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1. Introduction

The application of magnetically levitated (maglev) technologies 

in transport has developed rapidly since the 1970s (Glatzel et al., 

1980). The two effective suspension technologies in practical 

maglev vehicle systems are electrodynamic suspension (EDS) 

and electromagnetic suspension (EMS) (Kaloust et al., 2004). 

The EDS system suspends a vehicle above its guide-rail based on 

repulsive forces between superconducting magnets on the 

vehicle and the normal coils on the guideway, while the EMS 

system employs the attractive forces between the conventional 

electromagnets on the vehicles and the ferromagnetic rails to 

levitate the vehicle towards steel tracks. The other major difference 

is that the EMS system is unstable without controls and the EDS 

system can maintain self-stabilization at high speeds (Park et al.,

2001). In the past two decades, the EMS-type train has achieved 

commercial application in Japan, Korea and China (Suzuki et al., 

1984; Kwon et al., 2008; Zhang and Huang, 2019). In this paper, 

the vibration analysis of the EMS-type maglev vehicles traveling 

over the long-span space continuous girder bridge is based on the 

Changsha Maglev Express (CME) with middle-low speed in 

China.

The dynamic behavior of maglev vehicles has important 

consequences for the safety, ride quality, guideway design and 

system cost. To design a proper guideway that proves the maglev 

vehicle with an acceptable ride quality, the dynamic characteristics

of the maglev vehicle-guideway system must be understood. 

Therefore, many investigators have conducted extensive 

investigations for the dynamic interaction of the EMS-type 

maglev vehicle running on the flexible guideway. Popp and 

Schiehlen (1975) previously established a simplified maglev 

vehicle-guideway model in which the vehicle is modelled using 

two lumped masses connected by a spring-damper system. Cai et 

al. (1992; 1994) provided a detailed description of vertical 

motions for 9-degrees-of-freedom (9-DOF) maglev vehicle moving 

along guideway. These authors also reviewed the various aspects 

of the dynamic characteristics, experiments and analysis, and 

design guidelines for the simple maglev-guideway systems (Cai 

and Chen, 1997). Zheng et al. (2005) studied the vertical dynamic 

stability of a simplified model with 2-DOF using the Lyapunov 
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exponent. To evaluate the ride quality of maglev vehicle moving 

on different types of guideways, Zhao and Zhai (2002) developed a 

10-DOF model of maglev vehicle and the discrete fast Fourier 

transform is employed for the random response results. Then, 

more complicated maglev vehicle-guideway models have been 

developed based on the numerical techniques and control laws. 

Yau (2009; 2010a; 2010b; 2010c) carried out a systematic study 

in a simple maglev vehicle-guideway system with vibration 

control, resonance phenomena and environmental excitations. 

Shi et al. (2007) established a 3D dynamic model of the high-

speed maglev vehicle and guideway interaction. Based on the 

urban transit maglev (UTM) in Korea, Min et al. (2017) presented a 

detailed 3D model with 25-DOF to study the dynamic interaction

effects of guideways and vehicles, including vertically and 

laterally resonant vibrations. Treating the 3D vehicle model 

as the rigid bodies with 55-DOF and considering a real 

continuous girder bridge, Liu and Guo (2019) conducted the 

linear random vibration of maglev vehicle-bridge system. 

However, there is little research considering the motions of 

EMS-type maglev vehicles moving over a long-span bridge 

with double lines.

The purpose of this study is to develop a detailed 3D model of 

multicar maglev vehicles traveling over a long-span bridge with 

double lines. Two derived state-space equations of left- and 

right-hand maglev vehicles consider the equations of motion of 

vehicles, governing equations of currents, linear feedback controls

and state observers. These two state-space equations of the 

vehicles and the equation of motion of the bridge are coupled via 

electromagnetic forces, and they are solved by a new separated 

iterative approach based on the precise integration method and 

the Newmark-β method. The virtual work performed by all 

inertial forces, damping forces, elastic forces and fluctuating 

electromagnetic forces are calculated to conveniently assemble 

the global mass matrix, damping matrix, stiffness matrix and 

coefficient matrices of fluctuating electromagnetic forces in the 

maglev vehicles. Some objective facts verify the correctness of 

the proposed 3D model that when two sets of maglev vehicles 

move on the bridge with smooth guideway at same traveling 

speeds, the cabin vertical displacements for left- and right-hand 

maglev vehicles are exactly the same, and their lateral displacements 

ought to be completely opposite. The effects of guideway 

irregularities on the maglev vehicles-bridge system are considered

in this model. Additionally, the numerical simulations investigate 

the effects of the traveling speeds and the number of cars on the 

maglev vehicles running on the long-span continuous girder 

bridge.

2. Model of Maglev Vehicles

As shown in Fig. 1, a full 3D maglev vehicle is simulated using 

one cabin body supported by secondary suspensions connected 

with ten levitation bogies, in which the secondary suspensions 

are simplified by adopting longitudinal, vertical and horizontal 

spring-dashpot systems. Interactions between left- and right-

hand anti-roll beams rigidly connected with bogies are modelled 

using 20 groups of vertical and lateral spring-dashpot systems. 

Each bogie has four suspension magnets, and there exist 40 

suspension magnets in a car. It should be noted that fixed sliding 

tables and lateral sliding tables are used to link the cabin to the 

secondary suspensions. Major difference in these two tables is 

that the fixed sliding table can fasten two connectors in three 

directions of space, while the lateral sliding stable merely fixes 

two connectors in the vertical direction. Table 1 shows the 

corresponding parameters of the maglev system.

2.1 Electromagnetic Force
The electromagnetic forces couple maglev vehicles and the 

bridge. Unlike the traditional ground transportation in which the 

interactions come from the contact forces, the noncontact maglev 

vehicles-guideway system is still subjected to the effects of the 

electromagnetic forces. The electromagnetic force is usually 

expressed by (Kong et al., 2011):

Fig. 1. Maglev Vehicle Model: (a) Side View, (b) Front View, (c) Plane 
View
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 (1)

where μ0 is the permeability factor, A0 is the pole face area, N0 is 

the number of turns coil, h is the vertical air gap between the 

magnet and the guideway, and i is the control current. Considering 

that the electromagnetic force fluctuates slightly up and down at 

the balance point, the nonlinear electromagnetic force can be 

translated into the linear electromagnetic force using a Taylor 

series expansion at the balance point and the following expressions 

have ignored the effect of high order derivative.

 (2)

(3)

(4)

where i0 and h0 are the nominal current and air gap, respectively, 

Δi and Δh are the fluctuating current and air gap, respectively, ki
and kh are the equivalent stiffness, g is the gravitational acceleration, 

and mc and mb are the lump mass of the cabin and bogie, 

respectively. Note that the magnetic force G0 at the static 

equilibrium point is equivalent to the gravity at corresponding 

position produced by the cabin and bogies. Here, due to 

symmetric distribution of configuration of the maglev vehicle, ρ1

= 40 is the number of electromagnetic forces in one vehicle and 

ρ2 = 4 is the number of electromagnetic forces in one bogie.

Each two adjacent electromagnetic forces share a control 

current, and a bogie has two control fluctuating currents. The 

total number of the control currents is 20 in the maglev vehicle 

with one car. The first-order derivative of the fluctuating current 

Δi in Eq. (4) can be described by (Kim et al., 2015):

 (5)

 (6)

where subscript p = 1, 2, 3, …, 20, ΔUp is the pth fluctuating 

voltage, L0 is the inductance of the magnet winding, and Δhp is 

the first-order derivative of the mean value of two adjacent air 

gaps in the vertical direction. 

As the laterally independent control system does not exist in 

the middle-low speed EMS-type maglev vehicle, the simplified 

lateral electromagnetic force ΔFe can be given as (Min et al., 

2017):

 (7)

where . ΔFe is the lateral guide force, ke is the 

equivalent stiffness, Δze is the lateral air gap between the magnet 

and the guideway, and d0 is the width of the magnet on the bogie.

2.2 Model of Maglev Vehicle with One Car

2.2.1 Equation of Motion
In the maglev vehicle with one car, the cabin and bogies are 

considered as rigid bodies. Each rigid body considers 5-DOF, 

namely, lateral and vertical displacements as well as rolling, 

pitching and yawing rotations. The 11 rigid bodies in the car 

have total 55-DOF. Hence, the displacement vector can be 

described by:

(8)

where y, z, , φ and θ represent the vertical and lateral 

displacements, as well as rolling rotation, pitching and rotations, 

respectively, the subscripts c and b denote the cabin and bogie, 

respectively, the subscript q (q = 1, 2, 3, …, 10) is the qth bogie. 

For instance,  is the rotation by the x-axis at the 4th bogie. 

One bogie in the vertical direction is supported by four 

electromagnetic forces because it is reasonable that uniformly 

distributed forces between the electromagnets and ferromagnetic 

rails are assumed to be concentrated force (Cai et al., 1992). 

There are 40 electromagnetic forces and guide forces in one car. 

Accordingly, the required vertical guideway displacements in the 

vertical air gaps can be determined as following vector form:

 (9)

The lateral guideway displacement vector related to lateral air 

gaps is:

 (10)

and the fluctuating current vector in the fluctuating electromagnetic 

forces is:

 (11)

where ur and vr are, respectively, the rth vertical and lateral 

guideway displacements and subscript r has the maximum value 

of 40, Δip is the pth control current and subscript p has the 

maximum value of 20. Both vertical and lateral guideway 

displacements contain two parts of bridge displacements and 

guideway irregularities.

In general, the equation of motion for the maglev vehicle is:

(12)

in which Mm, Cm and Km are the mass, damping and stiffness 

matrices of the car, respectively, and  is the force vector. As 

the maglev vehicles-bridge model will be solved by the separated

iterative method, vehicles are treated as an independent system, 

and the influences of guideway displacements on the car should 

be considered as external inputs. According to the calculations of 

vertically and laterally fluctuating electromagnetic forces in Eqs. 

(4) and (7), one can know that the matrix-vector form of the 

force vector in Eq. (12) can be written as:
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(13)

where Am, Bm, Em and Qm are the coefficient matrices.

Displayed in Fig. 2 are the free body diagrams of the cabin 

and the first bogie, where Fcxu, Fcyg and Fczu (u = 1, 2, 3, …, 8 and 

g = 1, 2, 3, …, 20) are the longitudinal, vertical and lateral forces, 

including the damping and spring forces supporting the cabin, 

Fbyf and Fbzf ( f = 1, 2, 3, …, 20) are the vertical and lateral forces 

containing damping and spring forces between the left- and 

right-hand bogies, Fbyr and Fbzr are the vertical and lateral 

electromagnetic forces, respectively. According to the principle 

of virtual work, the virtual work of the vehicle performed by all 

inertial forces, damping forces, elastic forces, electromagnetic 

forces and guide forces can be described as following expression:

(14)

where  denotes the total virtual work of all forces in one car, 

 represents the total virtual work of all inertia forces, , 

 and  are the total virtual work done by secondary 

spring-damper systems in the longitudinal, vertical and lateral 

directions, respectively,  and  are the total virtual work 

done by spring-damper systems connecting bogies for vertical 

and lateral directions, respectively,  and  are the total 

virtual work done by vertical and lateral electromagnetic forces, 

respectively. Furthermore, these virtual works can be rewritten as 

the following expressions.

 (15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

where Δcxu, Δcyg and Δczu are the relative displacements in the 

longitudinal, vertical and lateral directions for the secondary 

suspensions, respectively; Δbyf and Δbzf are the relative displacements 

in the vertical and lateral directions between bogies, respectively; 

Δheyr and Δzezr are the vertical and lateral air gaps, respectively; 

kcx and ccx, kcy and ccy , and kcz and ccz are the stiffness and damping 

coefficients of the longitudinal, vertical and lateral secondary 

spring-dampers, respectively; kby and cby, and kbz and cbz are the 

stiffness and damping coefficients of the vertical and lateral 

spring-dampers connecting bogies, respectively; Jcx, Jcy and Jcz
are the rolling, pitching and yawing moments of inertia of the 

cabin body, respectively; and Jbx, Jby and Jbz are the rolling, 

pitching and yawing moments of inertia of the bogie, respectively.

Further calculating Eqs. (15) − (22) will again produce many 

terms and all terms can be divided into the following seven 

categories: , , , , , 

 and , where 1 ≤ γ ≤ 55, 1 ≤ η ≤ 55, 1 ≤  ≤ 20 

and 1 ≤  ≤ 40.  and  express the  and  elements 

in the displacement vector Ym and the virtual displacement 

vector , respectively.  is the  element in the vector 

.  and  are the  elements in the vectors U and V, 

respectively. AK, AC, AM, AA, AB, AE and AQ are the coefficients, 

and all of these coefficients can be automatically added to the 

corresponding position of the matrices Km, Cm, Mm, Am, Bm, Em

and Qm in the computer program, respectively. After all these 

terms are assembled, the stiffness matrix, damping matrix, mass 

matrix and the coefficient matrices of electromagnetic force for 

the car are built. For instance, the coefficient AA can be automatically

added to the coefficient matrix Am at the  row and the  

column. When subscript r = 1, the virtual work of the first lateral 

guide force can be written as:
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Fig. 2. Free Body Diagrams of: (a) The Cabin, (b) The First Bogie
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where Hex1 and Hey1 are the longitudinal and vertical coordinates 

of the first lateral guide force based on the local coordinate 

system of the first bogie on the left-hand side of the car. 

Obviously, each item in the Eq. (23) is one of two categories of 

 and . All of these two kinds of coefficients 

can be automatically added to corresponding positions of the 

matrices Am and Qm in the computer program.

2.2.2 Governing Equation of Fluctuating Current

Stable fluctuating voltage in the EMS-type maglev vehicle is a 

key factor to keep the vehicle travel safely on the guideway. 

Without appropriate control voltage, the vehicle cannot produce 

the required fluctuating current. To produce the control voltage, 

we introduce the linear negative feedback control, which is 

expressed as follows (Shi et al., 2007 and Sinha et al., 1991):

(24)

where  is the pth mean value of two adjacent air gaps in the 

vertical direction,  is the corresponding acceleration related to 

the pth control voltage, and kd, kv and ka are the coefficients of the 

feedback control.

The sensors on the bogies are able to measure the relative 

displacements and accelerations of the vertical air gaps, but it is 

difficult to measure the relative velocities. However, the relative 

velocity can be estimated by using the state observer. For the 

purpose of convenience in calculation, the relative displacement 

 in Eq. (24) is also set as an estimated variable. Hence, based 

on Eqs. (5) and (24), the matrix-vector form of the governing 

equation of the fluctuating control current can be given as:

 (25)

where  is the vector of the estimated variable for the vertical 

air gap, Dm, Gm, Jm and Om are the coefficient matrices, in which 

all elements can be automatically assembled row by row in the 

computer program. The following will take an example of 

assembling the first rows. Substituting Eq. (24) into Eq. (5), the 

first-order derivative of the control current is described as follows:

(26)

where Hez1 is the lateral coordinate of the first electromagnetic 

force based on the local coordinate system of the first bogie on 

the left-hand of the cabin, Hex2 and Hez2 are the longitudinal and 

lateral coordinates, respectively, of the second electromagnetic 

force based on the local coordinate system of the first bogie, 

 and  are the estimated vertical air gap and its first-

order derivative related to the first electromagnetic force,  

and  are the estimated vertical air gaps and its first-order 

derivative related to the second electromagnetic force. Each term 

in Eq. (26) should be one of following four categories: , 

,  and .  represents the  element of 

, and  and  represent the  elements of  and 

, respectively. Finally, these four types of coefficients AD, 

AG , AJ and AO are added to corresponding positions in the first 

rows of the Dm, Gm, Jm, and Om, respectively. After the remaining 

19 rows of these coefficient matrices are assembled in this way, 

the work of forming the governing equation of fluctuating 

current is finished entirely.

2.2.3 State Observer

In the maglev vehicle-bridge system, to estimate un-measurable 

state variables, a state observer is required to design. The state 

variables to be estimated are  and . As vertical air gaps 

and their second derivatives can be measured by using sensors 

on the bogies, a state-space equation based on these measured 

variables is formulated as follows:

  (27)

  (28)

where 0 and 1 are the zero matrix and unit matrix. As a result, the 

state-space equation of the corresponding state observer is 

constructed as:

(29)

where  and  are the Kalman filter gain matrices. Eq. 

(29) can also be expressed by:

 (30)

where N1 is the shape function matrix of the vehicle to solve the 

vertical displacements or accelerations, respectively. 
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2.2.4 State-Space Equation
All concerned expressions of the maglev vehicle with one car 

have been given so far. The mass matrix, stiffness matrix, damping

matrix and coefficient matrices of fluctuating electromagnetic 

force in the equation of motion of the car have been assembled 

automatically based on the principle of virtual work. The 

coefficient matrices of governing equation of fluctuating current 

have been formed row by row in the computer program. An 

observer has been introduced to obtain both relative velocities 

and displacements related to the control currents. These three 

major coupled equations belong to differential equations with 

different orders. The conventional integral method does not 

directly address these three equations at the same time. Thus, a 

new state-space equation, including these three components, is 

derived. The 55-DOF car has 210 state variables, including 55 

displacements of the rigid bodies and its first-order derivatives, 

20 fluctuating currents, and 40 estimated vertical air gaps and its 

first-order derivatives, which can be expressed as following 

vector:

(31)

The coupled state-space equation of the maglev vehicle with 

one car is formed by:

 (32)

(33)

(34)

 (35)

 (36)

2.3 State-Space Equations of Multicar Maglev Vehicles
The left- and right-hand maglev vehicles travel along on their 

own lines. The maglev vehicles-bridge interaction model is 

required to share a global Cartesian coordinate system in the 

process of calculation. In this study, all local coordinate systems 

of the left-hand maglev vehicle are parallel to the global 

coordinate system, and their directions are also same. For the 

left-hand maglev vehicle with many of the same cars, the state-

space equation of each car still has the same state matrix and 

input matrices. However, the input vectors from both bridge 

motions and track irregularities and the output vector of each car 

should be different due to the different traveling positions of cars 

on the guideway. Based on Eq. (32), the state-space equation of 

the left-hand vehicle with n cars can be described by:

  (37)

where  is the state vector of the state-space equation for the 

nth car in the left-hand maglev vehicle, ,  and  are 

the corresponding input vectors, and Alt, Blt, Clt and Dlt are the 

corresponding coefficient matrices. For the right-hand maglev 

vehicle, all longitudinal and lateral directions in local coordinates 
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Table 1. Main Vehicle System Parameters

Parameter Unit Value

Cabin body mass (mc) kg 23,292

Bogie mass (mb) kg 846

Roll inertia of cabin body (Jcx) kg m2 66,800

Pitch inertia of cabin body (Jcy) kg m2 210,000

Yaw inertia of cabin body (Jcz) kg m2 193,000

Roll inertia of bogie (Jbx) kg m2 963

Pitch inertia of bogie (Jby) kg m2 1,800

Yaw inertia of bogie (Jbz) kg m2 268

Longitudinal stiffness of secondary suspension (kcx) N/m 900,000

Vertical stiffness of secondary suspension (kcy) N/m 140,000

Lateral stiffness of secondary suspension (kcz) N/m 6,000

Longitudinal damping of secondary suspension (ccx) N s/m 50,000

Vertical damping of secondary suspension (ccy) N s/m 70,000

Lateral damping of secondary suspension (c
cz) N s/m 4,000

Stiffness of spring-dampers connecting the left  

and right bogies (kby, kbz)

N/m 4 × 108,

4,300

Damping of spring-dampers connecting the left  

and right bogies (cby, cbz)

N s/m 1 × 106,

2,100

Resistance (R0) Ω 1.6

Air gap at balanced point (h0) mm 10

Pole area (A0) m2 0.383

Coil turn (N0) - 660

Vacuum permeability (μ0) H/m 4π × 10−7

Width of electromagnet (d0) m 0.164

Length of cabin m 16

Width of cabin m 2.62

Height of cabin m 2.9
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are completely opposite to the global coordinate. The transform 

matrix Tm from the local coordinates in the right-hand vehicles to 

the global coordinate is required, and it can be expressed as: 

 (38)

In a similar way to deal with the right-hand maglev vehicle 

with n cars, the state-space equation can also be given as the 

following form with the help of the transform matrix.

  (39)

in which  is the state vector of the state-space equation for 

the nth car in the right-hand maglev vehicles, ,  and  

are the corresponding input vectors, and Art, Brt, Crt and Drt are 

the corresponding coefficient matrices.

3. Model of the Bridge

3.1 Equation of Motion of the Bridge
A real continuous girder bridge with three spans in the CME is 

considered as the guideway girder model shown in Fig. 3. The 

long-span continuous girder bridge has a total length of 280 m 

with the main span measured at 110 m and the two side spans of 

85 m. The bridge is variable cross-section concrete girder with 

single box. The origin of global coordinate system of the maglev 

vehicles-bridge system is located at the left-hand endpoint of the 

bridge and the x-, y- and z-axes are expressed as the longitudinal, 

vertical and lateral directions, respectively, which follows the 

right-hand rule. When two maglev vehicles intersect at the bridge

midpoint P3, the mid-section of the mid-span is illustrated in 

Fig. 4. P1 and P2 are the left- and right-hand endpoints of the 

bridge, respectively. By using 3D Euler-Bernoulli beam elements to 

establish the 3D finite element model of the bridge (Logan, 

2011), the equation of motion is given as:

(40)

where Ybr is the bridge displacement vector, Mbr and Kbr are the 

mass and stiffness matrices of the bridge, Cbr is the Rayleigh 

damping matrix and the damping ratios of the bridge are 0.03, 

and Fbr is the time-dependent node vector of the electromagnetic 

force. 

 (41)

where, , ,  

, , 

, , N4,  

N5, N6 and N7 are the time-dependent matrices used to obtain the 

bridge node forces; N2 and N3 denote the matrices used to attain 

the fluctuating currents and lateral displacements, respectively; 

and Gbr is the vector of the equivalent gravity and each element 

in the vector equals to the G0.

The guideway displacements in Eq. (41) can be expressed by 

following forms:

 (42)

 (43)

 (44)

 (45)

Here, Rltu and Rltv are the vertical and lateral guideway 

irregularities of the left-hand maglev vehicle, Rrtu and Rrtv are the 

vertical and lateral guideway irregularities of the right-hand 

maglev vehicle, and N8, N9, N10 and N11 are the time-dependent 

shape function matrices used to obtain the bridge displacements. 

N4, N5, N8 and N9 are the functions of the left-hand maglev 

1

1

1

m
T

−⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

1 11

2 2

rt rt rt rtrt

rt rt rt rtrt2

rt rtn rt rtnrtn

=

⎧ ⎫ ⎡ ⎤ ⎧ ⎫ ⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎢ ⎥ ⎪ ⎪ ⎢ ⎥ ⎪ ⎪
⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎢ ⎥+⎨ ⎬ ⎨ ⎬ ⎨ ⎬

⎢ ⎥ ⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪
⎢ ⎥ ⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎩ ⎭ ⎣ ⎦ ⎩ ⎭⎩ ⎭

A X B UX

A X B UX

A X B UX

�

�

� � � ��

�

11

22

rt rtrtrt

rt rtrtrt

rt rtnrtrtn

⎧ ⎫ ⎡ ⎤⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎢ ⎥⎢ ⎥ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎢ ⎥⎢ ⎥+ +⎨ ⎬ ⎨ ⎬⎢ ⎥⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎣ ⎦ ⎩ ⎭⎣ ⎦⎩ ⎭

C VDU

C VDU

C VDU

��

��

� ���

��

rtn
X

rtn
U

rtn
U��

rtn
V

br br br br br br br
+ + =M Y C Y K Y F�� �

4 2 1 5 3
( ) ( )

br br i lt h lt h lt e lt e lt
k k k k k= + + − + −F N G N X N X U N N X V

6 2 1 7 3
( ) ( )

br i rt h rt h rt e rt e rt
k k k k k+ + + − + −N G N X N X U N N X V

1 2
[ ,  , ,  ]X X X X

T

lt lt lt ltn
 = �

1 2
[ ,  , ,  ]U U U U

T

lt lt lt ltn
 = �

1 2
[ ,  , ,  ]V V V V

T

lt lt lt ltn
 = � 1 2

[ ,  , ,  ]X X X X
T

rt rt rt rtn
 = �

1 2
[ ,  , ,  ]U U U U

T

rt rt rt rtn
 = �

1 2
[ ,  , ,  ]V V V V

T

rt rt rt rtn
 = �

8lt br ltu
= +U N Y R

9lt br ltv
= +V N Y R

10rt br rtu
= +U N Y R

11rt br rtv
= +V N Y R

Fig. 3. Model of the Three-Span Continuous Girder Bridge

Fig. 4. Typical Cross-Section of Bridge when Vehicles Intersect at 
Midpoint P3
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vehicle at the traveling distances xlt  = Vltt − Slt, and N6, N7, N10

and N11 are the functions of the right-hand maglev vehicle at the 

traveling distances xrt = −Vrtt + lbr + Srt, in which Slt and Srt are the 

distances from the first electromagnetic force of the left- and 

right-hand maglev vehicles to the bridge, respectively; lbr is the 

total length of the bridge; t is the traveling time of the maglev 

vehicles. Furthermore, the second-order derivative of the vertical 

guideway displacements in Eqs. (38) and (39) can be further 

expressed by:

(46)

 (47)

3.2 Guideway Irregularity
Guideway irregularity plays an important role in inducing the 

vibration for the maglev vehicle-bridge interaction (Ren et al., 

2010). In the 3D direction, there are four types of guideway 

irregularities, such as elevation, super-elevation, alignment and 

gauge irregularities (Frýba, 1996; Yang et al., 2004). Elevation 

and alignment irregularities are derivations of centerlines of 

parallel rails from the ideal geometry of track layout in vertical 

and lateral directions while super-elevation and gauge irregularities 

denote the differences in elevations and horizontals of parallel 

rails. These derivations with frequency characteristics can be 

manifested via the power spectral density (PSD) functions. In 

this study, irregularity characteristics of two parallel F-shaped 

rails on the bridge is described through the following PSD 

functions (Frýba, 1996).

 (48)

 (49)

(50)

 (51)

where  (= 0.8246 rad/m),  (= 0.0206 rad/m) and 

(= 0.438 rad/m) are the cut-off frequencies, C1 (= 1.5 × 10
−7 m2/

rad/m), C2 (= 0.6 × 10
−7 m3/rad) and C3 (= 14 × 10

−8 m3/rad) are 

the roughness constants, bh is the half-length of the width of the 

parallel rails, and Ω (rad/m) denotes the spatial angular frequency.

Assuming that the guideway irregularities are zero-mean stationary

Gaussian random processes, the distance history of deviations 

 can be described by (Goller et al., 2013):

(52)

where  is the phase angle at the kth sample, which is the 

random variation ranging from 0 to . In this way, the 

deviations of these four types of guideway irregularities for the 

left-hand and right-hand parallel rails are expressed as R1(x), 

R2(x), R3(x) and R4(x), as well as R5(x), R6(x), R7(x) and R8(x), 

respectively. Thus, the guideway irregularities in Eqs. (42) − (45) 

can be given by:

 (53)

(54)

 (55)

(56)

Here, each matrix of guideway irregularities contains the 

parallel two rails. The lengths of these guideway irregularities 

are the distance from P1 to P2 points (see Fig. 3). For instance, the 

vertical guideway irregularities for the left-hand vehicle and its 

second-order derivative are shown in Fig. 5.

4. Iteration Approach for Coupled Equations

In this study, for the model of the long-span continuous girder 

bridge with double lines subjected the moving maglev vehicles, 
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there are two types of equations: two state-space equations for 

the left- and right-hand maglev vehicles and the other equation of 

motion of the bridge. Without the effect of the external environment, 

the interactions are produced between maglev vehicles and the 

bridge via electromagnetic forces, and the direct interactions do 

not exist between two maglev vehicles. A new effective iteration 

method is applied to solve the coupled equations of the maglev 

vehicles-bridge system. During the iteration, the node displacements 

of the bridge are assumed first. Based on the precise integration 

method (Zhang et al., 2010), the response results of two maglev 

vehicles are then computed to obtain the electromagnetic forces 

acting on the bridge. By using the Newmark-β method (Newmark, 

1959), bridge displacements are solved to compare with results 

before iteration. This iteration will be ceased only if the 

displacements of all bridge nodes from the two consecutive 

iterations are close enough. The detailed iteration process is 

given as Fig. 6. It should be emphasized that assumed displacements 

of the initial iteration at each time step are set to be displacement 

results of the bridge at the last time step to ensure the efficiency 

of iteration.

Eventually, the model of the three-span space continuous girder

bridge under the same two moving multicar maglev vehicles has 

been built, and the associated computer program has also been 

completed. The model and corresponding computer program 

have accomplished some automatic operations: 1) the major 

matrices of the maglev vehicles-bridge system can be assembled 

conveniently; 2) any number of cars in the maglev vehicles can 

be obtained by means of the parameter n; 3) the required 

positions of two maglev vehicles with different traveling speeds 

on the guideway can be decided by changing the parameters Vlt, 

Vrt, Slt and Srt; and 4) the case of only one maglev vehicle moving 

on the bridge is easily realized by setting the traveling speed of 

the other maglev vehicle as zero.

5. Numerical Results

5.1 Verification of Correctness
To verify the correctness of the established 3D model of maglev 

vehicles traveling over the continuous girder bridge in this study, 

the time histories of cabin vertical displacements for left- and 

Fig. 6. Flow Chart of the Iterative Procedure

Fig. 7. Displacement Responses of Cabins in: (a) Vertical, (b) Lateral 
Directions when Maglev Vehicles with the Speeds of 100 km/h 
Pass by Each Other on the Bridge
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right-hand maglev vehicles should be exactly the same, and their 

lateral displacements ought to be completely opposite when two 

maglev vehicles at the same speed pass by each other on the 

three-span continuous girder bridge with smooth guideways. 

These requirements are because the continuous girder bridge is a 

symmetrical structure and two sets of maglev vehicles have the 

same properties. The response curves of the vertical and lateral 

displacements of the cabins for the two vehicles with one car as 

shown in Fig. 7, meet the requirements. In this case, the 

parameters Slt and Srt are set to zero and traveling speeds of the 

vehicles are 100 km/h. The tint = 5.286 s is the time when two 

vehicles happen to intersect at the bridge midpoint P3, and they 

leave the bridge at the time of tout = 10.572 s.

Another main requirement is that the minimum displacement 

of the bridge midpoint under the condition of only one traveling 

maglev vehicle should be half of that of two maglev vehicles 

passing by each other because the continuous girder bridge is 

assumed to be a linear structure, and its deformations are smaller. 

Fig. 8(a) shows the time history of the bridge at point P3 in these 

two conditions, and corresponding minimum displacements are 

1.52 and 3.04 mm, respectively. Moreover, the lateral displacement

of the bridge midpoint under the two passing maglev vehicles 

can be negligible compared to only one traveling maglev vehicle 

because guide loads acting on the bridge for the left- and right-

hand maglev vehicles are just opposite (see Fig. 8(b)). In summary,

the correctness of these requirements has the ability to verify the 

proposed 3D model of two maglev vehicles traveling over the 

three-span continuous girder bridge.

5.2 Effect of Guideway Irregularity
In this section, the cars of the maglev vehicles are set as three 

based on the practical condition. The left-hand maglev vehicle 

and the opposite right-hand maglev vehicle begin to move at P1

and P2 points respectively at the same speed of 100 km/h, and 

they happen to intersect at the point P3. Displayed in Fig. 9 are 

the vertical and lateral acceleration curves of the second cabin of 

the left-hand maglev vehicle in the two cases of the smooth 

guideways and irregularity guideways. The second car of the 

Fig. 8. Displacement Responses of the Point P3 of the Bridge in: (a) 
Vertical, (b) Lateral Directions with Two Cases of the Double 
Lines and Single Line

Fig. 9. Acceleration Responses of the Second Cabin for: (a) Vertical, 
(b) Lateral Directions in Two Cases of Irregularity and Smooth 
Guideways
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left-hand vehicle moves on the bridge at time range from tin = 

0.583 s to tout = 11.156 s, and the time tint = 5.87 s is the intersecting

moment of the two vehicles. Compared to the lateral acceleration,

the second cabin acceleration in the vertical direction is associated 

with the positions of maglev vehicles on the bridge, in which the 

vertical accelerations for the positions of maglev vehicles around 

the midpoints of three spans on the bridge are much larger than 

the other positions on the bridge. Certainly, the maximum 

response exists around the bridge midpoint P3. It can also be seen 

that the effects of guideway irregularities on the cabin motions 

are great in the whole process of maglev vehicles moving on the 

bridge, especially for the lateral acceleration mainly depending 

on the lateral guideway irregularities. 

In addition, when two maglev vehicles arrive around the bridge

midpoint P3, the vertical acceleration responses of midpoint P3

increase significantly (see Fig. 10(a)). For the bridge with smooth

guideways under the vehicles passing by each other, little lateral 

vibrations of the bridge occur first, but these vibrations soon tend 

to zero before vehicles leave the bridge due to the bridge 

subjected to a series of opposite lateral loads from the maglev 

vehicles (see Fig. 10(b)). This phenomenon is consistent with the 

observation from Fig. 8(b). We can conclude that lateral dynamic 

responses of the maglev vehicles-bridge system are decided by 

the lateral guideway irregularities for the two sets of maglev 

vehicles with same speeds passing over the bridge. Even if 

guideway irregularities have a great influence on the vertical and 

lateral acceleration responses of the maglev vehicles-bridge 

system, the vertical accelerations still are much larger than the 

lateral accelerations. As a result, the vertical motions dominate 

the dynamic behaviors of the maglev vehicles-bridge interaction 

system due to very large lateral stiffness of the bridge in this case 

study.

5.3 Effect of Traveling Speeds of Maglev Vehicles
Displayed in Fig. 11 are the maximum values of the vertical and 

lateral accelerations of the second cabin of the left-hand vehicle 

in two cases of double lines and single line. With the increase in 

the traveling speed of maglev vehicles, the maximum responses 

of the second cabin accelerations in the vertical and lateral 

Fig. 10. Acceleration Responses of the Bridge Midpoint P3 for: (a) 
Vertical, (b) Lateral Directions in Two Cases of Irregularity and 
Smooth Guideways

Fig. 11. Effect of Vehicle Speeds on the Maximum Values of: (a) 
Vertical, (b) Lateral Accelerations of the Second Cabin for the 
Left-Hand Vehicle
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directions increase slightly. Moreover, the maximum responses 

of the second cabin acceleration in the lateral direction are 

almost the same for the double lines and single line. This 

observation may be because the lateral stiffness of the continuous 

bridge is large enough, and the passing vehicle on the other side 

line has little influence such that the lateral accelerations of the 

maglev vehicles are mainly affected by their own guideway 

irregularities and traveling speeds. For the vertical accelerations of 

the cabin at different traveling speeds, the maximum responses 

for the double lines are slightly less than the twice that of the 

single line.

On the other hand, the maximum values of the vertical 

accelerations for the bridge midpoint P3 increase with increasing 

maglev vehicle traveling speeds when only the left-hand vehicle 

moves on the bridge, but its lateral accelerations have no variety 

(see Fig. 12). The single line of the left-hand vehicle with different 

given traveling speeds influenced by guideway irregularities has 

difficulty in inducing a change in the lateral maximum accelerations 

of the bridge midpoint P3. However, the double lines of two 

passing maglev vehicles can achieve this change, but the specific 

regularity between vehicles traveling speeds and maximum 

acceleration of the bridge midpoint P3 is not observed. The 

reason may be the random characteristics of the guideway 

irregularities for two maglev vehicles traveling along the bridge 

with double lines.

5.4 Effect of Cars in Maglev Vehicles
With the increased number of cars in the maglev vehicles, the 

minima of vertical displacements in the midpoint P3 of the bridge 

with double lines decrease gradually and then tend to be stable 

after the number of cars exceeds 4 (see Fig. 13(a)). Meanwhile, 

for the bridge with a single line of only the moving left-hand 

vehicle, the vertical displacements for the bridge midpoint P3

have a similar tendency. In these cases, the traveling speeds of 

the maglev vehicles are 100 km/h. Note that the number 4 is less 

than 6.88, which is the result of the length of the bridge main 

span divided by the length of the car. Displayed in Fig. 13(b) are 

the minimum lateral displacements of the bridge midpoint P3

under different numbers of cars. Fig. 13(b) shows that the lateral 

deformation of the bridge midpoint P3 for the single line is 

always greater than for the double lines. In addition, the lateral 

deformation of bridge under single line increases with increasing 

numbers of cars. When the number of cars is fewer than 4, the 

differences in the minimum lateral displacements between 

Fig. 12. Effect of Vehicle Speeds on the Maximum Values of: (a) Vertical, 
(b) Lateral Accelerations of the Bridge Midpoint P3

Fig. 13. Minimum Values of: (a) Vertical, (b) Lateral Displacements of 
the Bridge Midpoint P3 for the Different Cars in Maglev Vehicles



KSCE Journal of Civil Engineering 1543
double lines and the single line increase as the number of cars in 

the vehicles increases. 

6. Conclusions

This paper established a complete 3D model of maglev vehicles 

traveling over a three-span continuous girder bridge. The model 

considered the dynamic behaviors of maglev vehicles, control 

currents, linear feedback control systems, estimations of un- 

measured variables, motions of a space continuous girder bridge 

with double lines and vertical and lateral guideway irregularities. 

The major conclusions based on numerical simulations of the 

poposed model can be drawn as follows:

1. The vertical motions dominate the dynamic behavior of the 

maglev vehicles-bridge interaction and the lateral motions 

of the vehicle are unaffected by the traveling maglev 

vehicle on the other line due to the large lateral stiffness of 

the bridge. 

2. The guideway irregularities have a great effect on the 

dynamic responses of the maglev vehicles-bridge system, 

and the lateral motions of two passing vehicles on the 

bridge depend on the lateral guideway irregularities.

3. With the increase in the traveling speeds, the maximum 

vertical and lateral accelerations of the vehicle have the 

increasing tendency under the bridge with single line and 

double lines, but the maximum lateral accelerations for the 

bridge midpoint P3 with single line show little change.

4. The deformations of vertical displacements for the bridge 

midpoint P3 under double lines are always larger than that 

of single lines with the increase in the number of cars in 

maglev vehicles, while its lateral displacements have an 

opposite regularity.

The above conclusions of the numerical simulation using the 

proposed 3D coupled model are drawn based on a specific case 

study, and more general regularity is needed to conduct many 

further tests of numerical simulations for different types of 

bridge. 
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