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1. Introduction

To maintain the stability of earth works, retaining structures, 

such as rigid gravity retaining walls, are widely used in engineering

practice. The stability of these retaining structures relates closely 

to the pressures exerted by the backfills and therefore a precise 

estimation of the lateral earth pressures promises a safe and 

economical design. In recent years, numerous efforts have been 

made to estimate the active earth pressure in different scenarios 

(Fathipour et al., 2021; Lei et al., 2021; Zhang and Yang, 2021; 

Zhang et al., 2022), among which the seismic excitation remains 

the main factor in triggering the geostructures failures.

The rationality in the seismic load descriptions is crucial in 

producing satisfactory results. Experimental investigations shown 

that the pseudo-dynamic approach remains a simple and realistic 

way to describe the earthquake (Steedman and Zeng, 1990; Zeng 

and Steedman, 1993). This method bears an advantage over the 

pseudo-static one in accounting for the time-history related features 

of the ground motions. Therefore, it is usually combined with the 

theoretical analysis methods to predict the seismic stability of 

typical slopes and retaining structures (Qin and Chian, 2019; 

Fathipour et al., 2021; Kokane et al., 2021; Lei et al., 2021; Zhang 

and Yang, 2021). 

In reality, the soils in nature and in engineering practice are 

mostly unsaturated. The physical and mechanical properties 

between saturated and unsaturated soils exhibit conspicuous 

differences (Bishop, 1959; Fredlund and Morgenstern, 1977; 

Fredlund and Xing, 1994; Vanapalli et al., 1996; Lu and Likos, 

2004; Chen et al., 2021; Wang et al., 2022; Zhou et al., 2022; Chen 

et al., 2023), resulting in significant difference in slope stability 

estimations. Because of the complexity in soil suction, producing 

realistic results on the slope stability becomes extremely elaborated 

(Scaringi et al., 2018; Sun et al., 2019; Wang et al., 2019; Zhang 

and Yang, 2021; Hu et al., 2022). In current seismic active earth 

pressure estimations, however, comprehensive study on the suction 

effect and the seismic actions has not well documented.

Based on the pseudo-dynamic approach, the seismic active 

earth pressure of unsaturated backfills is studied using the 

kinematic limit analysis approach. A horizontal slices method is 

descripted to formulate the energy balance equation. The work 
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rates of unsaturated soil gravity, seismic inertia force and damping 

force are computed. Typical illustrative slopes are analyzed to 

demonstrate the suction effect, the seismic response of the 

unsaturated backfills. 

2. Seismic Active Earth Pressure of Unsaturated 
Backfills

2.1 Strength of Unsaturated Backfills
An backfill with a height of H and an inclination angle of β

restrained by rigid gravity retaining wall is studied, as illustrated 

in Fig. 1. The phreatic water locates underneath the wall toe with 

a depth of z0. The backfill is unsaturated and its behavior can be 

captured satisfactorily using the Mohr-Coulomb failure criteria. 

Frequently, the improvement in soil strength because of the soil 

suction is considered as a cohesion value. Vanapalli et al. (1996) 

proposed an equation to predict the capillary cohesion using the 

soil water characteristic curve (SWCC) as

, (1)

in which ψ' is soil friction angle; ψ denotes the matric suction; θw

represents the volumetric water content; θs is saturated volumetric

water content; and θr is residual volumetric water content. Given 

the saturated unit soil weight γsat and the dry unit soil weight γd, 

the volumetric water content at saturated condition can be 

derived as .

Following Fredlund and Xing (1994), the volumetric water 

content for unsaturated backfills can be described using the 

SWCC as

, (2)

where ψr denotes the residual matric suction; mf is a fitting 

parameter; and nf is the SWCC gradient at 

the inflection point; af is the matric suction corresponding to 

the inflection point of the SWCC. Fig. 2 shows the SWCCs for 

four typical unsaturated soils. Generally, SWCC A and B 

describe sandy soils and fine-grained soils such as silt. SWCC C 

and D represent clays and extremely fine-grained soils. For steady

flow conditions, the matric suction can be expressed analytically 

as (Lu and Likos, 2004)

, (3)

where α relates closely to the air-entry pressure; q/ks is specific 

discharge; γw is unit weight of water; z is the depth measured 

from the phreatic line; and z0 is the phreatic line depth. Given the 

dry unit soil weight, the unit weight of unsaturated backfill is 

derived as . 

2.1 Pseudo-Dynamic Approach
The pseudo-dynamic approach can account for the dynamic 

features of seismic action reasonably by introducing the time. In 

the seismic wave propagations, the upward waves reflect back to 

the slope at the backfill surface. This scenario, however, is really 
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Fig. 1. Diagram of Active Earth Pressure in Unsaturated Backfills Considering the Seismic Loads

Fig. 2. SWCCs for Four Typical Unsaturated Soils
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elaborated to be accounted for using theoretical approaches. In 

present analysis, the inertia forces pointing outward and upward 

the backfill are considered using the pseudo-dynamic assumption, 

as illustrated in Fig. 1. Validations of this method in seismic active 

earth pressure estimations have been demonstrated by comparing 

the theoretical results with the centrifuge model test results 

(Steedman and Zeng, 1990; Zeng and Steedman, 1993). In this 

approach, sinusoidal vibrations are used to describe the earthquake 

waves and a phase shift can be found between the toe and the 

backfill crest. The horizontal and vertical seismic accelerations can 

be predicted using the following sinusoidal functions (Steedman and 

Zeng, 1990; Choudhury and Nimbalkar, 2006)

, (4)

, (5)

where Vs and Vp denote shear and primary wave velocities; kh
and kv represent horizontal and vertical seismic acceleration 

coefficients; fa is an amplification factor; zs is depth measured 

from the backfill crest; t is time and ωs is seismic wave angular 

velocity (ωs = 2π/T with T being the seismic period). 

The shear and primary wave velocities in soils can be estimated 

empirically with given soil's shear modulus G, density and Poisson’s 

ratio ν. For unsaturated backfills, the wave velocities propagate 

nonlinearly along the soil depth, i.e., 

, (6)

. (7)

To predict the dynamic responses of geostructures satisfactorily, 

the damping information is required. Commonly, the Rayleigh 

damping (Liu and Gorman, 1995) is utilized and can be expressed in 

two terms of the mass and stiffness matrixes (i.e.,  

with α0 and α1 being the damping coefficients). It is assumed, in 

this paper, that the mass and stiffness matrices contribute equally 

to Rayleigh damping and only the influence of mass matrix is 

considered. Given the damping ratio ζ and soil natural frequency 

of vibration ωn (i.e., the basic frequency of the slope frequency 

and is postulated to be 1 Hz in this analysis), the coefficient α0

can be expressed as .

Given the damping formulation and the corresponding velocity, 

the damping force can be readily computed. The horizontal and 

lateral propagation velocities of the soil block vh (zs, t) and vv (zs, t) 

can be obtained by integrating the corresponding accelerations, i.e.,

 (8)

 (9)

3. A Horizontal Slices Method

3.1 Work Rates by External Forces
To formulate the energy balance equation, a horizontal slices 

method was proposed to compute the work rate of soil gravity, as 

illustrated in Fig. 3. The rotational mechanism is discretized by 

dividing the polar angle into numerous elements equally, i.e., 

. 

The position of soil layer i can be described by its radius rn
and angle θn, i.e.,

, (10)

. (11)

Take per unit width of the rigid wall to calculate and the area 

of the soil layer can be expressed as 

, (12)

where lmn and lm'n' are the length of the upper and bottom surface 

of this soil layer and can be found from the geometrical and 

trigonometrical relations as 
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. (14)

s
( )

( , ) 1 ( 1) sin s

h s h a s

s

H z H z
a z t k g f t

H V
ω

⎡ ⎤⎛ ⎞− −⎡ ⎤
= + − −⎢ ⎥⎜ ⎟⎢ ⎥

⎣ ⎦ ⎝ ⎠⎣ ⎦

( )
( , ) 1 ( 1) sins s

v s v a s

p

H z H z
a z t k g f t

H V
ω

⎡ ⎤⎛ ⎞− −⎡ ⎤
= + − −⎢ ⎥⎜ ⎟⎢ ⎥ ⎜ ⎟⎣ ⎦ ⎢ ⎥⎝ ⎠⎣ ⎦

s

d w w

Gg
V

γ θ γ
=

+

(2 2 )

( )(1 2 )
p

d w w

G g
V

ν

γ θ γ ν

−
=

+ −

[ ] [ ] [ ]0 1
C M Kα α= +

α0 ζωn=

[ ]
s

s s

( )
( )

( )( )
cos cos

a a s s h

h s

s

s ss s

f H f z z k g
v z ,t

H

tV z Hz H

V V

ω

ωω

− +
=

⎧ ⎫+ −−
−⎨ ⎬

⎩ ⎭

,

[ ]

v

s

( )
( , )

( )( )
cos cos

a a s s

v s

s

s ss s

p p

f H f z z k g
v z t

H

tV z Hz H

V V

ω

ωω

− +
=

⎧ ⎫+ −−⎪ ⎪
−⎨ ⎬

⎪ ⎪⎩ ⎭

.

θΔ θh θ0–( ) m⁄=

0
( 1)

n
iθ θ θ= + − ×Δ

[ ]0
exp ( 1) tan

n
r r i θ φ ′= − Δ

0.5( )( sin sin )
i mn mn n n n n
S l l r rθ θ

′ ′ ′ ′

= + −

cos cos ( sin sin )cot
mn n n h h h h n n
l r r r rθ θ θ θ β= − − −

cos cos ( sin sin )cot
mn n n h h h h n n
l r r r rθ θ θ θ β

′ ′ ′ ′ ′ ′

= − − −

Fig. 3. Diagram of the Horizontal Slices Method to Calculate the Work 

Rate of Soil Gravity, Seismic Forces and the Work Dissipation 

Rate of Damping Force
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The work rate done by soil gravity in the soil layer can be 

derived as 

, (15)

where γ'(zi) denotes the unit weight of the soil layer; zi is the 

distance measured vertically from the layer centroid to the wall 

toe; and Lg and θg are the radius and angle corresponding to 

centroid of the soil element and can be found as 

, (16)

(17)

. (18)

The total work rate of soil weight can be written as 

. (19)

Similarly, the total work rate of horizontal and vertical seismic 

force can be derived as 

(20)

. (21)

The static and seismic work rate of the surcharge load on the 

backfill surface can be derived as

, (22)

(23)

, (24)

where LAB denotes the length between points A and B on the 

backfill surface and can be found from the geometrical relation 

as

. (25)

3.2 Internal Work Dissipation Rate
For the assumed log-spiral slip surface, the work rate of energy 

dissipation along this surface takes the following form as 

, (26)

where ccap (z1) is the capillary cohesion corresponding to the layer 

element; and z1 denotes the distance measured vertically from the 

centroid of the soil layer to the ground surface, i.e.,

. (27)

The work rate dissipation of damping force in the whole 

sliding soil mass can be written as

, (28)

. (29)

3.3 Active Earth Pressure Coefficient
The work dissipation rate of the adhesive force Pad acting on the 

soil-wall interface can be derived as

 (30)

in which δ denotes the soil-wall friction angle.

Experimental investigations show that the earth pressure 

acting on a rigid retaining wall exhibits a nonlinear distribution 

commonly and a peak is found at lower 1/3 of the wall height. In 

present analysis, this finding is employed and the work rate of 

earth pressure can be derived as

 (31)

According to the kinematic limit analysis method, the energy 

balance equation can be formulated and the active earth pressure 

can be expressed as

 (32)

For convenient use in practice, an earth pressure coefficient

Kae is more popular. For unsaturated backfills, this coefficient 

can be written as

. (33)

The maximum dynamic active earth pressure coefficient Kae 

(t) is generated when the backfill reaches a limit state. An 

optimization procedure was developed using the MATHEMATICA 

software.

3.4 Comparison with Published Results
For vertical cut slopes, Chen (1975) provided the stability factors 

of the slope using the kinematic limit analysis method, as shown 

in Table 1. As we all known, the slope reaches a limit state when 

the slope is characterized with this factor and the corresponding 

active earth pressure coefficient is zero. In present analysis, the 
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stability factor is employed and the Kae is back calculated, as 

presented in the table. It can be found that, the Kae in this paper 

are nearly equal to zero, indicating the reasonability of the 

proposed method. It should be underlined that not only for some 

relatively idealized conditions, some more complicated factors, 

such as the suction-related effects, the dynamic actions and the 

rainfall conditions can also be addressed satisfactorily using the 

proposed method.

4. Results

A steep unsaturated backfill restrained by rigid retaining wall is 

investigated. The parameters for slope configuration, mechanical 

and physical properties, seismic excitation and the SWCC are 

listed in Table 2. 

4.1 Suction Effect

The dynamic change of the active earth pressure in a seismic 

period is studied. It can be found that, as shown in Fig. 4, the 

active earth pressure of unsaturated backfills presents sinusoidal 

variation and the peak emerges around 1/2 period of the seismic 

excitation. This is because that the sinusoidal assumption is used 

to simulate the seismic waves, resulting the sinusoidal variation 

of the inertial force and therefore the periodic variation of the 

slope stability.

The suction effect plays a significant role in the seismic active 

earth pressure estimations as shown in Fig. 4. It can be found that 

the earth pressure is overestimated significantly when the suction 

is ignored in the analysis. Furthermore, it is interesting to be 

noticed that the enhancement of soil suction to the earth pressure 

relates not only to soil types but also the seismic excitations. 

Evidently, the suction effect presents a sinusoidal variation as the 

seismic wave propagates. However, the variation of the suction 

effect is opposite with the seismic waves. The suction effect is 

significantly weakened (enhanced) when the seismic wave reaches 

the peak (valley). The suction effect on the seismic active earth 

pressure ranges from 15% − 32%. This is because that the inertia 

force varies during earthquakes and therefore the contribution of 

suction varies when the backfill reaches a limit state. 

The internal friction angle, soil cohesion, surcharge load and 

soil-wall friction angle have significant on the suction effect, as 

shown in Fig. 5. As it is well known, the active earth pressure 

increases as the internal friction angle decreases and gets most 

pronounced when the backfill is under undrained conditions. The 

suction effect, however, increases as φ' increases, as shown in the 

graph. Similarly, the earth pressure increases while the suction 

effect declines with a decrease in soil cohesion. Furthermore, the 

suction effect vibrates significantly as the seismic wave propagates. 

In cohesionless backfills, the suction effect varies from only 

4.5% to 12.1%. While for c' = 20 kPa, the suction effect varies 

from 37.4% to 100%. The suction effect relates to the surcharge 

Table 1. Comparisons between the Solutions from Two Different Methods

φ' = 10° φ' = 15° φ' = 20° φ' = 25° φ' = 30° φ' = 35° φ' = 40°

γH/c in Chen (1975) 4.59 5.02 5.51 6.06 6.69 7.43 8.30

Kae in this paper 0.0038 0.0025 0.0025 0.0018 0.0014 0.0015 0.0013

Table 2. Parameters for Slope Configuration, Mechanical and Physical 
Properties, Seismic Excitation and the SWCC

Parameters for slope

configuration

H 10 m

β 90°

z0 2 m

δ 10°

Parameters for mechanical

and physical properties

c' 10 kPa

φ' 20°

γd 15 kN/m3

γsat 19.63 kN/m3

Parameters for seismic

excitation 

G 25 MPa

μ 0.3

kh 0.1

kv 0.05

fa 1.1

T 0.2 s

ζ 0

Parameters for SWCC 

(Curve B in Fig. 2)

q/ks 0

af 10 kPa

nf 2

mf 1

ψr 100 kPa

α 0.1 kPa−1

θr 0.076

Some related parameters Q 10 kN/m

m 60
Fig. 4. Influence of Suction Effect on Active Earth Pressure (WS and 

NS denote with and without suction cases, respectively)
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load on the backfill surface as shown in Fig. 5(c). The contribution 

of suction to the backfill stability declines smoothly when the 

surcharge load increases. δ has prominent effect on the lateral 

earth pressures and depends on the seismic excitations. The 

influence of δ becomes relatively less evident when the seismic 

wave reaches the peak and relatively pronounced when the 

seismic wave reaches the valley. 

4.2 Effect of Seismic Excitation Parameters

Figure 6 illustrates the influences of horizontal acceleration 

coefficient, vertical acceleration coefficient, amplification factor, 

soil shear modulus and seismic period on Kae and the suction 

effect. The horizontal and vertical acceleration coefficients possess 

similar impacts on the seismic active earth pressure and the 

suction effect. The amplitude of Kae increases rapidly as kh and kv
increases. This is because that kh and kv denote the amplitude of 

the seismic acceleration, an increase in kh and kv leads to an 

increase in the seismic force and thereafter the earth pressure. 

The earth pressure relates closely to the peak of the seismic 

waves, while the suction effect relates closely the valley of the 

seismic waves.

The amplification factor has relatively small influence on the 

earth pressure and the suction effect, as illustrated in Fig. 6(c). 

Both the earth pressure and the suction effect increase as fa
increases. This is because that fa determines the amplitude of the 

seismic waves. An increase in fa results in an increase in the 

seismic force and finally the earth pressure. The soil shear 

modulus G determines the velocity of seismic waves in soils and 

hence the earth pressure and the suction effect, as indicated by 

Fig. 6(d). The amplitude of Kae increases as soil shear modulus 

increases with the phase moving towards the negative direction. 

The amplitude of the suction effect remains identical and the 

phase moves towards the negative direction either. The seismic 

period influences the occurrence of the Kae peak and the peak of 

the suction effect, as indicated by Fig. 6(e). The peak of Kae

increases slightly as T increase, while the peak of the suction 

effect remains nearly unchanged.

5. Conclusions

The seismic active earth pressure of unsaturated backfills was 

studied. According to the kinematic limit theorem, a horizontal 

slices method was suggested to formulate the energy balance 

equation. The upper bound solution to the seismic active earth 

pressure of the backfill was optimized. The roles of suction and 

seismic excitations in the earth pressure estimation were studied. 

The results indicate that:

1. The earth pressure is significantly overestimated when the 

suction effect is ignored. The suction effect depends not 

only on the soil type, but also relates closely to the seismic 

Fig. 5. The Active Earth Pressure and Suction Effect of Backfills with Different Values of: (a) Internal Friction Angle, (b) Soil Cohesion, (c) Surcharge 
Load, (d) Soil-Wall Friction Angle
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Fig. 6. Influence of: (a) Horizontal Acceleration Coefficient kh, (b) Vertical Acceleration Coefficient kv, (c) Amplification Factor fa, (d) Soil Shear 
Modulus G, (e) Seismic Period T on the Active Earth Pressure Coefficient and the Suction Effect
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excitations. Universally, the suction effect is weakened 

significantly when the seismic wave reaches the peak, and 

is enhanced when the seismic wave reaches the valley. The 

earth pressure increases while the suction effect declines 

with a decrease in soil friction angle, soil cohesion and soil-

wall friction angle. The surcharge load possesses a converse 

influence on the earth pressure and the suction effect.

2. The horizontal and vertical seismic acceleration coefficients 

have a great influence on the active earth pressure. The 

earth pressure is more related to the peak of the seismic 

waves, while the suction effect relates more closely the 

valley of the seismic waves. The amplification factor has 

relatively small influence on the earth pressure and the 

suction effect. The amplitude of Kae and the suction effect 

remains identical with the phase moving towards the 

negative direction as the soil shear modulus increases. The 

seismic period influences the occurrence of the Kae peak 

and the peak of the suction effect. The peak of Kae increases 

slightly as T increase, while the peak of the suction effect 

remains nearly unchanged.
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