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1. Introduction

Haoji Railway plays a critical role in China's comprehensive 

transportation system, crossing a range of challenging geological 

environments along its route. The red sandstone stratum is the 

most commonly encountered geological formation, characterized by 

dilatancy and strain-softening properties, making it susceptible to 

construction disturbance and exhibiting poor self-stability (Wang 

et al., 2021; Xu et al., 2021; Li et al., 2023). Construction of 

tunnels within the red sandstone stratum can result in substantial 

deformation of the surrounding rock. Implementing stiff supports 

that follow the resistance principle may lead to the crushing 

failure of the support structures due to overload. As an example, 

during the construction of Yangcheng Tunnel on the Haoji Railway, 

shotcrete cracking and steel frame distortion occurred, leading to 

damaged supports requiring reinstallation and significantly delaying 

construction efficiency (Wang et al., 2018). Enhancing support 

flexibility to optimize the utilization of self-bearing capacity in 

surrounding rock can prevent structural failure caused by large 

deformations (Zhao et al., 2022), achieving optimal balance between 

structural safety and deformation control.

Traditionally, stiffness-based support systems have struggled 

to cope with large deformations of the surrounding rock. To address 

this issue, the “resistance principle” has been supplanted by the 

“flexible method” (Wu et al., 2022a), which involves moderately 

releasing rock deformation to mitigate the pressure on support 

structures. Though the use of scalable support can hike up 

project costs, staged installation methods have been proposed as 

a method of improving support flexibility. In this approach, each 

component of the primary support system (e.g., steel frame, 

shotcrete) is installed at varying distances from the tunnel face, 

so the flexibility of the support system can be adjusted by changing 
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the initial install location. Despite the promise of this method, 

there is still a need for theoretical methods that analyze the 

interaction between the surrounding rock and supports of the 

tunnel in the red sandstone stratum.

The interaction between the surrounding rock and support is 

rooted in three curves: the Ground Reaction Curve (GRC), Support 

Reaction Curve (SRC), and Longitudinal Deformation Profile 

(LDP) (Chu et al., 2019; Sun et al., 2021; Lin et al., 2023). According 

to the traditional convergence-confinement method, the intersection

of the GRC and SRC represents the equilibrium state of the 

surrounding rock and support. It fails to take into account the 

spatial effects of the tunnel face, which makes it challenging to 

reflect the dynamic interactions between the surrounding rock 

and support accurately. To address this issue, some scholars have 

proposed coupling approaches that integrates the GRC, SRC, and 

LDP. For instance, Liu et al. (2023) proposed an analytical model 

to solve the time-dependent interaction between support structures 

and rheological rock, which takes the shotcrete progressive hardening 

property, tunnel excavation effect, and sequential installation of 

linings into account. Qiu et al. (2022) presented a simplified 

analytical method that considers the effects of tunnel excavation 

rate and tunnel face stress release in rheological rock, enabling 

the investigation of the tunnel face effect and rock mass time-

dependent behavior. Zhou et al. (2021) decomposed the total 

support force into the virtual support force and artificial support 

structures, conducting a systemic parametric analysis on radial 

deformation of the tunnel and support force. 

Through a review of the literature, it became evident that 

there is currently no established analytical solution for staged 

support installation. This deficiency makes it challenging to 

predict the mechanical response of the support system quickly or 

determine reasonable installation timing and stiffness for each 

supporting component. Moreover, the surrounding rock in the 

red sandstone stratum has multiple elastoplastic states due to 

dilatancy and softening characteristics, which can increase the 

complexity of the interaction mechanism between the surrounding 

rock and support system. As China's transportation infrastructure 

continues to develop rapidly, an increasing number of tunnel 

projects crossing stratum with engineering properties similar to 

those of the red sandstone stratum will emerge. The theoretical 

research detailed above is of great significance in guiding the 

construction of similar projects.

This paper presents an analytical solution for analyzing the 

interaction between the surrounding rock and supports of a 

circular tunnel. The proposed solution can be used to analyze the 

mechanical response of the supports installed in stages and 

surrounding rock, which constructively considers the intermediate 

principal stress, dilatancy, and strain-softening characteristics of 

surrounding rock in the red sandstone stratum. After verifying 

the rationality of the analytical solution, taking Yangcheng Tunnel of 

Haoji Railway in China as the research object, the influence laws and 

sensitivity of design parameters on the supporting effect are 

systematically analyzed. Finally, the application effect of the 

staged support installation method is compared with that of the 

traditional method.

2. Mechanical Model of Interaction between 
Surrounding Rock and Supports

2.1 Evolution Process of Interaction between 
Surrounding Rock and Supports

There are two sources of support force pi acting on the inner wall 

of the tunnel during excavation (Chu et al., 2021). One is the 

virtual support force pf provided by the spatial effect of the tunnel 

face, the other is the support force ps provided by the artificial 

support. Since the secondary lining is usually regarded as a 

safety reserve, the artificial support in this paper only refers to 

the primary support, including steel frame and shotcrete. The 

support forces provided by steel frames and shotcrete are defined as 

pset and pshot, respectively. In terms of the source and development 

trend of the support force acting on the inner wall of the tunnel, 

four main stages of the interaction process are determined in this 

paper, as shown in Fig. 1.

In stage a, the surrounding rock is not disturbed by tunnel 

construction, such as section A − A', resulting in the total support 

force pi acting on the inner wall is equal to the unaltered stress of 

the original rock σ0; In stage b, the artificial support has not been 

installed, such as section B − B', thus the support force is only 

provided by the tunnel face, that is, pi = pf; In stage c, the total 

support force pi consists of pf and ps. When only the steel frames 

Fig. 1. Whole Process of the Interaction between Surrounding Rock and Supports
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are installed, such as section C − C', ps equals to pset. When both 

the steel frames and shotcrete are installed, such as section D −

D', ps consists of pset and pshot, that is, ; In stages b 

and c, ps develops gradually with the increase of the distance 

between the target section and the tunnel face, while pf decreases 

gradually; In stage d, which occurs when the spatial effect 

provided by the tunnel face has completely disappeared, such as 

section E − E', resulting in the support force only comes from the 

artificial supports, and the surrounding rock is in balance with 

the artificial supports. Obviously, the values of pf and ps have 

been dynamic, which are closely related to the interaction state 

between the surrounding rock and supports. The quantitative 

methods of these two support forces will be discussed in this 

paper.

2.2 Mechanical Model and Strength Criterion 
The longitudinal dimension of the tunnel is significantly greater 

than its transverse dimension. As such, the three-dimensional 

problem can be transformed into a plane strain problem. The 

mechanical model adopted for the tunnel is based on the following 

assumptions:

1. The surrounding rock mass is assumed to be isotropic, and 

is uniformly subjected to original rock stress σ0; 

2. The cross-sectional contour of the tunnel is circular, and the 

support force pi conducted by the inner wall is uniformly 

distributed;

3. The plane section assumption is satisfied.

Previous studies have shown that red sandstone has strain-

softening properties under external forces. With the continuous 

increase of strain, the rock mass will be followed by the elastic 

stage, plastic softening stage and residual stage (Wen et al., 2013; 

Zhou et al., 2018; Huang et al., 2020). Thus, during the construction

progress, the disturbed rock outside the tunnel is susceptible to 

exhibiting different elastoplastic states, such as the elastic state, 

plastic softening state, or residual state, as illustrated in Fig. 2. R0, 

Rp, and Rb represent the radius of the excavated zone, plastic 

softening zone, and residual zone, respectively. σθ, σr, and σz

correspond to the tangential, radial, and axial stress, respectively. 

At the elastic-plastic boundary (point A), the tangential and 

radial stresses are respectively represented by  and , 

whereas at the boundary between the plastic softening zone and 

residual zone (point B), the tangential and radial stresses are 

represented by  and , respectively. Based on the 

mechanical model elucidated in Fig. 2, the equilibrium equation, 

geometric equation, and constitutive equation can be established 

as follows:

, (1)

, (2)

. (3)

For red sandstone, which has the property of strain softening 

formation, once the stress level of rock mass surpasses its 

compressive strength, the mechanical parameters associated with 

the rock mass will gradually diminish to their respective residual 

values with an increasing strain (Riabokon et al., 2021). Based 

on laboratory tests and mathematical analysis, Li et al. (2011) 

and Luo (2018) obtained the attenuation laws of the internal 

friction angle ϕ and cohesive c, as shown in Fig. 3, where ϕ0 and 

ϕ
* refer to the internal friction angles of the surrounding rock in 

elastic and residual state, respectively. The attenuation law of the 

internal friction angle ϕ corresponding to the plastic softening 

stage is described as follows:

, (4)

where A0, B0, and C0 are constants.

From the boundary conditions , , and 

, the solution of ϕ   
p can be obtained as follows:

, (5)

where Tϕ is the softening modulus of ϕ, which     
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Fig. 2. Mechanical Model of a Circular Tunnel in the Transverse 
Direction

Fig. 3. Mechanical Parameter Attenuation Model of Surrounding 
Rock in Red Sandstone Stratum: Take Internal Friction Angle as 
an Example
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Similarly, the solution of c p can be obtained as Eq. (6).

(6)

Hu and Yu (2005) proposed an improved unified strength 

criterion that comprehensively considers the impact of all three 

stress couples operating on the principal shear planes of the 

dodecahedral element, thereby enabling reflection of the nonlinear 

strength characteristics of geomaterials. Yu et al. (2013) matched 

the conventional unified strength criterion to the well-known 

Drucker–Prager strength criterion, which enabled the reasonable 

integration of the intermediate principal stress. Herein, the 

improved unified strength criterion is matched with the Drucker-

Prager strength criterion and the expression is as follows:

, (7)

where α and κ can be obtained by Eq. (8); ψ is the dilatancy 

angle; αψ is the dilatancy parameter, which satisfies  

when  (Deng et al., 2009); .

(8)

Based on the non-associated flow law (Bernaud and Quevedo, 

2020), the relationship between the radial strain  and the 

tangential strain  of the rock in the plastic zone can be described 

as follows:

, (9)

where .

2.3 Mechanical Characteristics of the Artificial Supports 
Installed in Stages

The primary support system in mountain tunnels predominantly 

comprises of the steel frames and shotcrete. In accordance with 

the new Austrian method, the flexibility of the artificial support 

system can be enhanced by adopting a staged installation procedure. 

This entails installing the steel frames and shotcrete at varying 

distances from the tunnel face, which are defined as xini and x1, 

respectively, as shown in Fig. 4. Such an installation method is 

beneficial in mobilizing the self-bearing capacity of the surrounding 

rock and minimizing the likelihood of structural failures. It is 

evident that the flexibility of the support system that is installed 

in stages is principally influenced by the material parameters, 

geometric parameters, and initial install locations. It is of paramount 

importance to rationally determine the values of these parameters 

to attain the optimal balance between structural safety and

deformation control efficacy.

Based on the thick-walled cylinder theory (Drescher and 

Detournay, 1993), the stiffness of the steel frames and shotcrete 

can be obtained by Eqs. (10) and (11), respectively.

, (10)

where kset, Aset, Eset, hset, and d represent the stiffness, elastic 

modulus, equivalent thickness, Poisson's ratio, and spacing of the 

steel frames, respectively. 

, (11)

where kshot, Eshot, dshot, and vshot represent the stiffness, elastic 

modulus, equivalent thickness, and Poisson's ratio of the shotcrete,

respectively.

In the case of staged support installation, the support force ps
can be obtained by Eq. (12). The equation comprises of two distinct 

parts: the first part indicates the stage supported solely by the 

steel frames whereas the latter denotes the stage supported by the 

conjunction of steel frames and shotcrete.

 (12)

where x represents the distance between the section and the 

tunnel face; , , and  represent the radial 

displacement of the surrounding rock during successive stages, 

namely: the stage without any support, the stage only supported 

by the steel frames, and the stage supported collectively by steel 

frames and shotcrete. It is pertinent to note that breaching the 

ultimate bearing capacity of any component should be regarded 

as an indicator of support system failure. Therefore, to maintain 

the normal functionality of the support system, it is necessary to 

ensure that Eq. (13) is satisfied.
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Fig. 4. Schematic of the Staged Installation of the Artificial Supports
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, (13)

where  represents the ultimate bearing capacity of the steel 

frames and satisfies ;  

represents the ultimate bearing capacity of the shotcrete and 

satisfies .

2.4 Quantitative Method of Virtual Support Force
As one moves away from the tunnel face, the virtual support force

acting on the inner wall diminishes continually, resulting in the 

progressive increase of the surrounding rock's radial displacement. 

It is possible to use the longitudinal deformation profile (LDP) of 

the tunnel without artificial support to assess the attenuation law 

of the virtual support force. Moreover, the ground reaction curve 

(GRC) can reflect the relationship between the support force and 

the surrounding rock's radial displacement. The coupling analysis 

method based on LDP and GRC is able to quantify the virtual 

support force. Previous research conducted by Vlachopoulos and 

Diederichs (2009) obtained the LDP expression founded on 

numerous finite difference simulations, which can be expressed 

as Eq. (14). As for the GRC expression, it should be established 

based on an elastoplastic analysis of the surrounding rock in the 

red sandstone stratum, as elaborated on in Section 3.0.

(14)

where  represents the radial displacement of the surrounding 

rock without artificial support;  represents the radial 

displacement when the virtual support force is zero;  is the 

displacement release coefficient at the tunnel face and satisfies 

; ,  is the plastic radius 

when the virtual support force is zero; .

3. Elastoplastic Analysis of the Surrounding Rock 
in the Red Sandstone Stratum

3.1 Solution of Elastic Zone
The stress at any point within the elastic zone σ  

 e, and the 

corresponding radial displacement ue, can be determined using 

Eqs. (15) and (16), respectively.

, (15)

(16)

where G represents the shear modulus.

The radial stress at the elastic-plastic boundary  can be 

obtained by substituting Eq. (1) into the yield criterion Eq. (7). 

(17)

3.2 Solution of Plastic Softening Zone
The strain of the surrounding rock in the plastic softening zone  

consists of elastic strain  and plastic strain , that is, 

, . From Eq. (9), the following is 

obtained:

, (18)

where ,  refers to the dilatancy angle of the rock 

in the plastic softening zone.

Combining the boundary conditions , 

, the following can be obtained by substituting 

Eq. (2) into Eq. (18).

(19)

From the boundary condition , the 

radial displacement of the surrounding rock in the plastic softening 

zone u p can be obtained as follows:

. (20)

Based on the boundary condition ,

the stress in the plastic softening zone  can be obtained by 

substituting Eq. (7) into Eq. (15). 

(21)

3.3 Solution of Residual Zone
Based on the boundary condition , the stress in 

the residual zone  can be obtained by substituting Eq. (7) into 

Eq. (15). 

(22)

Combine the generalized Hook law (Guo et al., 2022) and Eq. 

(18), the following is obtained:
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where ,  refers to the dilatancy angle of the rock 

in the residual zone.

From the boundary condition , the radial

displacement of the surrounding rock in the residual zone ub can 

be obtained as follows:

(24)

where ,

.

3.4 Solution of Plastic Radius in the Plastic Zone
From the boundary condition , the radius 

of the plastic softening zone  can be obtained as follows:

. (25)

The internal friction angle of the surrounding rock in the 

residual zone ϕ* is constant. From Eq. (5), the expression of ϕ* is 

as follows:

. (26)

Combine Eqs. (25) and (26), the radius of the residual zone Rb

is obtained:

, (27)

4. Analytical Solution of Interaction between 
Surrounding Rock and Support 

4.1 Judge Theorem of the Interaction States and 
Corresponding Solution Formulas 

The interaction between the surrounding rock and supports is 

continuously dynamic. To account for the elastoplastic state of the 

surrounding rock and the progress of artificial support installation, 

six interaction states are proposed, as shown in Fig. 5.

The progress of artificial support installation can be determined 

by examining the relationship between x, xini, and x1. When x < 

xini, the surrounding rock is not supported; When , the 

surrounding rock is only supported by the steel frames; When x > 

x1, the surrounding rock is collectively supported by the steel 

frames and shotcrete. When the inner wall is the boundary of the 

elastic zone, that is, Rp = R0, the corresponding threshold support 

force is defined as , which is equivalent to . The 

expression of  is shown as Eq. (28). When the inner wall is the 

boundary of the residual zone, that is, Rb = Rp, the corresponding 

threshold support force is defined as . From Eq. (27), the 

solution of  can be obtained as Eq. (29). Hence, when 

, the surrounding rock of the inner wall is in the elastic 

state; When , the surrounding rock of the inner 

wall is in the plastic softening state; When , the 

surrounding rock of the inner wall is in the residual state.

(28)
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(29)

When the inner wall is only supported by the steel frames 

( ), the solution formula of the artificial support force 

 is as Eq. (30). Ulteriorly, considering the elastoplastic 

state of surrounding rock, three types of interaction between 

surrounding rock and supports (numbered as A-a, A-b, and A-c) 

can be proposed. 

(30)

For state A-a, the radial displacement of the inner wall  

can be obtained through the coupling analysis of GRC and SRC. 

This can be achieved by substituting Eq. (30) into Eq. (16).

(31)

Similarly, for state A-b, the radial displacement  can 

be attained by the simultaneous solution of Eqs. (20), (21), and 

(30).

(32)

where .

For state A-c, the radial displacement  can be obtained 

by the simultaneous solution of Eqs. (22), (24), and (30). 

(33)

where 

, .

Herein, , , and  respectively correspond to 

the virtual support force acting on the inner wall in the elastic 

state, plastic softening state, and residual state. By substituting 

Eq. (14) into the expressions of GRC associated with various 

elastoplastic stages, i.e., Eqs. (16), (20), and (24), the solutions of 

, , and  can be ascertained as follows:

, (34)

, (35)

. (36)

When the inner wall is supported by the steel frames and 

shotcrete together (x > x1), the solution formula of the artificial 

support force ps(x) is as Eq. (37). Ulteriorly, taking into account 

the elastoplastic state of the surrounding rock, three types of 

interaction between surrounding rock and support can be 

proposed, which are numbered as B-a, B-b, and B-c. For each 

interaction type, the analytical solution for radial displacement of 

the inner wall can be determined as Eqs. (38), (39), and (40), 

respectively, and the derivation process is analogous to that 

detailed previously.

(37)

where .

(38)

(39)

(40)

4.2 Analytical Solution of the Whole Process of 
Interaction between Surrounding Rock and Support

Combined with the analysis of the evolution process of interaction 

between surrounding rock and supports in Section 2.1, the 

analytical solution is established as follows:

1. Conduct an elastoplastic analysis of the surrounding rock 

in the red sandstone stratum based on the improved unified 

strength criterion and considers the influence of intermediate 

principal stress, dilatancy, and nonlinear strain-softening 

characteristics. Establish the relationship between the support 

force and radial displacement (GRC) as ; 

Additionally, select an appropriate longitudinal deformation 

profile (LDP) as .

2. Assume the steel frames and shotcrete are installed at 

distances xini and x1, respectively, from the tunnel face; The 

distance between the selected section and the tunnel face is 

x = n · v; The advance rate is v; Days of construction is n. 

The installation progress of artificial support is divided into 

three stages based on the values of x, xini, and x1: unsupported

( ), supported by the steel frames ( ), and 
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supported by the steel frames and shotcrete ( ). 

When , the resulting support characteristic curve (SRC) 

becomes the most complex in forms. The expression of the 

SRC in this case is as follows:

 (41)

Therefore, the following section only outlines the analytical

steps that apply when the tunnel supports are comprised of 

both steel frames and shotcrete.

3. Assume that the surrounding rock is in a certain elastoplastic 

state, and obtain the virtual support at a distance of x1 from 

the tunnel face  by conducting a coupling 

analysis of GRC and LDP. This involves the simultaneous 

solution of  and . Subsequently, 

obtain the support force  and radial displacement 

 by conducting a coupling analysis of GRC 

and SRC. This involves the simultaneous solution of 

 and .

4. Calculate the total support force acting on the inner wall using 

, and confirm the correctness of 

the assumed elastoplastic state in step (c) using the judge 

theorem proposed in this paper. If the assumed state is 

correct, proceed to the subsequent steps. If not, select a new 

elastoplastic state and repeat steps (c) and (d).

5. Adjust the expression of SRC in step (c) from

 to 

, 

and determine the values of , , and 

 based on the methodology used in steps (c) 

and (d),

6. Use Eq. (13) to determine whether the failure of the 

artificial support has occurred. If it has, stop the calculation. 

If not, continue to step (g).

7. Determine whether the surrounding rock is balanced with 

the support according to whether pf(x) approaches zero. If it 

does, stop the calculation. If not, adjust  and repeat 

steps (b) − (g).

The above solution process can be implemented through 

MATLAB programming, and the flowchart representation is 

presented in Fig. 6. By utilizing this program, the mechanical 

response of both the surrounding rock and the installed support 
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system can be quantitatively assessed, which has a positive 

significance for controlling the flexibility of the support system.

5. Validation of the Analytical Solution

This section aims to validate the reliability and effectiveness of 

the proposed analytical solution by utilizing the Yangcheng 

Tunnel of Haoji Railway in the red sandstone stratum, shown in 

Fig. 7, as the research object. Detailed parameters of the surrounding 

rock and supports are listed in Tables 1 − 3. The approximate 

tunnel radius R0, obtained via the equivalent circle method (Duan 

et al., 2023), is 5.8 m. Steel frame type I20 and shotcrete type 

C25 are used in this tunnel. The support stiffness and ultimate 

bearing capacity are calculated using Eqs. (10) − (13).

To validate the proposed analytical solution, a comparison is 

made with a previous solution. Fig. 8 shows the radial displacement 

curves obtained from the solutions proposed by this paper and 

Zhang et al. (2012). Note that the previous solution, based on the 

unified strength theory (Yu, 1994), cannot fully consider the stress 

characteristics of the rock mass and the nonlinear attenuation 

characteristics of the rock strength parameters.

The development trend of the rock radial displacement 

distribution curves obtained by the two methods is similar, with 

Fig. 7. Tunnel Engineering in Red Sandstone Stratum: Yangcheng Tunnel

Table 1. Parameters of Surrounding Rock

E (MPa) ν c0 (MPa) c* (MPa) φ0 (8) φ* (8) ψp (8) ψb (8) Tc (MPa) Tφ (8) σ0 (MPa) b

280 0.3 0.18 0.15 36 24 4.5 2.25 3 1,200 3.0 0.5

Table 2. Parameters of Steel Frame 

Aset (cm2) hset (m) d (m) kset (MPa/m)  (MPa) E (GPa) ν σc (MPa)

35.5 0.2 0.4 57.4 0.467 210 0.3 300

max

set
p

Table 3. Parameters of Shotcrete 

dshot (m) kshot  (MPa/m)   (MPa) E (GPa) ν σc  (MPa)

0.37 276.4 1.040 23 0.2 17

max

shot
p

Fig. 8. Comparison of the Radial Displacement Curves of Surrounding 
Rock Obtained by Two Methods
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main differences arising in the residual zone. The radius of 

residual zone and plastic softening zone obtained by the proposed 

method are 1.28 R0 and 1.78 R0, respectively, which are 5.9% 

and 7.3% smaller, respectively, than those obtained by Zhang et 

al. (2012). By and large, the application of the solution proposed 

by Zhang et al. (2012), overestimates the radial displacement of 

the surrounding rock. This observation indicates that the previous 

solution may result in a conservative engineering design, which 

can be attributed to its deficiencies in accounting for the intermediate 

principal stress, dilatancy, and strain-softening characteristics of 

the surrounding rock. In conclusion, the results obtained by the 

proposed analytical solution are more accurate than the previous 

solution.

6. Parametric Analysis

When the staged support installation method is employed, the 

mechanical response of the structure and surrounding rock during 

tunnel construction is affected by the initial install location and 

stiffness of each type of support. As such, this section conducts a 

parametric analysis to clarify their impact on surrounding rock 

deformation and support stress, which can aid in precisely 

controlling the flexibility of the support system.

As detailed in Section 2.3, on the premise that the material 

and geometric parameters of the artificial support remain constant, 

the initial install locations of the steel frames and shotcrete 

(designated as xini and x1) will have a significant effect on the 

support flexibility of the supports. To investigate the impact of 

the initial install locations of the steel frames and shotcrete on the 

support flexibility, multiple calculation cases are established, as 

indicated in Table 4. The other parameters remain the same as 

those presented in Section 5.0.

6.1 Influence of the Initial Install Location of the Steel 
Frame

Figure 9 displays the support stress development curves for 

various initial install locations of the steel frame xini.

Figure 9(a) shows that the stress development of the steel 

frame changes from rapid to basic stability after the shotcrete is 

installed. As xini increases from 0 to 4 m, the final stress value 

of the steel frame decreases from 0.275 to 0.088 MPa. This 

phenomenon demonstrates that postponing the initial install 

location of the steel frame can effectively reduce the final stress 

and improve the safety performance of the support structure; 

Fig. 9(b) shows that the stress development curve of the 

shotcrete is smoother than that of the steel frame. Increasing xini
from 2 to 3 m shifts the surrounding rock from the plastic 

softening state to the residual state, resulting in an increase in 

the final shotcrete stress value from 0.129 to 0.168 MPa. This 

phenomenon indicates the excessive postponement of the 

support installation may cause the surrounding rock to shift 

into the residual state, generating additional pressure that may 

compromise structural safety.

Figure 10 displays the load sharing ratio and safety factor of 

the supports for varying xini.

As seen in Fig. 10, the load sharing ratios of the steel frame 

decrease as xini increases. When xini does not exceed 1 m, the 

steel frame is the primary bearing component of the artificial 

support system. When xini exceeds 4 m, the load sharing ratio 

of the shotcrete becomes about 5 times that of the steel frame. 

Increasing xini leads to a significant increase in the safety 

factor of the steel frame, whereas the safety factor of the 

shotcrete decreases.

Figure 11 shows the longitudinal distribution of the radial 

displacement of the inner tunnel wall for varying xini.

Fig. 9. Support Stress Development Curves for Varying xini: (a) Steel Frame Stress, (b) Shotcrete Stress

Table 4. Calculation Cases of the Initial Install Location of the Supports

Analysis type Non-variables Variables

Analysis on the influence of the 

initial install location of the steel 

frames

x1 = 4 m xini = 0, 1, 2, 3, 4 m

Analysis on the influence of the 

initial install location of the shot-

crete

xini = 0 m x1 = 0, 2, 4, 6 m
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The radial displacement of the surrounding rock at the inner 

wall of the tunnel mainly develops between 1.3 times the tunnel 

span ahead of the tunnel face and 0.7 times the tunnel span 

behind the tunnel face. At the tunnel face, the radial displacement of 

the surrounding rock, which has entered the plastic softening 

state, is 65.0 mm. This demonstrates that the advanced core soil 

in the red sandstone stratum has poor natural strength. However, 

following the installation of the steel frame, convergence 

deformation of the surrounding rock is immediately brought 

under control. Increasing xini from 0 to 4 m causes the total radial 

displacement of the surrounding rock to increase from 69.7 to 

144.7 mm. This demonstrates that the rock deformation is highly 

sensitive to the initial install location of the steel frame.

6.2 Influence of the Initial Install Location of the 
Shotcrete

Figure 12 shows the support stress development curves for 

Fig. 10. Load Sharing Ratio and Safety Factor of the Supports for Varying xini: (a) Load Sharing Ratio, (b) Safety Factor

Fig. 11. Radial Displacement of the Inner Wall of the Tunnel for 
Varying xini

Fig. 12. Support Stress Development Curves for Varying x1: (a) Steel Frame Stress, (b) Shotcrete Stress
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varying initial install locations of the shotcrete x1.

After the installation of the shotcrete, the stress development 

of the steel frame is immediately suppressed, while that of the 

shotcrete develops smoothly. When x1 increases from 0 to 6 m, 

the amplitude of the steel frame stress is 0.193, 0.056, and 0.036 

MPa, and the amplitude of the shotcrete stress is 0.193, 0.056, 

and 0.036 MPa. This indicates that the initial install location of 

the shotcrete, particularly with respect to its proximity to the 

tunnel face, has a significant impact on the amplitude of the 

structural stress.

Figure 13 shows the load sharing ratio and safety factor of the 

supports for varying x1.

Increasing x1 causes a gradual increase in the load sharing 

ratio of the steel frame, accompanied by a sharp decrease in its 

safety factor. It should be noted that the analytical solution 

presented in this paper does not account for the impact of 

hardening properties or installation quality on concrete strength. 

As a result, the actual safety factor of the steel frame may be 

lower than the calculated values shown in Fig. 13. This indicates 

that the staged installation method imposes strong requirements 

on the load-bearing capacity of the steel frame to prevent structural

failure before the shotcrete installation; The safety factor of each 

calculation case is over 2.5, suggesting that the shotcrete 

thickness of 37 cm is overly conservative.

6.3 Influence of the Support Stiffness
The support stiffness significantly impacts the mechanical response

of the structure throughout the entire construction process, and its 

Fig. 13. Load Sharing Ratio and Safety Factor of the Supports for Varying x1: (a) Load Sharing Ratio, (b) Safety Factor

Table 5. Calculation Cases of the Support Stiffness

Shotcrete 

thickness dshot

/(cm)

Shotcrete 

stiffness kshot

/(MPa/m)

Ultimate 

bearing capacity

/(MPa)

Allowable 

deformation/

(mm)

37 276 1.040 3.76

32 237 0.912 3.85

27 199 0.773 3.88

22 161 0.632 3.90

Fig. 14. Support Stress Development Curves and Safety Factors of the Shotcrete with Different Structural Stiffness: (a) Stress Development Curve,
(b) Safety Factor
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unreasonable allocation can lead to adverse application effects. If 

not allocated properly, the support stiffness may fail to satisfy the 

load-bearing requirements, or may result in a waste of resources. 

Herein, the support stiffness is regulated by adjusting the structural 

thickness, and the impact of support stiffness on the stress level and 

safety factor is analyzed. The calculation cases are listed in Table 5, 

presenting the structural stiffness, ultimate bearing capacity, and 

allowable deformation of the shotcrete based on Eqs. (11) − (13).

Fig. 14 shows the stress development curves and safety factors of 

the shotcrete with different structural stiffness.

As depicted in Fig. 14(a), the stress of the shotcrete increases 

sharply within 3 m behind the tunnel face, then stabilizes as the 

distance from the tunnel face grows beyond 18 m; The final 

stress of the shotcrete progressively grows as its thickness 

decreases. When dshot is 22 cm, the final stress nears the ultimate 

bearing capacity (0.632 MPa), registering at 0.556 MPa. As 

depicted in Fig. 14(b), the safety factor of the shotcrete declines 

notably with decreasing thickness. As dshot decreases from 37 cm 

to 22 cm, the corresponding safety factors are 2.78, 2.16, 1.61, 

and 1.14, respectively, which highlights the impact of the 

shotcrete thickness on structural safety.

6.4 Sensitivity Analysis of Support Design Parameters on 
the Mechanical Response of Surrounding Rock and 
Supports

Sensitivity analysis is an essential approach for evaluating system 

stability by determining how changes in parameters affect the 

system's behavior, which is critical in assessing the impact of 

parameter disturbances on system characteristics (Zhou et al. 

2020). The initial install locations and stiffness of the supports 

are the critical parameters affecting the effectiveness of tunnel 

support. Therefore, the system characteristics comprise surrounding 

rock deformation and support stress, and the influencing parameters 

consist of steel frame stiffness kset, shotcrete stiffness kshot, initial 

install location of the steel frame xini, and initial install location of 

the shotcrete x1. Following the sensitivity analysis procedure used by 

Jiang et al. (2023), the sensitivity coefficients for various system 

characteristics can be derived, as listed in Table 6. The average 

sensitivity coefficients for surrounding rock deformation, steel frame 

stress, and shotcrete stress are utilized as the comprehensive 

assessment index for the supporting effect's sensitivity. This 

approach determines the sensitivity order of supporting effect to 

each design parameter as follows: Initial install location of 

shotcrete > Initial install location of steel frame > steel frame 

stiffness > shotcrete stiffness. Hence, the initial install location of 

each component of the support system should be taken as the 

crucial design parameter. 

7. Comparison of the Effects of Different Support 
Methods

The staged support installation method entails creating an unbraced 

section and a low-stiffness support section behind the tunnel face,

which can partially release the deformation of the surrounding 

rock to alleviate the pressure on the support system. To emphasize 

the benefits of the staged support installation method, this section 

compares the practical effects of the traditional support installation

method with those of the proposed method. The two methods are 

presented as follows: the traditional method entails applying the 

steel frame and shotcrete simultaneously at the tunnel face, as 

shown in Fig. 15(a) and satisfies xini = x1 = 0 m and dshot = 37 cm, 

while the staged support installation method depicted in Fig. 15(b)

involves creating an unbraced section and a low-stiffness support 

section behind the tunnel face, and satisfies xini = 0.4 m, x1 = 1.2 m,

and dshot = 27 cm.

The surrounding rock deformation and support stress for each 

method are obtained by the proposed analytical solution. For the 

traditional method, the shotcrete stress is 0.374 MPa, the safety 

factor is 2.78, and the radial displacement of the inner wall is 67 mm.

Table 6. Sensitivity Coefficients for Various System Characteristics

Sensitive coefficient
Steel frame 

stiffness kset

Shotcrete stiffness

kshot

Initial install location

of steel frame xini

Initial install location 

of shotcrete x1

Surrounding rock deformation 0.021 0.003 0.306 0.015

Steel frame stress 0.206 0.090 0.228 0.546

Shotcrete stress 0.265 0.129 0.174 0.541

Average 0.164 0.074 0.236 0.367

Fig. 15. Diagram of the Two Support Installation Methods: (a) Traditional 
Installation Method, (b) Staged Installation Method
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In contrast, for staged support installation, the shotcrete stress is 

0.232 MPa, the safety factor is 3.33, and the radial displacement 

is 77 mm. It can be found that despite the shotcrete thickness of 

the second method being 10 cm less than that of the first method, 

the structural safety can be effectively guaranteed, and the 

deformation control effect does not degrade significantly. These 

results emphasize that the staged installation method can strike 

the perfect balance in terms of support bearing safety and 

deformation mitigating effects by adjusting the initial install 

location of each component. Moreover, this method can ease the 

load requirements for the support by utilizing the load-bearing 

capacity of the surrounding rock, reducing support thickness and 

thereby contributing to cost savings in engineering projects.

Based on the above analysis, it can be considered that the 

proposed model can be applied to obtain the mechanical response of 

the surrounding rock and artificial supports of the tunnel buried 

in red sandstone stratum when the support systems are installed 

in stages, which has the potential to overcome the limitations of 

stiff support systems in coping with large deformation problems 

of surrounding rock. In addition, the time-varying characteristics 

of surrounding rock and support are not considered in the 

theoretical derivation process, including the creep characteristics 

of surrounding rock (Wu et al., 2022b) and the hardening 

characteristics of shotcrete (Liu et al., 2023), which can be 

further improved in the subsequent research.

8. Conclusions

In this paper, the advantages of staged support installation method in 

enhancing the flexibility of the support system are analyzed. 

Combined with the elastoplastic analysis of surrounding rock in 

the red sandstone stratum, an analytical solution of interaction 

between surrounding rock and support is proposed. After verifying 

the rationality of the proposed solution, the influence of various 

parameters on the supporting effect is systematically investigated. 

The main conclusions are as follows: 

1. The proposed analytical solution accounts for the intermediate 

principal stress, dilatancy and strain-softening characteristics 

of red sandstone, enabling a quantitative analysis of the 

interaction between surrounding rock and supports. This 

method offers a scientific guide for the staged installation 

of artificial supports, which has the potential to overcome 

the limitations of stiff support systems in coping with large 

deformation problems of surrounding rock.

2. When employing the staged installation method, the 

development trend of the steel frame stress shifts from rapid 

development to basic stability upon shotcrete installation. 

Postponing the initial install location of the steel frame can 

reduce its stress level and increase the stress level of shotcrete, 

whereas postponing the initial install location of shotcrete 

has an inverse effect. Excessive delays in support installation 

may cause the surrounding rock to enter the residual state 

and generate additional pressure, which is detrimental to 

structural safety.

3. The sensitivity order of supporting effect to each design 

parameter is as follows: Initial install location of shotcrete 

> Initial install location of steel frame > steel frame stiffness > 

shotcrete stiffness. The initial install location of each 

component of the support system should be taken as the 

crucial design parameter.

4. The staged installation method can achieve the optimal 

balance between structural safety and deformation control 

effects by adjusting the initial install location of the artificial

support. This method can ease the load requirements for 

supports by utilizing the load-bearing capacity of the 

surrounding rock, and achieve cost savings in engineering 

by reducing support thickness.
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