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Abstract

The cross-sections of Reinforced Concrete (RC) members are assumed in the preliminary design. With optimization, optimum
dimensions of cross-sections providing required security measures can be obtained. Although, the area of the reinforcement bars is a
computable value according to the cross-section, the amount and size of bars are also design variables in order to ensure the
placement of bars providing adherence and other physical conditions. In this paper, the optimum design of RC continuous beams is
presented by considering design constraints given in ACI-318 (Building Code Requirements for Structural Concrete). The most
critical stress resultants of continuous beams are computed for all live load distribution patterns using three moment equations and
were used in the analysis of continuous beam. A Random Search Technique (RST) is developed in order to minimize the material
cost of the continuous beam. The RST is employed in different stages of optimization process such as cross-section and
reinforcement bar optimization. The approach is effective to find the detailed optimum design of RC continuous beams with
minimum cost.

Keywords: RC continuous beam, random search technique, optimization, Three moment equations, ACI-318, live load distribution

patterns
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1. Introduction

In the design of Reinforced Concrete (RC) structures, there are

several uncertain variables and influences. For that reason,

several design codes have been proposed in order to analyze RC

structures. Also, the optimum design of RC members is important

to find the best solution with minimum cost because concrete

and reinforcement steel bars are extremely different in price and

the amount of reinforcement bars is depending to the cross-

section of RC members. A balance between the costs of these

materials can be found by using an effective optimization technique

considering safety conditions in design codes and physical

conditions in the production of RC members. 

The optimization of RC members or structures has been

investigated by several academic papers. Coello et al. (1997)

optimized RC beam members by employing Genetic Algorithm

(GA) in order to obtain more economic costs than conventional

iterative methods depending to decisions of a designer. Also, the

optimum design of reinforced concrete biaxial columns was

investigated with the use of GA by Rafiq and Southcombe

(1998). Koumousis and Arsenis (1998) employed GA for the

detailed optimum design of RC members including deep beams.

The shapes of RC cross-sections were optimized by using the

Sequential Quadratic Programming (SQP) technique in order to

modify the initial rectangular shape of the member. For the cost

optimization, GA was employed to find optimum diameter and

number of main reinforcement bars (Rath et al., 1999). Camp et

al. (2003) optimally designed RC flexural frames according to

ACI318 (2005) by using GA. The optimal design of T-shaped

RC beams according to various design codes was conducted by

Ferreira et al. (2003). Two metaheuristic algorithms, GA and the

simulated annealing (SA) algorithm, were used together in order

to find optimum values of continuous steel reinforced beam by

Leps and Sejnoha (2003). Barros et al. (2005) developed the

optimum expressions of bending moment, steel area and ratio for

the cost optimization of singly and doubly RC beams. Using GA,

Govindaraj and Ramasamy (2005) investigated the detailed

optimum design of RC continuous beams by considering different

groups of reinforcements in order to minimize the cost of RC

beams. Also, Govindaraj and Ramasamy (2007) developed an

optimum design approach for the optimization of RC frames.

Guerra and Kiousis (2006) optimized multi-story and multi-bay

RC frames by using SQP algorithm. Gil-Martin et al. (2010)

investigated the optimum of required reinforcements in RC

columns under biaxial bending. Barros et al. (2012) proposed the

optimum depth and area of the reinforcement bars for rectangular
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RC sections for ultimate bending strength. Fedghouche and

Tiliouine (2012) optimized singly reinforced T-shaped RC beams

by employing GA and using the design procedures of Eurocode2.

Camp and Akin (2012) employed Big Bang-Big Crunch

Optimization technique for cantilever retaining RC walls in

order to minimize cost or weight per unit length. Bekdas and

Nigdeli (2012) optimally designed T-shaped RC beams under

flexural effects by using Harmony Search (HS) algorithm. 

In this paper, continuous RC beams are optimized. The objective

of the optimization is to find economically optimum cross-section

dimensions and amount of the reinforcement by considering the

design constraints given in ACI318 (Building Code Requirements

for Structural Concrete). A Random Search Technique (RST) is

developed in order to reach this aim. Three moment equations

(Timoshenko, 1953; Dias da Silva, 2006) developed by using

Clapeyron’s theory is employed to find most critical stress

resultants in critical sections of continuous beams by considering

the most unfavourable solution between all live-load distribution

patterns. 

2. Random Search Technique (RST)

A Random Search Technique (RST) was developed for the

optimization of RC continuous beams. The methodology of RST

can be seen in flowchart given in Fig. 1. The developed program

has the ability to find internal forces of the RC continuous beam

for all possible live-load patterns. The methodology of the

approach can be explained in six steps.

i. First, the properties of the continuous beams are defined to

the program. These properties are the number of the spans, their

lengths and loading conditions of the spans. The program has

ability to solve trapezoid loads for live and dead loads. Also,

ranges of the design variables are defined.

ii. After the definition of a continuous beam, breadth (B) and

height (H) of the RC cross-sections are randomly assigned for all

spans of the continuous beam. A possible solution range for the

cross-section dimensions is used by considering architectural

conditions and restriction given in design codes. Also, all optimum

dimensions assigned from the program are the multiples of 10

mm for practical use in production. This value can be changed

by user. 

iii. After the cross-sections dimensions are defined, internal

forces including design flexural moments (Md) and shear forces

(Vd) can be analysed for the critical sections of the beam. Three

moment equations are employed in the analyses. Also, all

possible live-load combinations are considered and the most

unfavourable solution is found for all spans and supports. 

iv. After the internal forces are found, the required flexural and

shear reinforcements are designed according to the constraints

given in ACI-318. 

For flexural reinforcements, the positioning of the steel bars is

an important issue and depth of the beam (d) is depended to the

design. Also, it is not possible to ensure the exact reinforcement

area with steel bars produced with constant bar diameter. For that

reason, the reinforcing bars are randomly chosen by considering

a user defined bar diameter range. With this procedure, the

placement of the bars is controlled according to a design

constraint in order ensure adherence between steel and concrete.

Dmax and φavarage are the biggest aggregate size and average of the

size of the reinforcement bars, respectively. Also, the program

can place reinforcement bars in two lines if it is needed. The

clear distance between the bars (aφ) must ensure the following

condition.

 (1)

An equivalent rectangular compressive stress distribution is

used in the study as described in ACI 318 code. The moment

capacity of the cross-sections can be defined as

 (2)

where φ, the strength reduction factor is equal to 0.9. As and fy are

the area of longitudinal tension reinforcements and the yield

strength of reinforcement, respectively. The ratio of the longitudinal

reinforcements to the effective area of the cross section (ρ) must

be less than

 (3)

and more than

 (4)

In the equations, the depth of equivalent rectangular stress

block (a) is obtained by multiplying β1 with the depth of the

neutral axis in compression section (c). According to compressive

strength of concrete ( fc), β1 is equal to the following expressions.

 

 (5)

If the maximum reinforcement area is exceeded for the singly

reinforcement beam, the fracture of the beam will be brittle. In

that case, the compressive stress on the concrete can be reduced

by adding reinforcements bar in the compressive section of the

beam. In that case, doubly reinforced beams are taken into

consideration during the optimization process and reinforcements

are also randomized for the compressive section of the beam. If

the beam is doubly reinforced, the ratio of the reinforcement bars

is reduced by considering the stress of the reinforcement bars of

compression section for Eq. (3). 

In the preliminary design, depth of the beam is assumed by

considering concrete cover, minimum stirrup diameter and
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minimum longitudinal reinforcement. After reinforcement bars

are randomly chosen, the exact value of the depth is calculated

and the required reinforcement area is updated. In design of

stirrups, the size and distance between the bars (s) are randomly

assigned according to the following constraints.

 (6)

 (7)

 (8)

The area of stirrups is defined with Av in the equations. At the

end of the design process, the flexural moment capacity is

controlled as the last constraints (g7). 

 (9)

The randomizing of the steel reinforcement bars (the process

in this step) is repeated until several conditions are met. There

are three conditions in order to reach the optimum solution.

a. All seven constraints must be provided. 

b. The total area of the reinforcement bars must not exceed the

required reinforcement area not more than 5% of the

required. 

c. If the beam is doubly reinforced, the total area of the rein-

forcement of compression section must be less than the bars

at the tensile section.

v. In fifth step, the total material cost of continuous beam is

calculated. The objective function of the optimization is to

minimize the total material cost. This function (f(x)) is given as

Eq. (10).

 (10)

In this equation, Cc, Cs, Vc and Ws are cost of concrete per

volume, cost of steel bars per weight, volume of concrete and

weight of reinforcement bars, respectively. 

vi. In this stage, the iteration number of the optimization is

checked. Number of iterations can be defined by user according

to the convergence of the optimum cost. If the iteration number

is satisfied, the program output the results. Otherwise, the range

of the cross-section dimensions are modified according to the

best solution of previous iterations and the process is repeated

from the second step. The upper or the lower bounds of the range

are updated with the best cross-section dimensions of the span

with the smallest values of cross sections. This modification is

done with 50% probability. Thus, the optimum solution can be

rapidly found. The ranges defined by user are stored and used

with 50% probability. By this operation, entrapping to a local

optimum is neglected. 

3. Numerical Examples

In this section, a two-span and five-span RC continuous beams

were optimized. The two-span RC continuous beam is a

symmetric structure and the other one is not symmetric. The cost

of concrete and steel was taken as 40$/m3 and 400$/ton,

respectively. These costs may be changed according to regions.

The major factor is the ratio of concrete and steel costs which is

1/10 in the numerical examples. 

3.1 Two-span Symmetric Continuous Beam 

The approach was numerically investigated on a two-span

symmetric continuous beam with 6 m span lengths. The spans of

the beam are loaded with trapezoid loads with maximum 15 kN/

m dead load (D) and maximum 5 kN/m live load (L) as seen in

Fig. 2. 

In the optimization, two different cases of cross-section

dimension limits were used. In the first case, breadth and height

of the beams were searched for the ranges 200 mm − 400 mm

and 300 mm − 600 mm, respectively. A smaller range than case

1 was used in case 2 in order to see the convergence to optimum
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solution. Respectively, the range of case 2 for breadth and height

of the beam are 200 mm − 300 mm and 300 mm − 400 mm. The

diameter ranges of longitudinal reinforcements and stirrups are

between 10 mm − 36 mm and 8 mm − 14 mm, respectively for

all cases. The concrete cover of reinforcement and the maximum

size of aggregate used in concrete are taken as 30 mm and 16

mm, respectively for the placements of the reinforcements in

cross-section. 

The loading conditions for live-load patterns are given in

Fig. 3. For the optimum results of case 1, the moment diagram of

the beam can be seen for different loadings in Fig. 4. As

expected, the maximum bending moment in the spans occurred

under LP1 and LP3 loadings and the maximum moment at the

middle support is originated from LP4 loading.

In Table 1, the optimum results of two-span beam for case 1

can be seen. The optimum cost of the beam is 75.44 $. Since the

beam is symmetric, the optimum results of spans are the same.

The drawing for the optimum design is given as Fig. 5. 

The optimum results of case 2 are given in Table 2. The cost of

the beam is only 0.02 $ (0.03%) lower than case 1 although the

optimum height of the beam is 390 mm (10 mm lower than case

1). Under the loading conditions given in Fig. 3, it is not

necessary to use reinforcement in compressive section and

reinforcements in tensile section can be places in a single line.

The convergence to the optimum results for case 1 and 2 can be

seen in the graphics of total cost vs. iteration (Fig. 6). Between

100 and 200 iterations, the optimum results can be nearly found.

In design, the cross-section dimensions are generally assumed

according to the experience of the designer. For that reason, the

designer can assume a value within a defined range. The range of

Fig. 3. Loading Conditions for Live-load Patterns

Fig. 4. Moment Diagram of the Two-span Symmetric Continuous

Beam for Case 1

Table 1. The Optimum Results of Two-span Symmetric Continuous Beam for Case 1

First span Middle support Second span

Cross-section (B/h) (mm) 200/400 - 200/400

First line of tensile section 2Φ18+1Φ12 1Φ30+1Φ10+1Φ18 2Φ18+1Φ12

Stirrup steel diameter /distance (mm) Φ8/170 - Φ8/170

Optimum Cost ($) 75.44

Table 2. The Optimum Results of Two-span Symmetric Continuous Beam for Case 2

First span Middle support Second span

Cross-section (B/H) (mm) 200/390 200/390 200/390

First line of tensile section 1Φ24+1Φ12+1Φ10 1Φ32+1Φ16+1Φ10 1Φ24+1Φ12+1Φ10

Stirrup steel diameter /distance (mm) Φ8/170 - Φ8/170

Optimum Cost ($) 75.42

Fig. 5. The Optimum Design of Two-span Symmetric Continuous

Beam 
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the case 1 used in this study may be too big for a designer but the

second one may be suitable. The program used in this study

randomly assigns cross-section dimensions and the best solution

is updated according to iterations. In the first three iterations, the

costs of the beam for case 2 are 85.34 $, 83.89 $ and 82.55 $. The

designer can also find these values by assuming cross-section

dimensions. For that reason, the optimum results of the present

approach can be compared with these values. The optimum

results of case 1 and 2 are 8.61% more economic than the first

trials of optimization for case 2 or a designer. If the first trials of

case 1 are compared with the optimum results, the present

approach is 24.97% more economic than the first trials of

optimization for case 1. 

In order to examine the success of the present approach for

doubly reinforced concrete, the dead and live loads were

increased by multiplying with 1.6. Also, the breadth of the beam

was taken as a constant value (200 mm) and the height of the

beam was search between 300 mm and 400 mm (case 3). Thus, a

doubly reinforced design is needed for the middle support

because this situation was provided by the increase of the load. A

doubly reinforcement may be needed for the critical sections of

the spans according to the cross-section dimensions of the beam.

According to results given in Table 3, the present approach is

effective under the maximum flexural moments given in Fig. 7. 

According to optimum results of case 3, doubly reinforcement

design is only needed for the middle support. The optimum

height of the beam is the limit of the range. Thus, the optimum

design is escaping from the doubly reinforcement deign if it is

not necessary. In Fig. 8, total cost vs. iteration graphic is given.

According to first iteration, the optimum result of case 3 is

13.18% more economic. 

3.2 Five-span Continuous Beam

A five-span continuous beam with different span lengths was

investigated for the optimum design (Fig. 9). The same ranges

for cases 1 and 2 with the two-span example were used. The

Fig. 6. Total Cost vs. Iteration for Case 1 and 2 (five-span beam)

Table 3. The Optimum Results of Two-span Symmetric Continuous Beam for Case 3

First span Middle support Second span

Cross-section (B/H) (mm) 200/400 - 200/400

First line of compressive section - 2Φ10 -

First line of tensile section 1Φ24+2Φ20 2Φ34 1Φ24+2Φ20

Stirrup steel diameter /distance (mm) Φ8/170 - Φ8/170

Optimum Cost ($) 99.10

Fig. 7. Moment Diagram of the Two-span Symmetric Continuous

Beam for Case 3

 Fig. 8. Total Cost vs. Iteration for Case 3 (five-span beam)

Fig. 9. Five-span Continuous Beam
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optimum results for case 1 and case 2 can be seen in Table 4 and

Table 5, respectively. The optimum preference of the program is

to use single reinforcement design for both cases. 

As seen from the total cost vs. iteration graph for five-span

beam (Fig. 10), the optimum results of the cases are nearly equal

to each other at 300th iteration. After this iteration, convergence

to the optimum results for case 2 is better than case 1 as

expected. When comparing the optimum costs with the first

three iterations of case 1, a 24% reduction of the cost is obtained.

This reduction is 8% for the comparison with the first three

iterations of case 2. 

4. Conclusions

A Random Search Technique (RST) is proposed to find optimum

cross-section dimensions and reinforcements of continuous RC

beams. Internal forces of the RC beam are solved by using three

moment equations for all iterations of RST. The design constraints

given in ACI-318 are checked and the detailed reinforcement bar

design is done by considering placement of the bars providing

adherence. If the placements of bars are not considered during

optimization, the area of reinforcement bars is a calculable value

but it cannot be exactly provided in production. Also, the sizes

(diameter) of reinforcement bars are effective on the depth of the

bars.

The present approach was demonstrated with two numerical

examples. The optimum results were obtained for different

cross-section dimension ranges. Cross-section dimension range

of the second case is smaller than the first one. The first example

is a two-span symmetric continuous beam. Under maximum

internal forces obtained by considering all live load distributions,

singly reinforced concrete design is optimum for case 1 and case

2. By increasing the amount of loading, a third case with constant

breadth was used in the optimization. Thus, the success of the

optimization on doubly reinforced concrete was evaluated.

Comparing to design process of designers, the present approach

is approximately 9% more economic for two-span example.

The second example is a five-span RC continuous beam. The

same range limits of two-span beam were used for case 1 and

case 2. The optimum results of five-span continuous beam are

approximately 8% more economic than a possible design. 

The RST proposed in the present study is effective on rapidly

finding optimum design variables of continuous beam with

minimum material cost by considering ACI-318 design procedure,

placement of the reinforcements in cross-section and live load

distribution patterns.

In the design methodology, the optimum design for spans and

supports are consequently done. When nonlinear behaviour is

considered by using redistribution of the flexural moments,

design of all spans and supports must be done before finishing

the iterative optimization process of a span or support. In that

case, the optimization process will be complex and a global

optimum solution cannot be found since the probability to find

all parts of the beam as optimum is low for an iteration. In the

future works, the redistribution of the flexural moments as

defined in design codes will be considered by developing a new

and modified methodology. 

Table 4. The Optimum Results of Five-span Symmetric Continuous Beam for Case 1

First 
span

Second sup-
port

Second 
span

Third 
support

Third 
span

Fourth 
support

Fourth 
span

Fifth 
support

Fifth 
span

Cross-section (b
w
/h) (mm) 200/350 - 200/360 - 210/350 - 200/370 - 200/370

First line of tensile section
1Φ12+
1Φ14

1Φ20+
1Φ24

2Φ14+ 
1Φ18

1Φ12+ 
1Φ26

1Φ10+ 
1Φ12

1Φ14+ 
1Φ22

2Φ12+
1Φ18

1Φ12+
1Φ18+
1Φ30

1Φ14+ 
1Φ16+
1Φ22

Stirrup steel diameter/distance (mm) Φ8/150 - Φ8/150 - Φ8/150 - Φ8/160 - Φ8/160

Optimum Cost ($) 147.89

Table 5. The Optimum Results of Five-span Symmetric Continuous Beam for Case 2

First
 span

Second 
support

Second 
span

Third
 support

Third 
span

Fourth
 support

Fourth 
span

Fifth 
support

Fifth 
span

Cross-section (b
w
/h) (mm) 200/340 - 200/330 - 200/300 - 200/390 - 200/390

First line of tensile section
1Φ10+
1Φ16

1Φ24+ 
2Φ16

1Φ26+ 
1Φ12

1Φ26+ 
1Φ18

2Φ10
1Φ12+ 
1Φ16+
1Φ18

1Φ12+ 
1Φ22

1Φ16+ 
1Φ32

1Φ26+ 
1Φ14

Stirrup steel diameter/distance (mm) Φ8/140 - Φ8/140 - Φ8/120 - Φ8/170 - Φ8/170

Optimum Cost ($) 146.63

Fig. 10. Total Cost vs. Iteration for Case 1 and Case 2 (five-span

beam)
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