pressures, which can be seen in Fig. 14.

4. Discussion and Limitation

Describing the frost heave, water distribution, and temperature 

variation in saturated frozen soil under different confining and 

deviator pressure is very difficult because the anisotropy of frost 

heave must be considered in the model. Therefore, few coupling 

models have been proposed up to now. In this study, a heat-

water-stress coupling model was established under different 

stress level, and the calculated results are perfect close to the 

experimental results by previous studies. However, a limitation 

of the proposed model is that the soil permeability is determined 

by the quantity of water intake, not the experiment. Additionally, 

the anisotropic coefficient is derived from the maximum frost 

heave in this study because the lateral deformation cannot be 

obtained from previous studies. Regardless of these limitations, 

as a preliminary investigation, this study is expected to provide a 

theoretical basis for engineering applications in cold regions.

5. Conclusions

In this study, a heat-water-stress coupling model for saturated 

frozen soil under different stress levels was developed to quantify 

the water redistribution, heat transfer, frost heave, and water intake. 

The empirical formula for the hydraulic conductivity considering 

the confining and deviator pressures was employed as an 

indispensable hydraulic equation in the coupling model. By 

introducing an anisotropic coefficient, the anisotropic frost heave 

was further considered in the coupling model. The main conclusions 

drawn from the analysis are as follows:

1. The developed heat-water-stress coupling model for saturated 

frozen soil considering the anisotropic frost heave could 

adequately predict the water redistribution, heat transfer, 

frost heave, and water intake under different deviator 

pressures, confining pressures, and temperature gradients.

2. An increase in the deviator and confining pressures will 

limit the amount of water migration and frost heave ratio; 

however, their effect on the dynamic variation in the 

freezing front can be almost negligible. In addition, when 

the temperature at the warm end is kept constant, the water 

intake, frost heave ratio, and the depth of the freezing front 

increases with the increase in the temperature gradient 

gradually.

3. The hydraulic conductivity could be determined by 

controlling the calculated water intake close to that in the 

test. An empirical formula for the hydraulic conductivity 

considering the confining and deviator pressures was 

employed, which can be applied to predict the hydraulic 

conductivity under different test conditions.

4. Based on currently available data, the anisotropic frost 

heave coefficient was not significantly affected by the 

deviator pressure. However, the anisotropic frost heave 

coefficient increased with the increase in the confining 

pressure and temperature gradient. Unfortunately, because 

the temperatures at the warm and cold end are difficult to 

be kept constant in the experiment, it was challenging to 

propose an accurate prediction formula in this study.
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Appendix: Parameters of the Model

A1. Hydraulic Characteristics:
The permeability of the frozen soil k can be expressed as 

(Mualem, 1976):

 (27)

where kr is the relative permeability; Sl is the effective saturation; 

p and m are the fitting parameters, which are equal to 0.5 and 

0.26, respectively.

The specific water capacity Cφ can be expressed as (Li et al., 

2017):

 (28)

where a0 is the fitting parameter related to the property of the soil 

and is equal to 2.65 in this study.

A2. Mechanical Characteristics:
The elastic matrix [DT] that depends on the temperature can be 

expressed as (Li et al., 2015):

 (29)

where ET (MPa) and νT are the elastic modulus and Poisson’s 

ratio, respectively. The two variables are both relative to the 

temperature, expressed as (Zhou et al., 2020):

 (30)

 (31)

where c1, d1, f1, c2, d2, and f2 are the experimental parameters (c1 = 

6; d1 = 11.3; f1 = 0.6; c2 = 0.28; d2 = -0.007; f2 = 1).

The Drucker–Prager yield criterion matched with the Mohr–

Coulomb criterion was employed in this study, and the yield 

function can be expressed as:

 (32)

where I1 and J2 are the first stress invariant and second deviatoric 

stress invariant, respectively. α and kF denote the material 

parameters, which can be expressed as a function of the internal 

friction angle φT (
o) and cohesion cT (kPa):

 (33)

 (34)

The internal friction angle and cohesion can also be expressed 

as a function of the temperature, as follows:

 (35)

 (36)

where c3, d3, f3, c4, d4, and f4 are the experimental parameters (c3 = 

20; d3 = 6; f3 = 1.24; c4 = 20; d4 = 3.4; f4 = 0.38).
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