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Abstract

The punching problem of reinforced concrete flat slabs and flat foundations has two main aspects, related to load carrying capacity
of these structures under shear forces. The first is obtaining the shear force value, and the second — finding the control area (failure
zone dimensions). Generally, the punching shear force is taken, based on experimental data, and the control perimeter is assigned
according to existing design codes. At the same time, the assigned control perimeter is different for flat slabs and flat foundations.
The available experimental and finite element analysis data, used for assigning this area, has a wide scatter and differs by 40-50%
from the values, given in modern design provisions. The present study is focused on the above-mentioned second aspect and deals
with exact evaluation of the control perimeter under shear punching in flat slabs and flat foundations. This study emphasizes the
difference between punching shear due to concentrated load and support reaction force to distributed one. These both cases are
investigated using mini-max principle: the internal shear forces are maximized and the control perimeter dimension leads to minimal
external load. Efficiency of the proposed method is demonstrated by numerical examples and comparison with available data, based
on results of experiments and finite element analyzes. The obtained results can be used as a basis for refinement of existing punching
shear models and further development of modern design provisions in this field.
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1. Introduction

Punching problem of two - way Reinforced Concrete (RC) flat
slabs and foundations is widely investigated since the middle of
previous century (Kinnunen and Nylander, 1960; Yitzhaki, 1966).
Punching acts along some perimeter in flat slabs and flat
foundations around columns, which apply concentrated actions
or reactions. It yields failure due to localized shear forces along
the above - mentioned perimeter.

A well known model for design of flat slab — column and flat
foundation — column joints to punching under symmetric loading
was proposed by Kinnunen and Nylander (1960). This model
was developed later, considering correlation between punching
resistance and flexural strength (Yitzhaki, 1966). The size effect
in punching shear strength was described by an approximate
formula, using a corresponding law for brittle failure (Bazant and
Zao, 1987).

It was reported later that punching shear models are based
either on empirical and simplified analytical techniques or on
theory of plasticity (Yankelevsky and Leibowitz, 1999). A
model, based on rigid post-fractured behavior, utilizing the post
fracture properties of concrete at the rough crack interfaces, was
developed. It was reported that the model predicts the force -

displacement resistance during punching. It was shown that the
model prediction is in good correspondence with experimental
results. However, the kinematic ultimate equilibrium method that
was used, is not suitable for brittle behavior of concrete structure
under shear forces, because for such behavior the shear force
value will not be constant under any finite displacement.

A method for punching shear design of slab - column
connections, subjected to seismic loading, was proposed (Brown
S. and Dilger, 2004). Following this method, the punching shear
design is based on the connection moment capacity, yielding a
flexural failure mode that corresponds to a ductile failure
mechanism of the connection. A modified yield line approach
was presented. The predictions of this moment capacity were
compared with available results from the literature.

For analyzing punching shear behavior of RC structures, a two
dimensional equivalent continuum model was extended to three
dimensional finite element formulation (Ahmad and Tanabe,
2013). It was concluded that a crack angle ® value of 45° is a
good approximation for the average of all crack surface
roughness. As concrete stress-strain curves shift from a uniaxial
pattern, the concrete peak stresses in three directions were
selected correspondingly. It was reported that the numerical
results are in good agreement with available experimental data
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on load — deflection behavior of RC slabs (Hegger and Beutel,
1998). In this test a hexagonal specimen, supported by 12 rods,
was loaded at the center by a hydraulic jack. No shear reinforcement
was provided in the slab.

A theoretical background to punching shear provisions of the
fib Model Code for Concrete Structures (Federation Internationale
du Beton, 2012) and an example of their application was
presented by Muttoni ef al. (2013). The mechanical model that
forms the basis for the punching design equations was explained.
The relevance of the provisions was justified and their suitability
for structural design was demonstrated.

To develop the design guidelines and accurate prediction of
Steel Fibred Reinforced Concrete (SFRC) flat slabs punching
resistance, a database from 154 punching tests was used (Moraes
Neto et al., 2013). The proposed method is based on the critical
shear crack theory that is suitable to investigate the strength of
slabs with shear reinforcement (Fernandez Ruiz and Muttoni,
2009). The method is capable to predict the slab load - rotation
behavior, considering recommendations of CEB-FIP Model
Code for modelling post-cracking behavior of SFRC (CEB:
CEB-FIP Model Code, 1991).

Research was performed to study shear mechanisms that
govern the behavior of RC structures subjected to localized
impact loads (Micallef et al., 2014). Such phenomenon is due to
combination of inertial and material strain-rate effects, leading to
a stiffer slab behavior under higher loading rates. It can also lead
to pure punching shear failure, instead of flexural one. The
approach that was proposed considers the dynamic punching
shear capacity, inertial and material strain-rate effects and
demonstrated good correlation with experimental data.

Although there is a lot of experimental and numerical data on
flat slab — column joints, similar investigations of flat foundation
— column joints is rather limited. Behavior of RC column
footing, laid on deformable subgrade and loaded by concentrated
load until failure, was recently modeled and analyzed by Vacev
et al. (2015). Field test data were used for model calibration.
Comparison of the experimental and numerical results showed
good agreement, but also revealed some questions regarding
finite elements analysis.

As known, there are three types of internal forces in the
punching failure zone (between the control perimeter and the
column): shear forces, radial and tangential bending moments
(Kinnunen and Nylander, 1960). The influence of these forces on
stress-strain state of the plate within the control perimeter was
investigated by Reiss (1994). It was assumed that the control
perimeter passes through a section with zero radial moments. In
this case, the shear forces contribution (weight coefficient) is
about 85% of the total external load and the remained 15% is the
weight coefficient of tangential moments. The control perimeter
crack inclination angle relative to horizontal plane is assumed to
be from 35 to 45°. However, the critical control perimeter value
was suggested to be half of the slab thickness. It should be
mentioned that those assumptions are based on engineering
experience and are not proved.
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In the last years the influence of compressive membrane forces
action or catenary action effects and moment redistribution is
also investigated. It was shown that the behavior of flat slabs
depends on the contributions of moment redistributions and
compressive membrane actions (Cantone et al., 2016). Punching
shear tests on slabs with and without shear reinforcement,
different reinforcement ratios and loading conditions were carried
out. The numerical results were post — processed to adopt the
critical shear crack theory failure criterion. Differences between
standard specimens and actual members, showing how the
current codes of practice underestimate the punching capacity,
were reported.

Belletti et al. (2016) have studied the behavior of RC slab
strips subjected to transverse loads and axial tensile forces.
The aim was to investigate the capability of the adopted models
and their main influencing parameters. For this reason, validation
of suitable numerical tools is useful for a reliable structural
robustness assessment. Importance of benchmark development,
especially for specimens, in which both mechanical and
geometrical nonlinearities play an important role, was underlined.

Compressive membrane action increases the bending and
punching capacities of reinforced concrete structures (Belletti ez
al., 2015). A non-linear finite element approach was carried out
using ABAQUS Code. Post-processing exploited the critical
shear crack theory to evaluate the punching shear resistance of
shell elements. The capability of the proposed numerical proce-
dure was checked by comparing numerical predictions with
experimental punching shear capacities for tested circular slabs.
The same procedure was adopted to punching shear resistance
under concentrated loads.

2. Analysis of Modern Codes Provisions on
Punching

The punching problem includes various cases from the viewpoint
of possible static schemes of flat slabs and foundations, resisting to
punching (Fig. 1), and available approaches, related to this problem
(Table 1). Part of research results, related to this issue, were
discussed in the previous chapter. This chapter analyzes the
punching problem from the viewpoint of modern design codes.

The current codes (BR 52-101-2003, 2004; Eurocode , 2004;
IS 466, 2003, etc.) are mainly focused on obtaining the value of
punching shear force and control perimeter dimensions, as
shown in Fig. 2. According to modern design provisions, the
punching zone control perimeter is symmetric in case of
symmetric external forces. Shear forces and radial moments act
along this perimeter. In these codes shear forces are calculated
using empirical coefficients, which are different. It is because
concrete shear strength in each code is determined, based on
different experimental investigations and assumptions. For
example, in building rules (BR 52-101-2003, 2004), concrete
shear strength is assumed equal to its tensile one. In our opinion,
it is because exact data on concrete shear strength is not
available. The static scheme for punching calculation according
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Fig. 1. Static Schemes for Calculation of Problems Related to Punch-

ing (a), (b), (c) and (f) - External Load Acts on a Slab with Con-
centrated Reactions, (d) Same, with Uniformly Distributed Ones

to this code corresponds to Fig. 1(a).

Another problem is selecting the control perimeter location,
which following different codes has a wide spread of values
(Table 1). Following the table, this spread is between 0.5 d and
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Fig. 2. A General Scheme for Calculations, Related to Punching
Problem

2.0 d, where d is the effective flat slab section height. The control
perimeter radial crack inclination angle relative to horizontal
plane, 6, varies from 19° to 45°. The BR 52-101-2003, 2004 and
the fib Model Code 2010 recommend to use the value of 0.5 d
(corresponding to 6 = 25.56°).

Following EC 2 (2004), the control perimeter is 2.0 d. The
code assumes static schemes, corresponding to Fig. 1(c) and (e)
for slabs and foundations, respectively. For slabs and
foundations with variable thickness (row 4 in Table 1) 6 =
arctan 0.5 (6 = 25.56°). For concentrated external force, Vg,
the reduced load, applied to the foundation plate, V.4 , 1S
decreased by the force, AV,, caused by soil contact pressure

Table 1. Available Data on Crack Inclination Angle and Control Perimeter

Distance between

No. Code or reference ( fol?(t)i\t/li(r:lzclf"lgﬁfe 1 Asg Ii)tlaf)?ltilt(})fn leltsef’f angle control perimeter, u, Notes
and column

1 BR la Slabs and foundations 26.6 0.5d -

2 EC 2, CEB, IS 466 — 1 Ic Slabs 25...45 20d -

3 1S 466 — 1 1d Foundations - 1.0d h = const
4 EC2 le Foundations > arctan 0.5 - h = various
5| Mutionterar, 2013 tb Slabs : 05d :

6 Ahmad ez al. (2013) la Slabs 45" 1.0d FE mesh
7 Yankelevsky et al. (1999) la Slabs 25...32 slightly less than 2.0 d -

8 Reiss (1994) lc Slabs 35...45 05d -

Notations: # — control perimeter; d — effective flat slab section height; /# — foundation plate thickness; 6 — control perimeter crack inclination angle rel-

ative to horizontal plane.

* the values were calculated by the authors.
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within the control perimeter, i.e.
Virea=Va—AVy 1)

The code assumes that the distance 2.0 d that characterizes the
control perimeter determines the minimal resistance of the plate
to the external force.

Following the above - mentioned codes, it can be concluded
that the punching control perimeter is not calculated, but
assumed within (0.5 ... 2.0) d. The expressions for concrete
shear bearing capacity and the links along the control perimeter
are empirical and include many coefficients, based on available
experimental data. The existing codes do not define any
difference between flat slab — column and column — flat
foundation problems, as shown in Fig. 1: in the first case there is
a concentrated load, and in the second one — a uniformly
distributed reaction.

3. Aims, Scope and Novelty

According to available publications and normative documents,
dealing with punching problem, there are no strong analytical
dependences for calculating the control perimeter location. It
causes uncertainties regarding the shear links’ location. Usually
shear links are placed according to engineering experience and
the available experimental data (Iskhakov et al., 2009).

The present study is focused at finding an accurate solution of
the punching shear problem, related to the control perimeter
value. Strong analytical dependencies are proposed with this
aim. Numerical examples demonstrate efficiency of the proposed
approach and the analytical results are compared with available
experimental and finite element analysis data.

In this study, two main calculation schemes, related to
punching shear problem, are considered:

— external load that acts on a slab with concentrated reactions

(see Fig. 1(a), (b), (¢) and (f));
— external load that acts on a slab with uniformly distributed
reaction (see Fig. 1(d) and (e));

The paper deals with analysis of the above - mentioned
calculation schemes. It enables to solve the punching problem
separately for the cases of flat slab and flat foundations. For
solving this problem, mini-max principle was applied (Iskhakov,
2001; Iskhakov and Ribakov, 2014a) considering ultimate limit
state analysis (Iskhakov and Ribakov, 2015).

At the same time, taking into account that punching failure is
brittle, it is proposed to use steel fibers within the punching
control perimeter (see Fig. 6). Efficiency of using steel fibers in
preventing brittle failure of concrete was demonstrated previously
(Iskhakov and Ribakov, 2013, 2014b).

4. Punching Shear Analysis Using Mini-max Prin-
ciple

4.1 Main Concepts of Mini-max Principle
The mini-max principle was developed for solving problems,
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related to finding the load bearing capacity of RC structures,
using kinematic or static method of ultimate equilibrium. A
mathematical apparatus of this principle is based on the games
theory (Karlin, 1959), especially a zero sum game. As static
parameter can be selected, for example, the section compressed
zone depth and the maximum load bearing capacity of the
structure is realized by minimizing the external load, determined
by the failure zone dimension (kinematic parameter).

The essence of the mini-max principle is that real load bearing
capacity of the structure is calculated (without under- and over-
estimation). With this aim, both extreme features of failure load
are used simultaneously. At the same time, just one method is
used (static or kinematic). Thus, the mini-max principle became
a way for realizing the unity theorem of the limit equilibrium
method, which joints the static and kinematic approaches.

As it was shown previously, the mini-max principle enables to
solve some problems in structural load bearing capacity that had
no solutions or were solved approximately (Iskhakov I. and
Ribakov, 2014a). The principle is used in the frame of the present
study for solving a new problem, related to accurate analysis of
RC flat slab and flat foundation punching shear capacity.

As concrete punching shear leads to brittle failure, this special
case in mini-max principle requires additional discussion. The
kinematic ultimate equilibrium method is not applicable, as
concrete, resisting shear forces, has no yield plateau. Therefore,
there is no unit displacement, for which the internal and external
forces’ works are constant. A similar case, when the kinematic
method is not applicable, is calculating the load bearing capacity
of concrete structures under shear forces.

In such a case, it is possible to use just the static ultimate
equilibrium method, when the internal force reaches its ultimate
value corresponding to strength of the material, and this value is
used in static equilibrium equation. Thus, a two-parametric
model becomes a single-parametric one and the problem reduces
to finding the maximum internal force value. There is no need in
minimization of structural bearing capacity by kinematic ultimate
equilibrium method, when static calculation is used, as selection
of the most critical section, for which the equilibrium equation is
considered, corresponds to minimization of structural bearing
capacity by external load.

4.2 Main Assumptions

To allow proper analysis of available data for punching shear
calculations, the following main assumptions are used in the
present study:

— The vertical concentrated load that yields punching, acts on
the slab without eccentricity, i.e. the control perimeter is
symmetric relative to the column;

— There is no shear reinforcement, i.e. concrete takes the
whole shear force;

— The influence of tangential bending moments is neglected;

— The slab failure due to radial bending moments is excluded,

— as the value of Vg, is related to the main tensile stresses, it is
suggested that the concrete shear resistance is equal to its
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tensile strength (this approach is used, for example, in BR
52-101-2003 (2004)).

4.3 Calculation of Punching Shear Due to Concentrated
Load

When a slab is subjected to concentrated load, following Figs.
1(a) (and 1(b)), it is assumed that the shear force is taken by
concrete, which equals in this case to the shear strength, £, A
corresponding shear force is equal to Vg, (Figs. 3(a) and 4(a)).
The shear force is assumed to be uniformly distributed over the
entire calculated punching section, u,d (Fig. 4(b)).

A corresponding equilibrium equation governs vertical
components of these forces, Vg, sin ®, and the entire internal
force that resists the concentrated external loading is equal Vg,
sin @ x u,d (see Fig. 4(b)). Therefore, the forces equilibrium
equation in vertical direction takes the following form:

FRd = ZVRdc sin ® (2)

and XV, acts along a circular control perimeter, #,;, with radius
r.

ZVRdL.:fwdul;ul=2nr1=2n(dcot®+r) (3)
where r is the column section radius.
Then
SVeae =21 d fyq(dcot ® +7) O
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Fig. 3. Diagrams of Shear Forces and Bending Moments: (a) Cor-
responding to Schemes “a” and “b” in Fig. 1; (b) - to

]

Schemes “c” ... “f".
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Fig. 4. Calculation Scheme of Punching Shear, Corresponding to
Fig. 1(a) (and 1(b)).

This force is equivalent to the external load Fg,. Hence, from
Eq. (2) follows that

Fry=2ndfys(dco®+r)sin® 5)
It is convenient to use this expression in the following form:
Fra= 27 fyad* [cos O + (¥/d) sin O] (6)

Theoretically the value of angle ® (see Fig. 4) is within the
following limits: 0 <@ <90°.

Defining

Fry = (r/d) sin ® + cos © @)
yields

Fro=2nd*fy,Frs (®)

For example, for » =d =15 cm (when the effective slab depth
is equal to the column section radius), ® = 45° and £, = 1 MPa,
Frs = ﬁ and Fr,=199929.7 N = 199.93 kN. The radius of the
control perimeter 7, =d cot ® +r = 30 cm, i.e. the control
perimeter diameter is 60 cm. If Fy; < F,, it is necessary to
provide shear reinforcement along the control perimeter. Here F,
is an external design force (shown as F in the figures).

Mini-max analysis of Eq. (8) yields to maximization of the
function, as the shear forces are constant, according to the
diagram shown in Fig. 3(a):

dl ;d .
_— =+ =
73 dsin®+rcos®=0 9

Hence
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tan O, = r/d; Oy, = arc tan (v/d) (10)
The second derivative of Eq. (9) is:
Iy .
— L —dcos@®—rsin® 11)
ds

Taking into account that theoretically 0° < ® < 90°, the second
derivative is negative, therefore the function has a maximum.
Practically, maximum values of F,’, corresponding to physical
limits of ®, should be taken, according to the graphs, shown in
Fig. 5 (or in Table 2).

Analysis of Fg,, vs. /d is presented in Table 2. The values of 7/
d varied within its limits (mathematically from 0 to c and
physically from 0.25 to 2.5). As it follows from the table, as the
ratio 7/d increases, the values of angle ® and F, become higher

Table 2. Analysis of Fr4 = cos (arc tan r/d) + (r/d) sin (arc tan r/d)

rld ° = arc tan r/d r—r=dcot® Fra'
0.00 0.0 © 1.000
0.25 14.0 4.04d 1.030
0.50 26.6 2.0d 1.119
0.75 36.9 1.33d 1.125
1.00 45.0 1.00d 1.417
1.25 51.3 0.80 d 1.600
1.50 56.3 0.67d 1.800
1.75 60.3 0.57d 2.019
2.00 63.4 0.50 d 2.228
2.25 66.1 0.45d 2.463
2.50 68.2 0.40d 2.696
© 90.0 0.00 o
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and correspondingly, according to Eq. (8), the flat slab load
bearing capacity, Fy,, also grows. Fig. 5 presents functions Fr,'
vs. ¥/d and Fy,' vs. @. Theoretically, the maximum values of both
functions correspond to 7/d = oo, but practically they are limited
by physical values of » and d.

To verify the efficiency of the proposed method, available data
for a flat slab, presented by Ahmad and Tanabe (2013), was
analyzed. Twelve tie rods were used to provide vertical supports
of the hexagonal specimen, loaded on the center column with a
hydraulic jack (bottom-up testing). The slab width was 275 cm.
The slab thickness # =23 cm and its effective depth d=19.5 cm.
No shear reinforcement was provided in the slab. It is also given
that the column section dimensions are 40 x 40 cm, i.e. the
inscribed circle radius » = 20 cm. Taking into account that the
concrete shear strength f4 = f;, = 1.73 MPa [16] and considering
that according to Table 2, for #/d = 1, yields ® =45°, r, =2 r, Fp,'
= /2. Then, according to Eq. (8), Frs = 24271 195> 1.73 =
582498 N = 582.5 kN. According to the experimental result
(Ahmad and Tanabe, 2013), the limit load of the slab in punching
is 600 kN, which is in perfect agreement with the theoretical
result, obtained using the proposed methodology.

Thus, a practical method for accurate calculation of a flat slab
punching shear capacity due to concentrated load is proposed for
a case when no shear reinforcement is required. At the same
time, the control perimeter of the punching failure zone is
obtained (it corresponds to ; = r + d cos ®). In case, when the
flat slab punching shear capacity is not sufficient, shear
reinforcement should be added along the control perimeter. This
reinforcement should be calculated, according to the concentrated
load

AF,=F,—Fy, (12)
S P |
: o A
I I / 1
! \ / i
S S S A R A b1
L A ! !
1
| A
: A AT ] ' In

]
]
Ayc ! Asec
]
]
]

Fig. 6. Using Steel Fibred Concrete Within the Punching Control
Perimeter
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To prevent brittle failure due to punching shear, steel fibers can
be used within the control perimeter (Fig. 6). Calculation of
optimal steel fibre content can be performed according to the
concept that was previously developed by Iskhakov and Ribakov
(2013).

4.4 Calculation of Punching Shear Due to Distributed
Load and Support Reaction

When a slab is subjected to uniformly distributed load and
reaction, following Figs. 1(c), (d) and (f), it is also assumed that
the shear force is taken by concrete, which equals to the shear
strength, fv,. A corresponding shear force is equal to Vg, (Fig.
3(b) and 7(a)). The shear force is assumed to be uniformly
distributed over the entire calculated punching section, u,d (Fig.
7(b)). In this case, the forces equilibrium equation has the
following form:

qra+ ZVga SIN O =R, (13)

where R, is the support reaction.

Performing similar perturbations, like in case of punching
shear due to concentrated load, this equation can be re-written as
follows:

[(#/d) + cot OF gra+ 2 fya [(#/d) sin © + cos @] =R /(n d?)
(14)
Here
R,=V,=kl, lyCIRd (15)

where k is a coefficient, representing the relation between the

r 1

T T
o o A / ’
T
\_ r-r “rJ1 Rs kN/m’
@

j Vi Sin © x d

Fig. 7. Calculation Scheme of Punching Shear, Corresponding to
Fig. 1(c) (and 1(d), (f)).

- 1878 -

support reaction and the external load (depending on the flat slab
static scheme with spans /. and /,). For example, for a symmetric
slab that has two spans in x and y directions, for inner column, &
=1.25.

Substitution of Eq. (15) into (14) yields:

ro.
Zde(ESme + COSG) »
qra=
kl.l 7 )2
Xy _ |
7 (a’ +cot6

For real values of #/d and ® (see Table 2) the second term in
the denominator is significantly less than the first one, therefore,
the second term is neglected and Eq. (16) takes the following
form:

27d 1y, (-3 sinf+ cose)
ra ™ ki1, {17
Defining
Gra’ = ‘gsine + cos0 (18)
yields
_2adfy . (19)

e ™ gy~ v

The first derivative of this expression enables to find the value of

O, = arc tan (+/d) (20)
Then
Gra" = gsin(arc tang) + cos(arc tanfl,) (21

The second derivative of Eq. (19) is negative for all practical
values of ®, therefore the function has a maximum.

To verify the efficiency of the proposed method, available data
for a flat slab, presented by Muttoni (2013), was analyzed. The
slab has two bays in each direction. The contributing area of the
inner column is /, X /, = 6.0 x 5.6 m. The slab thickness /# = 25
cm and its effective depth d = 20.0 cm. It is also given that the
column section dimensions are 26 x 26 c¢m, i.e. r=13 cm.
Taking into account that for concrete strength class C30/37, fix =
30 MPa. The uniformly distributed load, acting on the slab, g, =
V/(l, x 1,) = 19.8 kKN/m’, the reaction in the inner column R, =
664 kN. The control perimeter was suggested to be 1668 mm,
which corresponds to a distance of , — = d/2 = 10 cm from the
supported area (Muttoni ef al., 2013) that corresponds to ® =
26.6°.

Following BR 52-101-2003(2004) and Eurocode (2004), the
concrete shear strength fyq = £, = fx/10 = 3.0 MPa. According to
Table 2, for v/d = 13/20 = 0.65 yields ® =33°, gr, = 1.122. Then,
following Eq. (19),

Gra= [ 27 2007 3.0/(1.25 6000 5600)] 1.122 = 21.4 KN/m>
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Fig. 8. Calculation Scheme of Punching Shear, Corresponding to
Fig. 1(e)

This result is close to that, obtained by finite element analysis
(Muttoni et al., 2013) (g, = 19.8 kN/m?).

rn—r=dcot®=154cm=0.77d

In case if the flat slab punching shear capacity is not sufficient,
shear reinforcement should be added along the control perimeter,
which should be accurately determined as 0.77 d.

4.5 Calculation of Punching Shear Due to Distributed Load
and Support Reaction in Flat Foundation with Variable
Thickness

In case of a flat foundation with variable thickness the scheme
corresponds to that, shown in Fig. 1(e). Calculation of this
structure is similar to that, described in section 4.4, i.e. the basic
expression is Eq. (13) and the final one is Eq. (17). However, the
effective section depth is variable, i.e. d; = f (®), as shown in

Fig. 8.

The additional variable d; is obtained according to the
following dependence:

di—dp, 0.51-r

Qs =i 0.5 1=7 @)
Taking into account that in this case
71= 7+ oy COL O (23)

after simple mathematical perturbations, Eq. (22) takes the
following form:
d OO

dy = dy + (1-225 4, )

057-r 4

5. Particular Cases in Design to Punching Using
Mini-max Principle

Following Eq. (6), characterizing the flat slab load bearing
capacity to punching, Fy,, depends on three variable values: d,

Vol. 22, No. 5/ May 2018

and ®. Taking into account that ® is a function of d and », some
private cases, related to the ratio r/d, can be solved using mini-
max principle. If the ratio #/d is known, then a minimum of the
function O(#/d) is known. In this case the mini-max problem
turns to finding a maximum of this function. Let consider the
following private cases.

Case 1: given r and d. Then defining the expression in the
brackets from Eq. (6) by Fg, then

Fra=2nfyqd” Fry'; Frq = cos @ + (#/d) sin @ (25)

If, for example, 7/d = 1 then

Frs =cos ©® +sin ©® (26)
and the maximum of this function is at

dFy,/d®=-sin®+cos®=0 27)
or

sin ® = cos ©; ® =45° (28)
Then going back to Eq. (25),

Fra=27 fygd* Frg =22 1 fyu d® (29)

In a common case, when r = k d, where according to available
experimental data and modern codes (see Table 1) & varies from
0.5t02,

Frs =cos ® + ksin © (30)

dFp,/d®=—sin® +kcos ®=0 (1)
and

e ®=k (32)

Case 2: given d and the values of » and ® are unknown. In this
case, a mini-max problem is solved again based on Eq. (30). As
there are two unknowns and it is known that the structure indeed

reaches the ultimate limit state, it can be assumed that
FRd = Fd (33)

where F, is a known external concentrated load. Then according
to Eq. (25)

F,=2nfoud Fry (34)
Le.

Frs =F/Qnfyad®) (39)

Thus, F, is a known value and from Eq. (30) follows

Frs —cos O = (#/d) sin © (36)

In this case, the maximum condition in the mini-max principle
is satisfied according to Eq. (33) and therefore minimization
problem is solved for the function r (®), i.e. d #/d ® = 0.

r=d (Fry/sin ® — cot ®) (37
Frc080 1
dr/d®=— - = =0 38
sin’0 ( sinze) %)
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Therefore

cos © = 1/Fg, (39)
and from Eq. (37) follows that

Fopt = (d/sin ©) (Fr, — cos ©) (40)

Case 3: given » whereas d and ©® are unknown. The problem is
solved like in case 2.

6. Conclusions

Punching of reinforced concrete flat slabs and flat foundations
has two main aspects: obtaining the shear force value, and
finding the control perimeter that defines the failure zone
dimension. According to most available methods, the control
perimeter is assigned and not calculated, but the problem is that
this perimeter is different for flat slabs and flat foundations.
Moreover, available data, used in modern design codes for
assigning this perimeter, has a wide scatter (up to 40-50%).

In the frame of the present study, an accurate and rather simple
method for evaluation of the control perimeter under shear
punching in flat slabs and flat foundations is proposed. The
difference between punching shear due to concentrated load and
support reaction force due to distributed one is shown. Both
cases are investigated using mini-max principle, the concept of
which is described in the paper. For analyzing the punching shear
capacity, the static method of structural ultimate equilibrium is
used. The kinematic parameter is taken, based on the most
critical section from the punching shear viewpoint.

The proposed method allows calculation of the control
perimeter dimension and avoids the need for assuming it, like in
existing design codes. As punching failure is brittle, it is proposed
to add steel fibre within the control perimeter. It is also shown
that the proposed methodology can be applied for calculating flat
foundations with variable thickness.

Efficiency of the proposed method is demonstrated in numerical
examples. The obtained results are compared with available
experimental and numerical data. It is shown that the proposed
method enables to predict the control perimeter dimension and
the ultimate load on the flat slab and flat foundation with high
accuracy. It allows finding a more exact location of shear links in
flat slabs, if it is necessary according to calculation.

As examples of the proposed method application, private cases
of punching shear design are solved, using mini-max principle.
The differences between the experimental data and theoretical
predictions, based on mini-max principle, are 2.9% for punching
shear due to concentrated load and 7.5% for distributed load. In a
general case, taking into account the experimental data scatter for
RC structures, this accuracy is suitable.

The proposed method can be used as a basis for improving the
existing punching shear models and further development of
modern design provisions for punching.
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