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Abstract

New upper and lower bound solutions of undrained lateral capacity of rectangular piles under a general loading direction and full
flow mechanism were investigated by using finite element limit analysis with plane strain condition. The true collapse loads of this
problem were generally bracketed by computed upper and lower bound solutions to within 3%. Results were summarized in the form
of three dimensionless variables, including soil–pile adhesion factor, pile aspect ratio, and lateral loading direction. Predicted failure
mechanisms of laterally loaded rectangular piles associated with these parameters were examined and discussed. Approximate
equations of failure envelopes for rectangular piles under a general loading direction were proposed for a convenient and accurate
prediction of their undrained lateral capacity in practice. 
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1. Introduction

At present, there is an increase in demand for piles to carry

more allowable load capacities in both vertical and lateral

directions to support extremely large structures. This demand has

driven new developments and improvements of cast–in–place

pile construction technologies to achieve substantial pile capacities.

Rectangular piles, known as barrettes, are cast–in–place reinforced

concrete piles that have become more commonly used as deep

foundations to support expressways, transmission towers, subway

stations, and high–rise buildings (e.g., Ng et al., 1999 and 2002;

Ng and Lei, 2002; Thasnanipan and Taparaksa, 2002; Thasnanipan

et al., 2004; Lei and Ng, 2007; Taparaksa, 2015; Boonyatee et

al., 2015). When compared to a circular pile of comparable

cross-sectional area, rectangular piles offer a number of advantages

over circular piles, especially higher horizontal load and moment

capacities.

In general, the ultimate lateral capacity of piles increases with

depth from an initial low value at the ground surface to a maximum

value at a certain depth, which remains constant at deeper pile

lengths. This corresponds to a full flow failure mechanism around a

pile (e.g., Murff and Hamilton, 1993), where the complete lateral

translation of a pile at a depth relatively far from the ground surface

essentially takes place under the plane strain condition. In the

past, a large number of studies on the ultimate lateral capacity of

piles in clay under the full flow failure mechanism have been

investigated by various researchers, including slip line solutions of

different pile sections (Broms, 1964), upper and lower bound

solutions of single circular pile (Randolph and Houlsby, 1984;

Martin and Randolph, 2006), and finite element limit analysis of

two side–by–side circular piles with a symmetrical load (Georgiadis

et al., 2013a), a row of circular piles (Georgiadis et al., 2013b)

and two side–by–side circular piles with load inclination (Georgiadis

et al., 2013c). In addition, there have been significant numerical

and experimental studies about lateral responses of monopiles in

granular and cohesive materials under static and cyclic loadings,

such as Lesny et al. (2007), Achumus et al. (2009), Hokmabadi

et al. (2012), Lombardi et al. (2013), Bisoi and Haldar (2014),

Depina et al. (2015), and Li et al. (2017). Recently, Keawsawasvong

and Ukritchon (2016a) employed a finite element analysis to

analyze the undrained lateral capacity of rectangular piles under

the full flow failure mechanism, considering lateral loading

along either their major or minor axes. However, their solutions

were limited to only two loading directions. Up until now, there

seems to be no solution available in the literature that considers

the full flow failure capacity of rectangular piles under a general

loading direction. 

In this paper, new plasticity solutions of undrained lateral capacity

of rectangular piles under a general loading direction and full

flow failure mechanism were investigated by using the plane

strain Finite Element Limit Analysis (FELA) software, OptumG2

(Krabbenhoft et al., 2015). Approximate expressions of failure
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envelopes of laterally loaded rectangular piles were also proposed

based on a nonlinear regression of lower bound solutions. The

results of this study are the most important aspects of stability

evaluation of rectangular piles under a general loading. In addition,

they can be employed to estimate the limiting resistance per unit

length in the relationship between load and deflection along the

pile length using the (p–y) curve method (e.g., Reese et al.,

2006). 

2. Method of Analysis

Figure 1 shows the problem definition of the undrained lateral

capacity of a rectangular pile under a general loading direction. It

is assumed that below a certain depth from the ground surface,

soil movements take place within this cross section, which

corresponds to the full flow mechanism. Thus, the plane strain

condition below that depth can be applied in the direction of pile

depth. The rectangular pile has a width (B) and length (H) that

correspond to the short and long dimensions of its cross section,

where B < H. An inclined load (P) per unit length of the pile with

respect to an angle β from y–axis is applied on its center to

produce the full flow mechanism of rectangular pile under the

undrained condition. 

The clay has an isotropic and constant undrained shear

strength (su) and obeys the rigid–perfectly plastic Tresca material

with the associated flow rule. The shear strength at the soil-pile

interface (sui) is controlled by its adhesion factor (α) as: α = sui/su.

Because of the assumption of the plane strain condition applied

to the direction of pile depth, a weightless soil (i.e., γ = 0) is

considered in the analysis. The ultimate lateral pile load can be

expressed as the dimensionless load factor, N, which is a

function of three dimensionless variables as:

 (1a)

where B/H= Aspect ratio of rectangular pile 

Three parametric studies of undrained lateral capacity of

rectangular piles were performed to cover practical ranges of

this problem, including B/H = 0.2 – 1.0, α = 0 (smooth) to 1

(rough), and β = 0° – 90° due to two symmetries through the

vertical (y) and horizontal (x) axes of a rectangular pile.

It is well established that the interface parameters play significant

role in the limit load of stability problems involving soil-structure

interactions, such as bearing capacity of strip footings (Ukritchon

et al., 2017; Ukritchon and Keawsawasvong, 2017), pullout

capacity of suction caissons (Keawsawasvong and Ukritchon,

2016b; Ukritchon and Keawsawasvong, 2016), laterally loaded

piles (Randolph and Houlsby, 1984; Martin and Randolph, 2006;

Keawsawasvong and Ukritchon, 2016a; Keawsawasvong and

Ukritchon, 2017c), stability of active trapdoors (Keawsawasvong

and Ukritchon, 2017a), and limiting pressure behind soil gaps

(Keawsawasvong and Ukritchon, 2017b). Recently, Fatahi et al.

(2014) employed a three-dimensional finite element method to

investigate an effect of interface parameters on a performance of

laterally loaded piles. They reported that the interface strength

reduction factor had a slight influence on predicted maximum

pile bending moment, but had a notable effect on performance

predictions of the pile-system subjected to the lateral loading. 

In this study, interface elements are used around the perimeter

of pile in order to reasonably simulate a soil-pile interaction. The

model of interface parameter used in the previous studies of

laterally loaded piles (Randolph and Houlsby, 1984; Martin

and Randolph, 2006; Keawsawasvong and Ukritchon, 2016a;

Keawsawasvong and Ukritchon, 2017c) is adopted and modelled as

the cohesive type of interface that is controlled by the single

parameter, commonly known as the adhesion factor (α), as

shown below.

α = sui/su (1b)

where sui = Undrained shear strength at the interfaces (i.e.,

limiting shear stress)

su = Undrained shear strength of the surrounding soil

Thus, the shear tractions (τi) along the soil-pile interface must

be smaller or equal to its interface undrained shear strength as:

(1c)

Note that Eq. (1c) is the special case of the cohesive-frictional

type of interface governed by the Mohr-Coulomb failure criterion

with zero friction angle. In practice, the concept of cohesive

interface defined by the adhesion factor is generally employed in

an estimation of a pile shaft capacity of a pile in cohesive soils

(i.e., the “alpha” method, e.g., Fleming et al., 2008). In this study,

the ratio of the adhesion factor is studied to produce the complete

interface behavior of rectangular piles, ranging from perfectly

smooth interface (α = 0) to perfectly rough interface (α = 1),

where α = 0, 0.2, 0.4, 0.6, 0.8 and 1.0. In addition, the fully

bonded soil-pile interface is also adopted, based on the previous

modeling of interface parameters in laterally loaded piles (Randolph

and Houlsby, 1984; Martin and Randolph, 2006; Keawsawasvong

and Ukritchon, 2016a; Keawsawasvong and Ukritchon, 2017c)

since the full-flow failure mechanism of soil around pile is

sought, in which a separation between soil and pile is not

permitted (i.e., full tension interface).

A plane strain numerical model of laterally loaded rectangular

piles in OptumG2 is shown in Fig. 1. Note that the plane strain

condition corresponds to the direction of the pile depth. The

rectangular pile is defined as a rigid solid element that has a

significant strength of Tresca criterion to ensure rigid behavior. A

lateral load, P, inclined at an angle of β with respect to the

vertical axis is treated by resolving into two components of

uniform tractions in the vertical (Pcosβ/B) and horizontal (Psinβ/

H) directions, where each traction is applied at the top and right

sides of the pile, respectively. These loadings cause the full flow

failure mechanism around the rectangular pile, and are optimized

in both upper and lower bound analyses. Due to two geometrical

symmetries along the horizontal and vertical axes of the rectangular

,
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pile, only the loading inclination from 0° to 90° is considered in

the analyses. 

The following summarizes the upper and lower bound

formulations in OptumG2 that are related to analyses of ultimate

lateral capacities of rectangular piles. 

In the upper bound analysis, the soil mass is discretized into

six–noded triangular elements. For each element, unknown velocity

components of each node employ a quadratic interpolation within

each element, and are continuous between adjacent elements.

Velocity discontinuities are permitted at interface elements that

are defined along the soil–pile perimeter. These velocity

discontinuities are implemented by collapsing patches of regular

triangular elements to zero thickness (Krabbenhoft et al., 2005;

Lyamin et al., 2005). All external boundaries of the model are

fixed only in the normal direction while the tangential direction

is free. Constraints of kinematically admissible velocity conditions

include velocity boundary conditions and compatibility and flow

rule equations at triangular and interface elements. The objective

function of upper bound calculation is defined to minimize the

load (P) that is obtained through invoking the principle of virtual

work by equating the rate of work done by external loads (i.e.,

the resolved vertical and horizontal uniform tractions) with the

internal energy dissipation at triangular and interface elements.

The upper bound optimization problem is cast as a Second–

Order Cone Programming (SOCP) (e.g., Krabbenhoft et al.,

2007; Makrodimopoulos and Martin, 2007), where the load P is

minimized and subjected to the constraints of kinematic admissibility.

In the lower bound analysis, the soil mass is discretized into

three–noded triangular elements. For each element, unknown

stress components of each node employ a linear interpolation

within the element. Unlike a conventional displacement–based

finite element method, each element has its own unique node,

resulting in possible stress discontinuities to happen along all

shared edges of adjacent elements, including soil–pile interface

elements. For all external boundaries of the lower bound model,

zero shear traction is enforced along the tangential direction,

while the normal traction is unconstrained in the normal direction.

Constraints of statically admissible stress conditions include

equilibrium equations at triangular elements and shared edges of

stress discontinuities, stress boundary conditions, and no stress

violation of yield criterion in the soil mass. The objective

function of lower bound calculation is defined to maximize the

load P, where the resolved vertical and horizontal uniform tractions

acting on corresponding pile edges are treated as standard stress

boundary conditions. The lower bound optimization problem is

also cast as SOCP (e.g., Krabbenhoft et al., 2007; Makrodimopoulos

and Martin, 2006), where the load P is maximized and subjected

to the constraints of static admissibility.

For both upper and lower bound calculations, the size of the

model is chosen to be large enough that the plastic zone is

contained within the domain, and does not intersect all boundaries.

Thus, the computed limit load is not altered by increasing the

domain size nor affected by the boundaries. The upper and lower

bound solutions are solved by using the general purpose optimization

solver SONIC with SOCP algorithm (Krabbenhoft et al., 2015).

An automatically adaptive mesh refinement, a powerful feature in

OptumG2, was employed in both the upper and lower bound

analyses to determine the tight upper and lower bound solutions.

Five adaptive steps with an increase of the initial mesh of 5,000

elements to a final mesh of 10,000 elements were used for all

analyses in which this setting was quantitatively enough to obtain an

accurate solution. Full details of numerical FELA formulation in

OptumG2 and extensive reviews of FELA can be found in

Krabbenhoft et al. (2015) and Sloan (2013), respectively.

It should be noted that according to the plastic bound theorems

(Drucker et al., 1952), the plastic limit load of a problem is not

affected by initial stresses or deformations provided that the

problem geometry is essentially unaltered (see Chen, 1975).

Consequently, initial stresses or deformations are not considered

in the LB and UB analyses, respectively. Note that the effects of

initial stresses or deformations have never been considered in

tremendous applications of limit analysis to stability problems in

geomechanics (see Chen, 1975).

3. Results and Comparisons

Figures 2-3 shows an influence of the lateral loading direction

on incremental displacement vectors of rectangular piles, where

α = 1 and B/H = 1, 0.2. As the loading direction is changed, the

plastic flow and size of plastic yielding zone are skewed towards

the direction of lateral load. Similar failure modes can be

observed for the pile aspect ratio of 0.2. The comparisons of

predicted failure mechanisms of rectangular piles that are

affected by B/H and α are shown in Fig. 4, where B/H = 0.2, 0.6

and 1.0 and β = 45°. The shape of the flow–around mechanism

and corresponding size of the plastic zone of rectangular piles are

predominantly controlled by the adhesion factor. For square

piles, the rough case corresponds to a lemniscatic shear band

Fig. 1. Numerical Model of the Undrained Lateral Capacity of

Rectangular Pile
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illustrated by two zones of circular arc shear bands that join

along the diagonal line of the rectangular pile while the smooth

case corresponds to a capsule shaped type of shear band. A

decrease of pile aspect ratio results in a skewed failure mechanism

of lemeniscate or capsule shape. 

The influences of B/H, α and β on N are illustrated in Fig. 5.

For all parametric studies, the exact N factor can be accurately

bracketed by the computed bound solutions, where the differences

between UB and LB solutions are small within 3% of the

average solutions. Such small differences indicate the accurate

predictions in the N factor since the adaptive mesh refinement in

OptumG2 was utilized in both UB and LB simulations for all

cases.

A complicated nonlinear relationship between N and B/H was

found. For β = 0° – 30°, an increase of pile aspect ratio results in

an increase of the lateral capacity of the rectangular pile. On the

other hand, for β = 45° – 90°, there are four different patterns of

N: i) monotonically asymptotic function (e.g., β = 45°, Fig. 5(d)),

ii) concave function (e.g., β = 60°, Fig. 5(e)), iii) mixed decreasing

and concave function (e.g., β = 75°, Fig. 5(f)), and iv) monotonically

decreasing function (e.g., β = 90°, Fig. 5(g)). 

Figures 5(a) and 5(g) also illustrate the comparisons in the N factor

of rectangular piles loaded along either their vertical (β = 0°) or

horizontal (β = 90°) axes between computed bound solutions and

existing solutions by finite element analysis (Keawsawasvong

and Ukritchon, 2016a), respectively. Generally, the predicted

values and trends in the lateral capacity as a function of the pile

aspect ratio agree very well with that of the existing solutions for

all adhesion factors. Particularly, the present study has made a

significant improvement over the previous finite element solutions

Fig. 2. Comparison of the Incremental Displacement Vectors for Rectangular Piles with B/H = 1 and α = 1
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of rectangular piles in those two directions by about 1 – 6%. 

4. Approximate Expression

As described earlier, the relationships between the dimensionless

load factor (N) and loading inclination (β) are very complicated

(see Figs. 5(a)-5(g)), which involves with different curve

characteristics, such as monotonic increase, decrease, or asymptote,

etc. Thus, it is not convenient to develop an approximate single

equation that possesses such characteristics. The effect of combined

loading on rectangular piles can be represented by using another

normalization in which the total inclined load factor (N) is

resolved into two components along the y and x axes, namely the

vertical load factor (i.e., Fy = Ncosβ) and the horizontal load

factor (Fx = Nsinβ). Then, the Fy and Fx factors are divided by the

purely vertical capacity (Fy0 at β = 0°) and the purely horizontal

capacity (Fx0 at β = 90°), respectively. A new normalized two-

dimensional plot between fx = Fx/Fx0 and fy = Fy/Fy0 is developed,

which represents the failure envelope for the combined loading

of rectangular piles, as shown in all symbols in Fig. 6. Each

subplot of the figure corresponds to a constant aspect ratio of

rectangular pile (B/H), while each contour line in the subplot

corresponds to a constant of adhesion factor (α). In general, the

failure envelope looks like a locus of circle that becomes slightly

distorted with a decrease of B/H and expands in size with an

increase of α.

Fig. 3. Comparison of the Incremental Displacement Vectors for Rectangular Piles with B/H = 0.2 and α = 1
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By employing a nonlinear regression analysis to the lower

bound solutions, an approximate single expression developed

from a modified circular locus is proposed to describe the failure

envelope of rectangular piles under a general loading direction as

follows:

(2)

(3)

(4)

(5)

(6)

(7)

(8)

where

a1 – a9 are constant coefficients 

The terms Fy and Fx represent the dimensionless load factors

that are resolved into the vertical and horizontal directions,

respectively. Two factors Fy0 and Fx0 correspond to the lateral

capacities of a rectangular pile that are purely loaded in vertical

(β = 0°) and horizontal (β = 90°) directions, respectively. For the

special case of plate (i.e., B/H = 0) loaded either along the

vertical or horizontal directions, these factors are: Fy0 = 4α and

Fx0 = 4 + 6π. Note that the former can be obtained from the

vertical static equilibrium by integrating the fully mobilized

shear traction along both sides of the plate length while the latter

is Rowe (1978)’s upper bound solution of the ultimate lateral

capacity of deeply embedded plate anchors in the full flow

failure mechanism, which is independent of α. For a square pile,

the condition of Fy0 = Fx0 is perfectly achieved using both Eqs.

(5) and (6).

According to Eq. (2), the failure envelope of rectangular piles

in the plot of fy versus fx produces one quarter circular–like locus

that ranges from zero to unity for both axes. In a general case of a

rectangular pile (i.e., B/H ≠ 1), the proposed envelope is not

symmetrical on the equality line, fy = fx. However, when the pile

becomes square (i.e., B/H = 1), the power terms for fy and fx
become identical (i.e., m = n), and hence the failure envelope is

symmetrical on that line. This is because the solutions of a

square pile have the symmetry at β = 45°.

Since a safe estimate on the true limit load can be obtained

from a lower bound solution, computed lower bound solutions of

rectangular piles were employed to determine the optimal solution

of constant coefficients (a1 – a9) by a nonlinear regression analysis,

as summarized in Table 1. Comparison of failure envelopes

among different adhesion factors is illustrated in Fig. 6. For each

case, the predicted failure envelope corresponds very well with
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computed lower bound solutions. These comparisons confirm

the dependency of the failure envelope of rectangular piles upon

the adhesion factor at the soil–pile interface and the pile aspect

ratio. In general, as α increases, the failure envelope becomes

slightly distorted and expands in size. Note that the failure

envelope of square piles is symmetrical at the equality line, fy = fx.

5. Remarks

In this study, a simplified approach of a full flow failure

mechanism around a pile was employed, and undrained behavior

of clays with a perfectly plastic material and associated flow rule

was assumed. Thus, the results are restricted to an application of

a short-term loading rather than a long-term loading while a pre-

failure deformation behavior of clay is neglected. For the long

term loading, this effect causes a consolidation of the clay,

thereby resulting in an increase of undrained shear strength with

time. A solution of an initial excess pore water pressure generated

immediately after an applied lateral load and before the start of

consolidation can be obtained from the elastic solution by

Baguelin et al. (1977) using incompressible conditions, since this

prediction was shown to be in excellent agreement with the FE

results (Osman and Randolph, 2012). Then, a consolidation

solution of clays around a laterally loaded pile can be determined

Fig. 5. Relationship between the Dimensionless Load Factor (N) and Pile Aspect Ratio (B/H) for: (a) β = 0°, (b) β = 15°, (c) β = 30°, (d) β

= 45°, (e) β = 60°, (f) β = 75°, (g) β = 90°

Table 1. Optimal Value of Statistical Constants for the Proposed Failure Envelope

a1 a2 a3 a4 a5 a6 a7 a8 a9

29.0652 8.0290 –2.1632 1.3163 0.2987 1.9010 0.6606 –0.9022 2.1240
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by an analytical method (e.g., Osman and Randolph, 2010;

Osman and Randolph, 2012) or by a finite element approximation

(e.g., Carter and Booker, 1981). Since available consolidation

solutions were limited to circular shape of pile, particular care

should be taken to approximate a solution of a rectangular pile

from that of a circular pile. Finally, a resulting increase of

undrained shear strength of clay due to the consolidation can be

practically estimated from the SHANSEP equation (Ladd, 1991), an

empirical power law relationship based on its stress history.

The presented results of a laterally loaded rectangular pile can

be applied for a stability evaluation of a pile under lateral loading

during earthquakes. For a simplified approximation of this

problem, the method of pseudo-static analysis commonly used in

slope stability (e.g., Koppula, 1984; Baker et al., 2006) may be

adopted in which two horizontal (x, y) earthquake ground motion

records are utilized. The earthquake inertial forces of pile are

calculated from two horizontal seismic coefficients in x and y

directions, and assumed to be the applied lateral load in each

direction. For a more accurate seismic analysis, the seismic

lateral load acting on pile can be obtained by employing the

three-dimensional (3D) numerical simulations with three directions

of earthquake ground motion records, as proposed by Hokmabadi

and Fatahi (2016). They suggested that 3D finite element method

or 3D finite difference method that takes into account of a

complete analysis of soil-structure interaction should be performed,

including the full modeling of superstructures of building frames

(i.e., column, beam, floor slab), pile cap, piles, soils, and soil-pile

interface. In addition, nonlinear material models with hysteretic

damping as well as geometric nonlinearities (uplifting, gapping

and P-Δ effects) should also be considered in 3D numerical

simulations. Interested readers are referred the work by

Hokmabadi and Fatahi (2016) for a detailed description of the

accurate seismic modeling. Once the seismic lateral load acting

on pile is obtained by means of the pseudo-static analysis or 3D

seismic numerical simulations, the safety analysis of laterally

loaded pile during earthquakes can be conveniently performed

using either the proposed failure envelopes in Fig. 6 or the

approximate expression in Eq. (2).

6. Conclusions

New plasticity solutions of undrained lateral capacity of

rectangular piles under a general loading direction and full flow

mechanism were examined by finite element limit analysis.

Approximate expressions were proposed in terms of the failure

envelope that was a function of its lateral capacity with respect to

purely vertical and horizontal directions. These capacities and

the curvature of failure envelope were controlled by adhesion

factor and pile aspect ratio, resulting in one quarter distorted

circular–like envelope. The proposed expressions serve as a

convenient and accurate tool for a prediction of undrained lateral

capacity of rectangular piles under a general loading direction in

practice.
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