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Abstract

This paper presents analytical solutions for bending, buckling and free vibration analyses of isotropic plates on elastic foundations
using a simplified first-order shear deformation theory. Unlike the conventional first-order shear deformation theory, the present
theory contains only two variables and has many similarities to the classical plate theory. For the elastic foundations, the Pasternak
model which has two parameters is used. Equations of motion are derived from Hamilton’s principle. Analytical solutions of
deflections, moments, shear forces, buckling loads and natural frequencies are obtained for rectangular plates with various boundary
conditions. Numerical examples for various aspect ratios, side-to-thickness ratios and foundation parameters are presented to verify
the validity of the present theory. Comparative study shows that the present theory is accurate and efficient in predicting bending,
buckling and free vibration responses of isotropic plates on elastic foundations. Parametric study shows the effect of the elastic
foundations on the behavior of the plates.
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1. Introduction

Bending, buckling and free vibration responses of isotropic

plates on elastic foundations have been studied by many

researchers. To describe the interaction between the plate and the

foundations, various kinds of foundation models have been

proposed. The simplest is that proposed by Winkler (1867), in

which the foundation is modeled as a series of separated springs

without coupling effects between each other. Pasternak (1954)

improved this model by adding a shear spring to simulate

interaction among the separated springs in the Winkler model.

The Pasternak (two-parameter) model has been used to describe

the interaction between the structure and the foundation, and this

is used herein to model the interaction between the plate and the

foundation.

The bending, buckling and free vibration responses of the

isotropic plates on the elastic foundations can be predicted by

two-dimensional plate theories such as the classical plate theory

(CPT) (Leissa, 1973; Yettram et al., 1984; Lam et al., 2000;

Huang and Thambiratnam, 2001; Chucheepsakul and Chinnaboon,

2002; Civalek, 2007a), the first-order shear deformation theory

(FSDT) (Yen and Tang, 1971; Henwood et al., 1982; Kobayashi

and Sonoda, 1989; Xiang et al., 1994; Qin, 1995; Liew et al.,

1996; Eratll and Akoz, 1997; Han and Liew, 1997; Shen, 1999;

Liu, 2000; Shen, 2000; Buczkowski and Torbacki, 2001; Shen et

al., 2001; Xiang, 2003; Abdalla and Ibrahim, 2006; Ozgan and

Daloglu, 2007; Akhavan et al., 2009a; 2009b; Ferreira et al.,

2010; Ferreira et al, 2011; Nobakhti and Aghdam, 2011; Zenkour

et al., 2011), higher-order shear deformation theories (HSDTs)

(Wang et al., 1997; Matsunaga, 2000; Zenkour, 2009; Thai and

Choi, 2011; 2012; Thai et al., 2013), and three-dimensional

elasticity theories (Zhou et al., 2004; Civalek, 2007b; Dehghan

and Baradaran, 2011). The CPT provides good predictions for

thin plates only. For thick plates, it underestimates deflections

and overestimates buckling loads and natural frequencies due to

ignoring shear deformation effects. The FSDT considers the

shear deformation effect by way of linear variations of in-plane

displacements through the thickness, but it requires a shear

correction factor to satisfy the free transverse shear stress conditions

on the top and bottom surfaces of the plate. A large number of

researchers have employed the FSDT to predict the bending,

buckling and free vibration responses of the thick plates, but it is

difficult to determine the correct value of the shear correction

factor. To avoid the use of the shear correction factor and obtain a

better prediction of responses of thick plates, HSDTs have been

developed, and although they offer a slight improvement in

accuracy compared to the FSDT, their equations of motion are

much more complicated. Therefore, it is necessary to develop a

theory which is not only accurate but also simple to use.

Endo and Kimura (2007) and Endo (2015) proposed a simplified
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FSDT separating the transverse displacement into bending and

shear parts, and demonstrated its accuracy for free vibration

analysis of isotropic beams and plates. Unlike the conventional

FSDT, this simplified FSDT involves only two variables and two

governing equations while the conventional one has three of

each. Moreover, it has strong similarities to the CPT in many

aspects such as the equations of motion, boundary conditions

and stress resultants. The simplified FSDT was extended to

simply supported orthotropic plates by Shimpi et al. (2007) for

the bending and free vibration analyses. Thai and Choi (2013a,

2013b) extended it to simply supported laminated composite

plates (Thai and Choi, 2013a) and functionally graded plates

(Thai and Choi, 2013b) for these analyses. Recently, Yin et al.

(2014) extended the simplified FSDT to functionally graded

plates with various boundary conditions for bending and free

vibration analyses using an Isogeometric Analysis (IGA). So far,

however, the buckling analysis has not been carried out, nor has

it been applied to the plates on elastic foundations.

In this paper, the simplified FSDT was extended to bending,

buckling and free vibration analyses of isotropic plates on elastic

foundations using the Pasternak model. The equations of motion

are derived from Hamilton’s principle. Analytical solutions of

deflections, buckling loads and natural frequencies are obtained

for rectangular plates with various boundary conditions. Numerical

examples for various aspect ratios, side-to-thickness ratios and

foundation parameters are presented to verify the validity of the

present theory.

2. Equations of Motion

2.1 Constitutive Equations

For isotropic plates, the constitutive equations for the stress-

strain relations can be expressed in a matrix form as

(1)

where E  is Young’s modulus, and ν is Poisson’s ratio for the

plate.

The moments  and the transverse shear forces

 are given by

(2a)

(2b)

2.2. Displacements and Strains

The displacement field of the simplified FSDT is derived by

applying further assumptions (Buczkowski and Torbacki, 2001;

Shen et al., 2001; Xiang, 2003; Abdalla and Ibrahim, 2006;

Ozgan and Daloglu, 2007) to the conventional FSDT. The

displacement field of the conventional FSDT is given by

(3)

where  w, θx and θy are three unknown functions of the midplane

of the plate. By separating the transverse displacement w into a

bending part wb and a shear part ws and assuming that the

rotations are  and , the displacement

field can be rewritten as

(4)

From the displacement field in Eqs. (4), the linear strains are

written as

(5)

     

2.3 Equations of Motion

Hamilton’s principle is used to derive the equations of motion.

It can be expressed in an analytical form as (Reddy, 2002)

(6)

where δUP and δUF  are the virtual strain energy of the plate and

the foundations, respectively; δV is the virtual work done by

applied forces; and δK is the virtual kinetic energy. The virtual

strain energy of the plate is obtained by using Eqs. (1) and (2):

(7)

The virtual strain energy of the foundations is given by

(8)

where Kw and Ks are transverse and shear stiffness coefficients of

the foundations, respectively. The virtual work done by applied

forces is given by

(9)

where q and  are transverse and in-plane applied
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loads, respectively. The virtual kinetic energy is given by

(10)

where the dot-superscript convention indicates differentiation

with respect to the time variable t; ρ is the mass density; and I0
and I2 are mass inertias defined as

(11)

Substituting the expressions for   from Eqs.

(7) to (10) into Eq. (6), integrating through the thickness of the

plate, and collecting the coefficients of δwb and δws, the

equations of motion are obtained as

(12a)

(12b)

where , and  is defined as

The boundary conditions are obtained as

● Simply supported (S)

(13a)

● Clamped (C)

(13b)

● Free (F)

(13c)

Substituting Eq. (5) into Eq. (1) and using Eq. (2) result in the

moments and the transverse shear forces

(14a)

(14b)

where As and D are stiffness coefficients of the plate defined as

 and 

with a parameter κ as a shear correction factor.

Substituting Eq. (14) into Eq. (12), the equations of motion can

be expressed in terms of displacements wb and ws as

(15a)

(15b)

Equation (15) yields the equations of motion of the CPT when

the effect of transverse shear deformation is ignored ( ).

3. Analytical Solutions for Rectangular Plates

3.1 Navier Solutions for Simply Supported Plates

Consider a simply supported rectangular plate with length a,

width b and thickness h resting on the Pasternak foundations

under a transverse load q and in-plane compressive edge forces

in two directions ( , , ) as shown in

Fig. 1. Note that (γ1 = −1, γ2 = −1) means that the plate is subjected

to biaxial compression with the value of N0. (γ1 = −1, γ2 = 0) and

(γ1 = 0, γ2 = −1) mean uniaxial compression in the x− and y−axis

directions, respectively. Based on the Navier method, the boundary

conditions of the simply supported plate are satisfied by the

following forms of the variables wb and ws:

(16)

where  and  are coefficients; ω is the natural frequency;

; ; . The transverse load q can also

be expanded in the double Fourier series form as

(17)
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Fig. 1. Geometry and Coordinates of a Simply Supported Plate on

Elastic Foundations



Minwo Park and Dong-Ho Choi

− 1238 − KSCE Journal of Civil Engineering

where

For a sinusoidal load, the load coefficient Q
mn

 is given by

For a uniform load, the load coefficient Q
mn

 is given by

Substituting Eqs. (16) and (17) into Eq. (15), the closed-form

solutions can be obtained from

(18)

where

For bending analysis, the closed-form solutions can be obtained

by setting the buckling load N0 and the natural frequency ω in

Eq. (18) equal to zero. Thus, the closed-form solutions of the

deflections are

(19)

For buckling analysis, the closed-form solution can be obtained

by setting the natural frequency ω and transverse load Q
mn

 in Eq.

(18) equal to zero. The resulting equation takes the form of an

eigenvalue problem, and so the closed-form solution of the

buckling load N0
 is

(20)

Clearly, for each pair of m and n, there is a unique value of N0

The critical buckling load is the smallest of all N0(m, n).

(21)

For free vibration analysis, the closed-form solution is obtained

by setting the buckling load N0 and the transverse load Q
mn

 in Eq.

(18) equal to zero. The resulting equation takes the form of an

eigenvalue problem. Thus, the closed-form solution of the

natural frequency ω can be obtained from the following equation

(22)

3.2 Lévy Solutions for Other Boundary Conditions

Consider a rectangular plate with two opposite edges simply

supported as shown in Fig. 2. Its two opposite edges along x = 0,

a are simply supported, and the other two edges at  can

each be simply supported, clamped or free. From Eq. (13), the

arbitrary boundary conditions at  can be expressed as

follows:

● Simply supported (S)
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● Clamped (C)

(23b)
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● Free (F)

(23c)

Based on the Lévy method, the boundary conditions of the plate

are satisfied by the following forms of the variables wb  and ws:

(24)

where Wbm and Wsm are coefficients; ω is the natural frequency;

; . The transverse load q can also be expanded

in the single Fourier series form as

(25)

where

For a sinusoidal load, the load coefficient Qm is given by

For a uniform load, the load coefficient Qm is given by

Substituting Eqs. (14) and (24) into Eq. (23), the boundary

condition at  can be expressed in terms of the coefficients

Wbm and Wsm as follows:

● Simply supported (S)

(26a)

● Clamped (C)

(26b)

● Free (F)

(26c)

where .

To obtain the analytical solutions by Lévy method, the

equation of motion in Eq. (15a) should be changed to different

form. Subtracting Eq. (15a) from Eq. (15b), Eqs. (15a) and (15b)

can be combined as follows:

or

(27)

Substituting Eq. (27) into Eq. (15a), Eq. (15) can be rewritten

as
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(28b)

where

 and 

Substituting Eqs. (24) and (25) into Eq. (28), Eq. (28) can be

reduced to ordinary differential equations in y as
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By the state-space approach, Eq. (29) can be expressed in a
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Here [E] is the matrix of distinct eigenvectors of the matrix [T];

[E]−1 denotes its inverse;  are the eigenvalues

associated with the matrix [T]; and {K} is a vector of constants to

be determined from the boundary conditions at  [Eq.

(26)]. Substituting Eq. (31) into Eq. (26), a nonhomogeneous

system of equations is obtained as

(32)

which can be solved for the vector {K}. For buckling and free

vibration analyses,  by setting the transverse load Q
m
 =

0. Thus, the buckling load N0 and natural frequency ω are

determined by setting the determinant of [M] equal to zero.

4. Results and Discussion

In this section, various numerical examples are presented and

discussed to verify the accuracy of the present theory. Comparative

study is carried out for rectangular plates with a range of values

of the aspect ratio a/b, the side-to-thickness ratio a/h and the

foundation parameters. The Navier method is used for simply

supported plates shown in Fig. 1, and the Lévy method is used

for other plates with arbitrary boundary conditions shown in

Fig. 2. For these Lévy-type plates, two-letter notations are used

to denote the boundary conditions on the edges at y = ±b/2. For

instance, SF indicates that the edge at y = −b/2 is simply supported

(S), and the edge at y = +b/2 is free (F). The foundation parameters

depend not only on the properties of foundations and structures

but also on the load distribution and the depth of the foundation

continuum (Turhan, 1992). The values of foundation parameters

can be estimated using analytical methods (Girija Vallabhan and

Das, 1988; 1991a; 1992b), and existing studies are referred to for

verification purposes. In all examples, the value of Poisson’s

ratio ν is 0.3, and the shear correction factor κ is taken as 5/6. For

convenience, the following normalized results are used:

(33)

4.1 Bending Problem

To verify the accuracy of the present theory, comparative study is

carried out for simply supported square plates on elastic foundations

under uniform loads. The deflections  are presented in Table 1,

and the moments ,  and the transverse shear forces  are

presented in Table 2 for different values of the side-to-thickness

ratio a/h, the foundation parameters  and . The results are

compared with those by Han and Liew (1997) based on the FSDT,

and Thai et al. (2013) based on the Refined Plate Theory (RPT). It

can be seen that the results of the present theory are in excellent

agreement with those of the conventional theories for all values of

a/h,  and . It should be noted that the present theory involves

two variables while the conventional FSDT contains three, so it can

be concluded that the present theory is not only accurate but also

efficient in predicting the responses of plates.

In Table 3, the deflections  of square plates on elastic foundations

under uniform loads are presented for various boundary conditions

with a range of values of ,  and a/h. The results are

compared with those by Thai et al. (2013) based on the RPT. It

can be seen that the present theory provides good predictions for

λi i 1 2 3 … 6, , , ,=( )

y b 2⁄±=

[ ]{ } { }M K R=

R{ } 0=

4

0 0 0

2 2 2

0 0 0

2 2 2

20 cr

0 cr 2

4 2 4 2

w s w s

w s w s

1000
, , ,

100 100100
, , ,

ˆ, , ,

ˆ ˆ, , ,

yx

x y

y xyx

x y xy

QQDw
w Q Q

q a q a q a

M MM
M M M

q a q a q a

N b N b h b h
N N a

D D D D

K a K a K b K b
K K K K

D D D D

ρ ω ρ
ω ω ω

π

= = =

= = =

= = = =

= = = =

w

Mx Mxy Qx

Kw Ks

Kw Ks

w

Kw Ks

Table 1. Comparison of the Deflections (a/2, b/2) of Simply

Supported Square Plates on Elastic Foundations Under

Uniform Loads

a/h
Theory

FSDT a RPT b Present

5

1

5 3.7069 3.7061 3.7067

10 2.9810 2.9806 2.9808

15 2.4906 2.4904 2.4905

20 2.1375 2.1373 2.1373

34

5 3.0859 3.0855 3.0857

10 2.5623 2.5621 2.5622

15 2.1893 2.1892 2.1892

20 1.9104 1.9103 1.9102

54

5 1.4029 1.4032 1.4028

10 1.2809 1.2811 1.2807

15 1.1784 1.1785 1.1782

20 1.0911 1.0912 1.0909

10

1

5 3.3455 3.3455 3.3455

10 2.7505 2.7504 2.7504

15 2.3331 2.3331 2.3330

20 2.0244 2.0244 2.0243

34

5 2.8422 2.8421 2.8421

10 2.3983 2.3983 2.3983

15 2.0730 2.0730 2.0729

20 1.8245 1.8244 1.8244

54

5 1.3785 1.3785 1.3784

10 1.2615 1.2615 1.2614

15 1.1627 1.1627 1.1627

20 1.0782 1.0782 1.0782

200

1

5 3.2200 3.2200 3.2200

10 2.6684 2.6684 2.6684

15 2.2763 2.2763 2.2763

20 1.9834 1.9834 1.9834

34

5 2.7552 2.7552 2.7552

10 2.3390 2.3390 2.3389

15 2.0306 2.0306 2.0306

20 1.7932 1.7932 1.7932

54

5 1.3688 1.3688 1.3688

10 1.2543 1.2543 1.2542

15 1.1572 1.1572 1.1572

20 1.0740 1.0740 1.0740
aHan and Liew (1997)
bThai et al. (2013)

w

Kw Ks
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various boundary conditions and all values of ,  and a/h.

To investigate the effects of increasing the values of  and

, variations of ,  and  along the central line 

and  along the edge line  are illustrated in Figs. 3-6,

respectively. Both values of  and  vary from 24 to 44. It can

be seen that  has greater influences on the deflection, the

transverse shear force and the moments than .  also exerts

great influences when the value of  is small, but when the

value of   becomes large, the effect of  can be ignored.

4.2 Buckling Problem

In Table 4, the critical buckling loads  of thin square

plates  on elastic foundations under two types of in-

plane loads are presented for various boundary conditions with

different values of  and . The results are compared with

those by Lam et al. (2000) based on the CPT using Green’s

functions, Akhavan et al. (2009a) based on the FSDT and Thai et

al. (2013) based on the RPT. It can be seen that the results of the

present theory are in excellent agreement with those of the CPT,

the FSDT and the RPT for all types of the in-plane loads, various

boundary conditions and all values of  and .

In Table 5, another comparison of the critical buckling loads

 of rectangular plates  on elastic foundations

under uniaxial compression  is shown for various

boundary conditions with a range of values of ,  and a/h.

The results are compared with those by Akhavan et al. (2009a)

based on the FSDT and Thai et al. (2013) based on the RPT. It

can be found that the results of the present theory are in good

agreement with those of the conventional theories for various

boundary conditions and all values of ,  and a/h.

Table 6 shows the buckling loads  of simply supported

rectangular plates (a/b = 2 and h/b = 0.15) on Winkler foundations

 under biaxial compression with a range of values of .

The results are compared with those by Wang et al. (1997) based

on the third-order shear deformation theory (TSDT), and it can
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Table 2. Comparison of the Moments (a/2, b/2), (0, 0) and

the Transverse Forces (0, b/2) of Simply Supported

Square Plates on Elastic Foundations under Uniform Loads

a/h
(a/2, b/2) (0, 0) (0, b/2)

FSDTa Present FSDTa Present FSDT a Present

5

1

5 3.5713 3.5713 -2.5298 -2.5296 0.2700 0.2693

10 2.8408 2.8408 -2.0846 -2.0844 0.2273 0.2267

15 2.3517 2.3518 -1.7777 -1.7775 0.1973 0.1967

20 2.0025 2.0026 -1.5524 -1.5523 0.1750 0.1744

34

5 2.9270 2.9270 -2.1743 -2.1741 0.2379 0.2372

10 2.4073 2.4073 -1.8440 -1.8439 0.2055 0.2049

15 2.0404 2.0405 -1.6040 -1.6038 0.1816 0.1810

20 1.7682 1.7683 -1.4211 -1.4210 0.1631 0.1625

54

5 1.2002 1.2003 -1.1925 -1.1923 0.1485 0.1478

10 1.0951 1.0951 -1.0938 -1.0936 0.1371 0.1365

15 1.0069 1.0070 -1.0103 -1.0101 0.1274 0.1268

20 0.9319 0.9320 -0.9387 -0.9386 0.1190 0.1184

10

1

5 3.6900 3.6901 -2.6183 -2.6182 0.2797 0.2790

10 2.9915 2.9916 -2.2082 -2.2081 0.2416 0.2410

15 2.5059 2.5060 -1.9165 -1.9163 0.2142 0.2136

20 2.1500 2.1501 -1.6975 -1.6974 0.1935 0.1928

34

5 3.0832 3.0833 -2.2859 -2.2858 0.2498 0.2491

10 2.5678 2.5679 -1.9751 -1.9749 0.2206 0.2199

15 2.1936 2.1937 -1.7438 -1.7437 0.1987 0.1980

20 1.9104 1.9105 -1.5645 -1.5643 0.1815 0.1808

54

5 1.3340 1.3341 -1.3086 -1.3084 0.1612 0.1606

10 1.2125 1.2125 -1.2137 -1.2135 0.1515 0.1509

15 1.1108 1.1108 -1.1323 -1.1321 0.1431 0.1425

20 1.0245 1.0246 -1.0618 -1.0616 0.1357 0.1351

200

1

5 3.7313 3.7313 -2.6483 -2.6490 0.2832 0.2824

10 3.0451 3.0452 -2.2519 -2.2526 0.2469 0.2461

15 2.5615 2.5616 -1.9669 -1.9676 0.2207 0.2199

20 2.2035 2.2035 -1.7516 -1.7522 0.2007 0.1999

34

5 3.1389 3.1390 -2.3248 -2.3255 0.2541 0.2533

10 2.6260 2.6261 -2.0221 -2.0228 0.2262 0.2254

15 2.2496 2.2496 -1.7952 -1.7958 0.2052 0.2044

20 1.9624 1.9625 -1.6183 -1.6190 0.1887 0.1879

54

5 1.3854 1.3854 -1.3517 -1.3524 0.1661 0.1653

10 1.2573 1.2574 -1.2588 -1.2594 0.1571 0.1563

15 1.1500 1.1500 -1.1789 -1.1796 0.1493 0.1486

20 1.0589 1.0589 -1.1096 -1.1102 0.1426 0.1418
aHan and Liew (1997)

Mx Mxy

Qx

Kw Ks

Mx Mxy Qx

Table 3. Comparison of the Deflections (a/2, 0) of Square Plates

on Elastic Foundations with Various Boundary Conditions

Under Uniform Loads

a/h Theory
Boundary Conditions

CC CS SS CF SF FF

10

10

5
RPTa 1.9541 2.3778 2.9271 3.7013 4.4841 6.3673

Present 1.9703 2.3861 2.9275 3.7108 4.4844 6.3675

10
RPTa 1.6186 2.0930 2.7059 3.3970 4.2653 6.1550

Present 1.6209 2.0942 2.7060 3.3983 4.2653 6.1550

100
RPTa 1.4947 1.9895 2.6276 3.2867 4.1883 6.0809

Present 1.4947 1.9895 2.6276 3.2867 4.1883 6.0809

100

5
RPTa 0.5683 0.6045 0.6450 0.8217 0.8725 1.1432

Present 0.5740 0.6074 0.6451 0.8251 0.8725 1.1432

10
RPTa 0.5305 0.5820 0.6383 0.7978 0.8670 1.1389

Present 0.5320 0.5828 0.6383 0.7987 0.8670 1.1390

100
RPTa 0.5105 0.5711 0.6364 0.7858 0.8655 1.1380

Present 0.5104 0.5711 0.6364 0.7857 0.8655 1.1380

100

10

5
RPTa 1.7413 2.0698 2.4788 2.8622 3.3678 4.3276

Present 1.7541 2.0761 2.4790 2.8688 3.3678 4.3276

10
RPTa 1.4747 1.8563 2.3271 2.6661 3.2446 4.2350

Present 1.4766 1.8573 2.3272 2.6671 3.2446 4.2350

100
RPTa 1.3731 1.7767 2.2724 2.5930 3.2006 4.2023

Present 1.3731 1.7767 2.2724 2.5930 3.2006 4.2023

100

5
RPTa 0.5479 0.5815 0.6190 0.7739 0.8198 1.0536

Present 0.5532 0.5842 0.6190 0.7770 0.8198 1.0536

10
RPTa 0.5131 0.5611 0.6132 0.7527 0.8153 1.0504

Present 0.5145 0.5618 0.6132 0.7535 0.8153 1.0504

100
RPTa 0.4946 0.5511 0.6117 0.7419 0.8143 1.0498

Present 0.4946 0.5511 0.6117 0.7419 0.8143 1.0498
aThai et al. (2013)

w

Kw Ks
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be seen that the results of the present theory are in excellent

agreement with those of the TSDT. The boldface values denote

the critical buckling loads . It can be found that the critical

buckling load occurs on a higher mode with a larger value as the

value of  increases. It means that the plate under the biaxial

compression has a stronger buckling resistance as the value of

 increases. It should be noted that the critical buckling load

for  and the corresponding mode are different from

those by Wang et al. (1997) because Wang et al. (1997) consider

only the modes . The critical buckling load for a plate

without foundations generally occurs at n = 1, but this result

shows that the critical buckling load can occur at  when the

plate rests on Winkler foundations with the large value of  and

is subjected to biaxial compression. For better understanding, the

critical buckling mode shapes for the range of values of  are

illustrated in Fig. 7.

To investigate the effect of increasing the value of , the

same buckling analysis is carried out for the same plate on

Pasternak foundations under biaxial compression with  = 0

and a range of values of . The buckling loads  in various

modes are shown in Table 7, and the critical buckling loads 

are set in boldface. It can be seen that the critical buckling load

still occurs in the same mode (1, 1) while the value of 

increases but it becomes much larger compared to the previous

analysis. It means that  has a greater influence on the buckling

resistance of the plate under the biaxial compression compared

to .

Finally, the same buckling analyses are carried out again for

the same plate on elastic foundations under uniaxial compression

 with a range of values of  and . For a range

of values of , the buckling loads  and the critical buckling

mode shapes are shown in Table 8 and Fig. 8, respectively. It can

be found that the buckling phenomenon occurs on a higher mode

with a larger critical buckling load as the value of  increases.

For a range of values of , the buckling loads  and the

critical buckling mode shapes are shown in Table 9 and Fig. 9,

respectively. It can also be found that the buckling phenomenon

occurs on a higher mode with a larger critical buckling load as

the value of  increases. It means that the plate under uniaxial

compression also has a stronger buckling resistance as the value

of  or  increases. Comparing the results of the two cases,

 has a greater influence on the buckling resistance of the plate
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Fig. 3. Variations of the Deflections (a/2, y) for Square Plates (a/

h = 10) on Elastic Foundations with Various Boundary Con-

ditions Under Uniform Loads: (a) CC, (b) CS, (c) SS, (d)

CF, (e) SF, (f) FF

w
Fig. 4. Variations of the Transverse Shear Forces  (a/2, y) for

Square Plates (a/h = 10) on Elastic Foundations with Vari-

ous Boundary Conditions Under Uniform Loads: (a) CC, (b)

CS, (c) SS (d) CF, (e) SF, (f) FF
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even under the uniaxial compression.

4.3 Vibration Problem

Table 10 compares fundamental natural frequencies  of thin

square plates  on elastic foundations with various

boundary conditions and a range of values of  and . The

results are compared with those by Lam et al. (2000) based on

the CPT and Thai et al. (2013) based on the RPT. It can be

observed that the results of the present theory are in excellent

agreement with those of the CPT and the RPT for various

boundary conditions and all values of  and .

Table 11 shows another comparison of the fundamental natural

frequencies  of square plates on elastic foundations with

various boundary conditions and a range of values of ,  and

a/h. The results are compared with those by Akhavan et al.

(2009b) based on the FSDT and Thai et al. (2013) based on the

RPT. It has been found that the results of the present theory are in

close agreement with those of the conventional theories.

To verify the accuracy of the present theory on higher modes,

the first three natural frequencies  are compared in Table 12 for

simply supported square plates on elastic foundations with a

range of values of a/h,  and . The results are compared

with those by Leissa (1973) based on the CPT; Zhou et al. (2004)

based on the 3-D elasticity theory using the Ritz method; Dehghan

and Baradaran (2011) based on the 3-D elasticity theory using a

mixed finite element and differential quadrature method (FE-

DQM); Xiang et al. (1994) based on the FSDT; and Thai et al.

(2013) based on the RPT. It can be seen that the results of the

present theory are in excellent agreement with those of the

conventional theories.

Table 13 shows the first five natural frequencies  of square

plates on elastic foundations to investigate the effects of the values

of  and  on higher frequencies with different boundary

conditions. Increasing the thickness of the plate leads to reducing

the natural frequencies regardless of the foundation parameters and

the boundary condition. However, increasing the values of the

foundation parameters leads to reducing the natural frequencies

regardless of the side-to-thickness ratio and the boundary condition.

In addition, when the boundary condition changes from FF to CC,

the natural frequencies also decrease regardless of the side-to-

thickness ratio and the foundation parameters. That is, increasing

constraints at the edges of the plate leads to reducing the natural

frequencies.

Figure 10 shows the effects of increasing the values of  or

ω

a h⁄ 1000=( )

Kˆ w Kˆ s

Kˆ w Kˆ s

ω

Kw Ks

ω̂

Kw Ks

ω

Kw Ks

Kw

Fig. 5. Variations of the Bending Moments (a/2, y) for Square

Plates (a/h = 10) on Elastic Foundations with Various Boundary

Conditions Under Uniform Loads: (a) CC, (b) CS, (c) SS,

(d) CF, (e) SF, (f) FF

My
Fig. 6. Variations of the Twisting Moments (0, y) for Square

Plates (a/h = 10) on Elastic Foundations with Various Boundary

Conditions Under Uniform Loads: (a) CC, (b) CS, (c) SS,

(d) CF, (e) SF, (f) FF

Mxy
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Table 4. Comparison of the Critical Buckling Loads /π2 of thin
Square Plates (a/h = 1000) on Elastic Foundations with

Various Boundary Conditions under In-plane Loads

Theory
Boundary Conditions

CC CS SS CF SF FF

Uniaxial Compression (γ1 = −1, γ2 = 0)

0

0

CPTa 7.691 5.740 4.000 1.653 1.402 0.952

FSDTb 7.69112 5.74015 3.99998 1.65221 1.40141 0.95225

RPTc 7.6912 5.7402 4.0000 1.6525 1.4016 0.9523

Present 7.6912 5.7402 4.0000 1.6525 1.4016 0.9523

100

CPTa 20.74 19.72 18.92 15.37 15.19 14.07

FSDTb 20.7344 19.7209 18.9151 15.5680 15.6101 14.4168

RPTc 20.7345 19.7210 18.9151 14.8063 14.1697 11.1150

Present 20.7345 19.7210 18.9151 14.8063 14.1697 11.1150

100

0

CPTa 07.948 6.767 5.027 2.679 2.428 1.979

FSDTb 7.94777 6.76675 5.02658 2.67881 2.42801 1.97885

RPTc 7.9478 6.7668 5.0266 2.6791 2.4282 1.9789

Present 7.9478 6.7668 5.0266 2.6791 2.4282 1.9789

100

CPTa 20.99 19.98 19.17 15.63 15.45 14.33

FSDTb 20.9911 19.9776 19.1717 16.0967 15.8668 14.6734

RPTc 20.9911 19.9776 19.1717 15.6287 15.1963 12.1416

Present 20.9911 19.9776 19.1717 15.6287 15.1963 12.1416

Biaxial Compression (γ1 = −1, γ2 = −1)

0

0

CPTa 3.830 2.663 2.000 1.144 1.055 0.932

RPTc 3.8299 2.6627 2.0000 1.1436 1.0551 0.9322

Present 3.8299 2.6627 2.0000 1.1436 1.0551 0.9322

100

CPTa 13.960 12.800 12.130 11.280 11.190 11.060

RPTc 13.9620 12.7948 12.1321 11.2757 11.1873 11.0643

Present 13.9620 12.7948 12.1321 11.2757 11.1873 11.0643

100

0

CPTa 4.280 3.132 2.513 2.206 1.745 1.626

RPTc 4.2795 3.1320 2.5133 1.7617 1.7452 1.6264

Present 4.2795 3.1320 2.5133 1.7617 1.7452 1.6264

100

CPTa 14.410 13.260 12.650 11.890 11.880 11.760

RPTc 14.4116 13.2641 12.6454 11.8938 11.8774 11.7585

Present 14.4116 13.2641 12.6454 11.8938 11.8774 11.7585
aLam et al. (2000)
bAkhavan et al. (2009a)
cThai et al. (2013)

Ncr

Kˆ w Kˆ s

Table 5. Comparison of the Critical Buckling Loads  of Rectangular

Plates (a/b = 0.5) on Elastic Foundations with Various Bound-

ary Conditions Under Uniaxial Compression (γ1 = −1, γ2 = 0)

Boundary
Conditions

a/h
Theory

FSDT a RPT b Present

CC

(0, 0)

5 63.4041 64.8257 64.7783

10 72.2219 72.7916 72.7857

100 75.8702 75.8774 75.8774

1000 75.9095 75.9096 75.9096

(102, 10)

5 154.746 156.5788 156.4775

10 164.081 164.8140 164.7996

100 168.010 168.0188 168.0187

1000 168.052 168.0523 168.0523

(103, 102)

5 644.041 642.1790 640.8615

10 691.173 691.6043 691.5106

100 711.979 711.9900 711.9899

1000 712.220 712.2204 712.2204

CS

(0, 0)

5 58.2943 58.6678 58.6444

10 64.9916 65.1441 65.1416

100 67.6099 67.6118 67.6118

1000 67.6375 67.6375 67.6375

(102, 10)

5 149.316 149.8982 149.8534

10 156.268 156.4985 156.4928

100 159.015 159.0181 159.0181

1000 159.044 159.0443 159.0443

(103, 102)

5 643.768 641.5649 640.3306

10 688.57 688.4214 688.3658

100 707.965 707.9651 707.9650

1000 708.185 708.1850 708.1850

SS

(0, 0)

5 54.3207 54.0737 54.0625

10 59.6629 59.5856 59.5847

100 61.6641 61.6633 61.6633

1000 61.6848 61.6848 61.6848

(102, 10)

5 144.695 144.6022 144.5910

10 150.191 150.1141 150.1132

100 152.193 152.1918 152.1918

1000 152.213 152.2133 152.2133

(103, 102)

5 643.500 640.9782 639.8203

10 686.171 685.5369 685.5126

100 704.386 704.3775 704.3775

1000 704.589 704.5888 704.5888
aAkhavan et al. (2009a)
bThai et al. (2013)

Ncr

Kw Ks,( )

Table 6. Comparison of the Buckling Loads  of Rectangular Plates (a/b = 2, h/b = 0.15) on Winkler Foundations ( = 0) with a Range

of Values of  under Biaxial Compression (γ1 = −1, γ2 = −1)

m n
TSDTa Present TSDTa Present TSDTa Present TSDTa Present TSDTa Present

1 1 11.43 11.4305 19.54 19.5362 31.69 31.6947 51.96 51.9589 92.49 92.4874

2 1 17.52 17.5165 22.58 22.5825 30.18 30.1816 42.85 42.8468 68.18 68.1771

3 1 26.59 26.5927 29.71 29.7103 34.39 34.3866 42.18 42.1806 57.77 57.7684

1 2 - 33.0373 - 35.4213 - 38.9973 - 44.9574 - 56.8775

4 1 37.46 37.4633 39.49 39.4897 42.53 42.5293 47.60 47.5954 57.73 57.7275

5 1 49.01 49.0102 50.41 50.4078 52.50 52.5041 56.00 55.9979 62.99 62.9856

6 1 60.38 60.3840 61.40 61.3972 62.92 62.9170 65.45 65.4500 70.52 70.5161

7 1 71.05 71.0457 71.81 71.8104 72.96 72.9574 74.87 74.8691 78.69 78.6926

8 1 80.72 80.7191 81.32 81.3151 82.21 82.2091 83.70 83.6991 86.68 86.6792

9 1 89.31 89.3126 89.79 89.7894 90.50 90.5046 91.70 91.6966 94.08 94.0807

10 1 96.85 96.8472 97.24 97.2369 97.82 97.8215 98.80 98.7957 100.74 100.7442
aWang et al. (1997)

N0 Kˆ s

Kˆ w

Kˆ w 0= Kˆ w 100= Kˆ w 250= Kˆ w 500= Kˆ w 1000=
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 to the fundamental natural frequency . One of these graphs

is plotted when  varies from 10−1 to 102 with zero , while

the other is plotted when  varies from 10−1 to 102 with zero

. It is clearly shown that  has a higher effect on the natural

frequency than .

5. Conclusions

This paper presents analytical solutions for the bending, buckling

and free vibration analyses of isotropic plates resting on elastic

foundations using the simplified FSDT. The present theory is

more efficient than the conventional FSDT because of its simplicity.

Ks ω

Kw Ks

Ks

Kw Ks

Kw

Fig. 7. The Critical Buckling Mode Shapes of Rectangular Plates

(a/b = 2, h/b = 0.15) on Winkler Foundations (  = 0) under

Biaxial Compression (γ1 = −1, γ2 = −1): (a)  = 100: (m, n)

= (1, 1), (b)  = 250: (m, n) = (2, 1), (c)  = 500: (m, n) =

(3, 1), (d)  = 1000: (m, n) = (1, 2)

Kˆ s

Kˆ w

Kˆ w Kˆ w

Kˆ w

Table 7. The Buckling Loads  of Rectangular Plates (a/b = 2, h/

b = 0.15) on Pasternak Foundations with  = 0 and a

Range of Values of  Under Biaxial Compression (γ1 =

−1, γ2 = −1)

m n

1 1 11.4305 111.430 261.430 511.430 1011.43

2 1 17.5165 117.516 267.516 517.516 1017.52

3 1 26.5927 126.593 276.593 526.593 1026.59

4 1 37.4633 137.463 287.463 537.463 1037.46

5 1 49.0102 149.010 299.010 549.010 1049.01

6 1 60.3840 160.384 310.384 560.384 1060.38

7 1 71.0457 171.046 321.046 571.046 1071.05

8 1 80.7191 180.719 330.719 580.719 1080.72

9 1 89.3126 189.313 339.313 589.313 1089.31

10 1 96.8472 196.847 346.847 596.847 1096.85

N0

Kˆ w

Kˆ s

Kˆ s 0= Kˆ s 100= Kˆ s 250= Kˆ s 500= Kˆ s 1000=

Fig. 8. The Critical Buckling Mode Shapes of Rectangular Plates

(a/b = 2, h/b = 0.15) on Winkler Foundations (  = 0) under

Uniaxial Compression (γ1 = −1, γ2 = 0): (a)  = 0: (m, n) =

(2, 1), (b)  = 100: (m, n) = (3, 1), (c)  = 250: (m, n) =

(3, 1), (d)  = 500: (m, n) = (4, 1)

Kˆ s

Kˆ w

Kˆ w Kˆ w

Kˆ w

Table 8. The Buckling Loads  of Rectangular Plates (a/b = 2, h/

b = 0.15) on Winkler Foundations (  = 0) with a Range of

Values of  under Uniaxial Compression (γ1 = −1, γ2 = 0)

m n

1 1 57.1523 97.6808 158.4735 259.7947

2 1 35.0329 45.1650 60.3632 85.6935

3 1 38.4117 42.9148 49.6696 60.9275

4 1 46.8291 49.3621 53.1617 59.4942

5 1 56.8519 58.4730 60.9047 64.9576

6 1 67.0933 68.2191 69.9078 72.7222

7 1 76.8453 77.6724 78.9131 80.9809

8 1 85.7640 86.3973 87.3472 88.9303

9 1 93.7231 94.2235 94.9740 96.2249

10 1 100.7211 101.1264 101.7343 102.7475

N0

Kˆ s

Kˆ w

Kˆ w 0= Kˆ w 100= Kˆ w 250= Kˆ w 500=

Table 9. The Buckling Loads  of Rectangular Plates (a/b = 2, h/

b = 0.15) on Pasternak Foundations with  = 0 and a

Range of Values of  under Uniaxial Compression (γ1 =

−1, γ2 = 0)

m n

1 1 57.1523 557.152 1307.152 2557.152

2 1 35.0329 235.033 535.033 1035.033

3 1 38.4117 182.856 399.523 760.634

4 1 46.8291 171.829 359.329 671.829

5 1 56.8519 172.852 346.852 636.852

6 1 67.0933 178.204 344.871 622.649

7 1 76.8453 185.009 347.253 617.662

8 1 85.7640 192.014 351.389 617.014

9 1 93.7231 198.661 356.069 618.414

10 1 100.7211 204.721 360.721 620.721

N0

Kˆ w

Kˆ s

Kˆ s 0= Kˆ s 100= Kˆ s 250= Kˆ s 500=
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Fig. 9. The Critical Buckling Mode Shapes of Rectangular Plates

(a/b = 2, h/b = 0.15)  on Pasternak Foundations with   =

0 under Uniaxial Compression (γ1 = −1, γ2 = 0): (a)  = 0:

(m, n) = (2, 1), (b)  = 100: (m, n) = (4, 1), (c)  = 250:

(m, n) = (6, 1), (d)  = 500: (m, n) = (8, 1)

Kˆ w

Kˆ s

Kˆ s Kˆ s

Kˆ s

Table 10. Comparison of the Fundamental Natural Frequencies  of Thin Square Plates (a/h = 1000) on Elastic Foundations with Vari-

ous Boundary Conditions

Theory
Boundary Conditions

CC CS SS CF SF FF

0

0

CPTa 28.95 23.65 19.74 12.69 11.68 9.63

RPTc 28.9459 23.6435 19.7374 12.6866 11.6839 9.6310

Present 28.9507 23.6462 19.7391 12.6873 11.6845 9.6314

102
CPTb 54.68 51.32 48.62 37.98 37.15 32.90

RPTc 54.6760 51.3183 48.6149 37.9763 37.1512 32.9039

Present 54.6810 51.3211 48.6164 37.9772 37.1518 32.9044

103
CPTb 146.73 144.24 141.92 112.52 111.71 99.83

RPTc 146.7225 144.2020 141.8731 112.4814 111.7453 99.8311

Present 146.7415 144.2123 141.8760 112.4851 111.7467 99.8321

102

0

CPTb 30.63 25.67 22.13 16.15 15.38 13.88

RPTc 30.6245 25.6712 22.1260 16.1539 15.3789 13.8836

Present 30.6291 25.6738 22.1277 16.1545 15.3795 13.8839

102
CPTb 55.59 52.29 49.63 39.27 38.47 34.39

RPTc 55.5829 52.2835 49.6327 39.2708 38.4734 34.3899

Present 55.5879 52.2863 49.6342 39.2718 38.4741 34.3904

103
CPTb 147.13 144.61 142.20 113.00 112.23 100.33

RPTc 147.0628 144.5483 142.2250 112.9250 112.1918 100.3307

Present 147.0819 144.5586 142.2280 112.9287 112.1933 100.3317

103

0

CPTb 42.87 39.49 37.28 34.07 33.71 31.62

RPTc 42.8698 39.4838 37.2763 34.0723 33.7118 30.8065

Present 42.8735 39.4860 37.2778 34.0730 33.7124 33.0570

102
CPTb 63.17 60.28 58.00 49.42 48.79 45.64

RPTc 63.1618 60.2787 57.9945 49.4183 48.7871 45.6360

Present 63.1665 60.2814 57.9961 49.4193 48.7879 45.6366

103
CPTb 150.12 147.62 145.43 116.92 116.12 104.72

RPTc 150.0914 147.6285 145.3545 116.8420 116.1335 104.7198

Present 150.1102 147.6387 145.3575 116.8456 116.1350 104.7208
aLeissa (1969), bLam et al. (2000), cThai et al. (2013)

ω

Kˆ w Kˆ s

Table 11. Comparison of the Fundamental Natural Frequencies 

of Square Plates on Elastic Foundations with Various

Boundary Conditions

Boundary
Conditions

a/h
Theory

FSDTa RPTb Present

CC

(0, 0)

5 22.5099 23.4965 23.4155

10 26.7369 27.1825 27.1681

1000 28.9506 28.9507 28.9507

(102, 10)

5 28.2775 29.1749 29.0792

10 31.9784 32.3934 32.3750

1000 34.0109 34.0109 34.0109

(103, 102)

5 58.2962 59.1029 58.9177

10 61.2251 61.6171 61.5582

1000 63.1665 63.1665 63.1665

CS

(0, 0)

5 19.7988 20.2138 20.1894

10 22.4260 22.5954 22.5918

1000 23.6462 23.6462 23.6462

(102, 10)

5 26.1202 26.5058 26.4757

10 28.3854 28.5454 28.5403

1000 29.4861 29.4861 29.4861

(103, 102)

5 57.1091 57.5040 57.4298

10 59.1455 59.3206 59.2985

1000 60.2814 60.2814 60.2814

ω

Kw Ks,( )
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Table 11. (continued)

Boundary
Conditions

a/h
Theory

FSDTa RPTb Present

SS

(0, 0)

5 17.5055 17.4523 17.4486

10 19.0840 19.0653 19.0650

1000 19.7391 19.7391 19.7391

(102, 10)

5 24.3074 24.2722 24.2699

10 25.6368 25.6232 25.6229

1000 26.2112 26.2112 26.2112

(103, 102)

5 56.0359 56.0309 56.0308

10 57.3969 57.3921 57.3920

1000 57.9961 57.9961 57.9961
aAkhavan et al. (2009b), bThai et al. (2013)

Kw Ks,( )

Table 12. Comparison of the First Three Natural Frequencies  of
Simply Supported Square Plates on Elastic Foundations

a/h Theory
Modes

1 2 3

10

200 0

3-D Ritzb 2.3951 4.8262 7.2338

3-D FE-DQMc 2.3903 4.8098 7.2186

FSDTd 2.3989 4.8194 7.2093

RPTe 2.3989 4.8198 7.2108

Present 2.3989 4.8194 7.2093

1000 0

3-D Ritzb 3.7008 5.5661 7.7335

3-D FE-DQMc 3.6978 5.5521 7.7193

FSDTd 3.7212 5.5844 7.7353

RPTe 3.7213 5.5847 7.7366

Present 3.7212 5.5844 7.7353

200 10

3-D Ritzb 2.7756 5.2954 7.7279

3-D FE-DQMc 2.7721 5.2800 7.7132

FSDTd 2.7842 5.3043 7.7287

RPTe 2.7842 5.3047 7.7300

Present 2.7842 5.3043 7.7287

1000 10

3-D Ritzb 3.9566 5.9757 8.1954

3-D FE-DQMc 3.9542 5.9623 8.1816

FSDTd 3.9805 6.0078 8.2214

RPTe 3.9805 6.0082 8.2227

Present 3.9805 6.0078 8.2214

100

100 0

CPTa 2.2420 5.1016 8.0639

3-D Ritzb 2.2413 5.0973 8.0527

3-D FE-DQMc 2.2450 5.1643 8.1338

FSDTd 2.2413 5.0971 8.0523

RPTe 2.2413 5.0973 8.0523

Present 2.2413 5.0971 8.0523

500 0

CPTa 3.0221 5.4894 8.3146

3-D Ritzb 3.0214 5.4850 8.3035

3-D FE-DQMc 3.0242 5.5474 8.3821

FSDTd 3.0215 5.4850 8.3032

RPTe 3.0215 5.4850 8.3032

Present 3.0215 5.4850 8.3032

100 10

3-D Ritzb 2.6551 5.5717 8.5406

3-D FE-DQMc 2.6578 5.6265 8.6152

FSDTd 2.6551 5.5718 8.5405

RPTe 2.6551 5.5718 8.5405

Present 2.6551 5.5718 8.5405

500 10

3-D Ritzb 3.3398 5.9285 8.7775

3-D FE-DQMc 3.3420 5.9800 8.8500

FSDTd 3.3400 5.9287 8.7775

RPTe 3.3400 5.9287 8.7775

Present 3.3400 5.9287 8.7775
aLeissa (1973), bZhou et al. (2004), cDehghan and Baradaran (2011),
dXiang et al. (1994), eThai et al. (2013)

ω̂

Kw Ks

Table 13. The First Five Natural Frequencies  of Square Plates

on Elastic Foundations with Various Boundary Condi-

tions

Boundary
Conditions

a/h
Modes

1 2 3 4 5

CC

(0, 0)

5 23.4155 40.8765 66.4071 95.4122 125.7340 

10 27.1681 49.8012 87.4579 135.0944 188.9646 

1000 28.9507 54.7425 102.2142 170.3411 258.6012 

(102, 10)

5 29.0792 47.2769 73.6138 103.6672 135.2219 

10 32.3750 55.3926 93.2318 141.1474 195.4087 

1000 34.0109 60.0575 107.4598 175.5111 263.7216 

(103, 102)

5 58.9177 85.1036 119.7306 158.7217 199.9479 

10 61.5582 91.2726 134.3746 186.9105 245.7889 

1000 63.1665 95.2831 146.4109 216.5442 305.9679 

CS

(0, 0)

5 20.1894 39.3784 65.7289 95.0717 125.5466 

10 22.5918 47.3729 86.1335 134.3050 188.4614 

1000 23.6462 51.6738 100.2679 168.9533 257.5318 

(102, 10)

5 26.4757 45.9334 72.9730 103.3371 135.0376 

10 28.5403 53.1675 91.9665 140.3796 194.9148 

1000 29.4861 57.2087 105.5811 174.1502 262.6651 

(103, 102)

5 57.4298 84.1242 119.1664 158.3891 199.7420 

10 59.2985 89.7258 133.3780 186.2581 245.3488 

1000 60.2814 93.1878 144.8618 215.3440 304.9988 

SS

(0, 0)

5 17.4486 38.1522 65.1453 94.7658 125.3733 

10 19.0650 45.4827 85.0380 133.6213 188.0114 

1000 19.7391 49.3476 98.6942 167.7781 256.5976 

(102, 10)

5 24.2699 44.8167 72.4160 103.0388 134.8663 

10 25.6229 51.4180 90.9130 139.7119 194.4720 

1000 26.2112 55.0333 104.0553 172.9951 261.7410 

(103, 102)

5 56.0308 83.2532 118.6573 158.0825 199.5488 

10 57.3920 88.4198 132.5123 185.6758 244.9473 

1000 57.9961 91.4875 143.5621 214.3072 304.1426 

CF

(0, 0)

5 11.6537 33.2731 61.2509 91.6347 122.8031 

10 12.3978 38.8931 78.9260 128.1014 183.0725 

1000 12.6873 41.7016 90.6099 159.2976 247.7276 

(102, 10)

5 18.9625 39.9660 68.4552 99.8204 132.2070 

10 19.6073 45.0053 84.8636 134.2151 189.5375 

1000 19.8698 47.6245 96.0966 164.6028 252.9418 

(103, 102)

5 48.1949 77.1013 113.7137 153.9950 196.0875 

10 49.0453 81.2643 126.1697 179.9974 239.8496 

1000 49.4193 83.6031 135.7122 206.2146 295.7036 

SF

(0, 0)

5 10.8310 32.9717 61.1173 91.5672 122.7656 

10 11.4479 38.4638 78.6939 127.9638 182.9857 

1000 11.6845 41.1963 90.2926 159.0756 247.5627 

(102, 10)

5 18.3278 39.6844 68.3250 99.7535 132.1695 

10 18.8496 44.5971 84.6353 134.0782 189.4508 

1000 19.0583 47.1393 95.7823 164.3810 252.7764 

(103, 102)

5 47.7673 76.8676 113.5886 153.9241 196.0448 

10 48.4981 80.9275 125.9630 179.8667 239.7641 

1000 48.7879 83.1803 135.4143 205.9945 295.5353 

FF

(0, 0)

5 9.0306 31.4514 59.9304 90.6268 121.9994 

10 9.4674 36.4817 76.9027 126.3906 181.6129 

1000 9.6314 38.9447 87.9853 156.7480 245.2306 

(102, 10)

5 16.6046 38.1325 67.0976 98.7756 131.3699 

10 16.9616 42.6096 82.8292 132.4901 188.0641 

1000 17.1011 44.8899 93.4689 162.0475 250.4393 

(103, 102)

5 44.8861 74.7763 111.9932 152.6527 194.9968 

10 45.4288 78.4922 123.9173 178.1119 238.2435 

1000 45.6366 80.5144 132.9204 203.5640 293.1352 

ω
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The accuracy of the present theory has been demonstrated for the

bending, buckling and free vibration analyses of rectangular

plates resting on elastic foundations with various boundary

conditions and a range of values for aspect ratios, side-to-thickness

ratios and foundation parameters. It has been found that the

deflections, the moments and the transverse shear forces, the

buckling loads and the natural frequencies predicted by the

present theory (with two variables) are in good agreement with

those predicted by the conventional FSDT (with three variables),

the HSDTs and 3-D theories. The comparative study shows that

the present theory is accurate and efficient in predicting the

bending, buckling and free vibration responses of isotropic plates

resting on elastic foundations.
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