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Abstract

This paper presents semi-analytical solutions for functionally graded piezoelectric hollow spheres. The hollow sphere is subjected
to pressure on the boundary surface, electric potentials difference between the outer and inner surfaces, and uniform distribution of
hygrothermal effect. It is assumed that the material properties of the sphere are graded in the radial direction according to a power law
distribution of the volume fraction of the constituents. Some cases of boundary conditions are presented for stresses, electric
potentials and displacement. Finally, numerical results for radial displacement, electric potential and stresses are carried out and
discussed. The effects of different parameters are investigated. It can be concluded that the gradient of the material properties have

particular influence in modern engineering design.
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1. Introduction

Material properties in Functionally Graded Material (FGM)
structures are changed through the thickness distribution by
using power or exponential law of the volume fraction of the
constituents. The Functionally Graded Piezoelectric Material
(FGPM) is considered as one kind of piezoelectric material with
properties varying continuously in the radial or the thickness
direction. FGPMs are composite materials intentionally designed
to have desirable properties for specific applications. The
advantage of these new types of materials is that they can
improve the reliability or the life of piezoelectric devices.

There have been some studies concerned with thermal stresses
or piezoelectric effect in the basic structural components of FGMs.
Ootao and Tanigawa (2007) have presented the theoretical
treatment due to uniform heat supply of transient piezo-thermo-
elastic problem of FG hollow spheres. They analyzed the transient
1-D temperature by the method of Laplace transformation. Dai ez
al. (2007) have presented analytical studies on electro-magneto-
elastic behaviors of FGPM structures. These solid structures are
placed in a uniform magnetic field and subjected to external
pressures and electric loadings. Dai ef al. (2010b) have presented
the analytical solution for piezoelectric behaviors of FGPM hollow
spherical and cylindrical structures. Allam and Tantawy (2011)
have presented an analytical solution for the interaction of different
field quantities of hollow structures made of viscoelastic isotropic

material, reinforced with elastic isotropic fibers. Loghman et al.
(2012) have investigated the magnetothermoelastic creep behaviour
of thick-walled FGM spheres. Dai ef al. (2012) have presented an
analytical solution for time-dependent behaviours of a FGPM hollow
sphere under the coupling of multi-fields.

The mechanical properties of FGMs are often represented in
two ways: one of them is the exponentially graded forms
(Zenkour, 2007; 2008) and the other is the power law variations
(Reddy and Chin, 1998; Reddy, 2000; Reddy and Cheng, 2001;
Zenkour, 2005a, b; Zenkour, 2006a). Reddy and Chin (1998)
have presented the thermoelastic responses of FG cylinders and
plates. Reddy and Cheng (2001) have used an asymptotic method
to treat the 3-D thermomechanical analysis of simply-supported,
FG rectangular plates.

The hygrothermal stress analyses of different plate structures
have been the subject of research interest of many investigators
(Whiteny and Ashton, 1971; Patel et al., 2002; Bahrami and
Nasier, 2007; Lo et al., 2010; Zenkour, 2012a, b). In this paper,
the hygrothermal analyses of FGPM hollow spheres are
presented. The displacement, stresses and electric potentials are
obtained via a semi analytical solution technique for the electro-
thermo-hygro-mechanical problem.

2. Basic Equations of the Problem

Let us consider a hollow sphere, having perfect conductivity.
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The spherical coordinate of any representative point (r, 6, ¢) is
considered. The FGM hollow sphere is subjected to rapid change
in temperature 7(r) and moisture concentration C(r). The
variation of material property P(r) along the radial direction of
the FG sphere is assumed to be of the following form (Zenkour
2006b):

PeY= (- (5=2) (1)

where p* and p’ are the corresponding properties of the inner and
outer surfaces of the sphere, a and b are the inner and outer radii
of the sphere, n>0 is the volume fraction exponent or the
grading index.

For the axisymmetric plane strain assumption, the field
quantities such as displacement, stresses, electric potential and
electric displacement may be expressed by u(r) , o;(r), (r=r, 9),
w(r) and D,(r), respectively. The constitutive equations are
given by (Sinha, 1962; Raja et al., 2004; Dai and Wang, 2005):

du
dr
A
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where ¢, (i=r,6,j=r,0,¢), e, (j=r,0), &, and p,, are elastic
coefficients, piezoelectric parameters, dielectric parameters and
pyroelectric coefficients, respectively. In addition, 7,(i=r, §) are
the coefficients of moisture expansion, while 4; represent the
stress-temperature moduli that take the form:

2
/18 Cro ng+ Co, Ay

in which ¢; are the thermal expansion coefficients. Generally,
this study assumes that ¢, (i=r,0,j=r,0,9), e,(j=r,0), &,,
n(i=r,0), and p, of the FG sphere change continuously
through its radial direction and obey the gradation relation given
in Eq. (1).

The temperature distribution through the radial direction of the
sphere is governed by the heat conduction equation

KV T(r)+q(r) = 0 )
4 1

where V* = ;+ —aji , k is the mean of thermal conductivity and
' rar

q(r) is the heat generation function.

In modeling, the transient moisture diffusion equation may
appear in the same manner as that of the transient heat
conduction equation. It is described with aid of the Fick's law
as:
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ViC(r) =0 (©6)

The equilibrium equation of the FG sphere without the influence
of the body forces is presented as:

do, 2(0,~0y) _ 0

dr r Q)

In addition, the charge equation of electrostatics in the absence
of free charge density is expressed as (Heyliger, 1997):

dD, 2D,
—I 4 =
dr r

0 ®

3. Elastic Solution for the FGPM Sphere

The elastic solutions for the FGPM hollow sphere are given by
solving the temperature, moisture, and equilibrium equations.
All resulting constants can be solved by the application of the
mechanical, electric, and boundary conditions.

The temperature is generated at a position-dependent rate
within the inner surface of the present FGP hollow sphere and it
is transferred to the outer insulated surface. So, the temperature
boundary conditions are given by:

dT(r
10, =T T =0 ©)
r r=»b
where 7y, is the reference initial temperature. The internal energy
generation within the inner and outer surfaces is described by the
heat generating function
q(r)=—%(r—a)(r—a), a<r<b (10)
a
where Q denotes the constant rate of internal energy generation. So,
the general solution of the heat conduction equation given in Eq. (5) is

() = LZ[9(r2+4ab)— 16r(a+b)]+ciIn(r) + ¢,

11
144kab an

where ¢, and ¢, are arbitrary constants. They can be determined
from the boundary conditions given in Eq. (9) in the form:

2
e, =25 (p-24)
¢, = m[(fﬂa—mb)— 128’ In(a)(b-2a)]+ T,
The dimensionless temperature 7/7, is plotted in Fig. 1(a)
through the radial direction; where the constant rate of internal
energy generation O and the thermal conductivity & are given,

respectively, by

0=12Wm™), k=035(WK 'm™) (13)

In addition, the inner and outer radii of the FGPM sphere are
chose arbitrarily as ¢ =0.2m and b=1m.
Also the general solution of Eq. (6) is

C(r) = csin(r)+ey (14)
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Fig. 1. Hygrothermal Distribution in the FGPM Hollow Sphere: (a)
Temperature Distribution, (b) Moisture Distribution

where ¢; and ¢, are arbitrary integration constants. The boundary
conditions for the moisture concentration are

c()._,=0, C(n)|,_,=C, (15)

where C, is the reference initial moisture concentration. Then,
the constants ¢; and ¢, are given by

Co

o= _ c,In(a)
> In(b)—In(a)

T Ty~ In(a)

(16)

Figure 1(b) shows the distribution of the dimensionless moisture
concentration C/C, through the radial direction.
In addition, the solution of the charge equation of electrostatics
is given by
A

D,=—2
r

a7

where 4, is an unknown constant. Thus, Egs. (3) and (17) with
the aid of the gradation relation given in Eq. (1), yield

dr €, errdr 2@rer pllT(r) rz

(18)

The radial and circumference stresses given in Eq. (2) with the
aid of Egs. (1) and (18) can be summarized as

du
{"f}: iy 2mp) dr +{m31}T(r)+{m“}C(r) —{ms'}iz'
Oy my, Moy || U ms My msy) r

r

(19)
where m;; are functions of r
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Therefore, Eq. (7) with the aid of Eq. (19) yields
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Fig. 2. Dividing Radial Domain Into Some Finite Sub-domain
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The mechanical boundary conditions of the sphere in question
are given by

Ol =—Pry G,y =P, 22)

where P, and P, denote the inner and outer pressures, respectively.
So, the complete general solution to the radial displacement z may
be used to obtain the electric potential. Integrating Eq. (18) gives
the electric potential y(r) with additional arbitrary integration
constant 4,. Finally, the constants 4, and A, are obtained using
the electric boundary conditions:

w,_, = v, wl._, = v

An analytical solution of Eq. (21) with variable coefficients is
difficult. Hence, a semi-analytical solution is attempted here
(Mendelson, 1968). In this method, the radial domain is divided
into several virtual sub-domains with thickness s as shown in
Fig. 2. Evaluating the coefficients of Eq. (21) at » = »*, which is
the mean radius of the kth division, and using them instead of the
variable coefficients, yields:

23)

(k) (k)
L el 00 g 24)
dar’ dr

where
N(]k): 2 n 1 dmy
r(/c) m”(r(k)) dr e

o2 dmyl 20ma) -ma(r)]
¢ am,

=2 -
(1 my, ™)

r=r

) dr

k) _ m41(r(k))a’C m3l(r(k))dT
NO = Tl Jdt I Jdal
m( Oy dr| - om (|
1 dmy, 4 2[’"41(’”””) _m42(’”(k))] C(r(k))
mu("(k)) dr r=r® Y
1 dms, 4 2[’"31(’”””) _m32(’”(k))]2 T(r(k))
mu("(k)) dr r=r® Y
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Equation (21) with variable coefficients, and using the above

technique, is changed into a system of m equations, equal to the

number of virtual sub-domains. The solution to Eq. (24) is given by
¢ 4 i k) _Pal ]\](37»')
u® = B(lk)eﬁ +B(2k)eﬁ + ]\E

where £, and £, are the roots of the equation
B+NPB+ NP =0, and B and BY are unknown constants

for the kth sub-domain. Also, the solution of Eq. (24) is valid for

(26)

(k) M
r(“—S—SrSr(Uﬁ-s—
2 2

@7

where s* and +* are the radial width and the mean radius of the

kth sub-domain, respectively. The unknowns B (i =1, 2) can
be given by applying the necessary conditions between each two
adjacent sub-domains. So, the continuities of the radial displacement
u", the stresses ¢ and o)), as well as the electric potential
W are imposed, for this purpose, at the interfaces of the
adjacent sub-domains. Then, the interfaces continuity conditions
are represented by

S S®+D

®
(k) S
r=r" +—
2

(28)

3 s
= D

2

where 3 represents any of the functions u, o;, oy and y The above
continuity conditions together with the global boundary conditions
given in Eqs. (22) and (23) yields a set of linear algebraic equations
in Ay, Aogy Big, Bax (k=1,2,...m) . Solving this system of linear

} LA hd —

algebraic equations and substituting the resulting parameters into
Egs. (26), the displacements # can be determined in each sub-
domain. It is to be noted that, increasing the number of sub-domains
will improve the accuracy of the numerical results.

4. Numerical Examples and Discussion

Numerical examples for the analysis of FGPM hollow spheres
with hygrothermal conditions are given. The material property
gradient index # is assumed to take five values: »=0 (outer
material), =1, n=2, n=5,and n—> o (inner material). The
inner material properties used in the numerical calculations of
the FGPM hollow sphere are (Dai ef al., 2010a):

¢t =1.11x10"Pa, ¢/,=7.78x10" Pa, ¢j, = 1.15x 10" Pa
¢4y =22x10" Pa,e’. = 15.1 Cm~,e’y=-5.2 Cm™

& =562x107C’K'm’, pj, =-2.5%10"Ckm™

o =0.0001K™, &= 0.00001K ™

7 =0.03xc, 7,=0 29)

The outer material properties are taken with references to PZT-
5 as follows (Ghorbanpour Arani et al., 2011):

& =1.11x10" Pa,c’y=7.52x10" Pa, ¢}, = 7.8x 10" Pa
chp=12x10" Pa,e’. = 15.78 Cm >, e’y=—-5.35 Cm™

& =74x10"C’K'm’, p}, =-25x10"Ckm™

o =8.53x10°K ™", ap=1.99x10°K"

n=0.03%xc,, 1n,=0 (30)
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Fig. 3. Field Quantities in the FGPM Hollow Sphere for Different Values of n (Example 1): (a) z Versus rib, (b) o, Versus rib, (c) o, Versus

rb, (d) w Versus rib
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4.1 Example 1 (mechanical and electrical loads)

The FGPM hollow sphere is subjected to uniform pressure on
the external surface and it is traction-free in its internal surface.
In addition, the spherical structure is subjected to uniform
potential at external surface and it is grounded at the internal
surface, that is:

P,=0,P,=10" Pa,y, = 0, y, = 10" WA (€1))

Numerical results for such hollow sphere are plotted in Fig. 3.
The dimensionless radial displacement, stresses and electric
potential are given by

(32)

Figure 3(a) shows the distribution of % along the radial
direction of the FGPM hollow sphere. The radial displacement #
is no longer increasing and has its maximum near the inner
surface of the sphere. The value of n=35 gives the highest
displacement while n—>« gives the smallest one. Fig. 3(b)
shows the radial stress distribution through the radial direction of
the FGPM hollow sphere. The radial stress &, for all values of »
at r = a isequal to 0 and at » = b is equal to —1, which should be
expected in order to satisfy the boundary conditions given in Eq.
(22). The differences between radial stresses &, increase near the
mid-plane (furthest from internal and external boundaries) of the
FGPM hollow sphere. Fig. 3(c) shows the circumferential stress
&, through the radial direction of the FGPM hollow sphere. It is
decreasing to a minimum at the outer surface of the sphere. The
value of n— 0 gives the smallest stress at the inner surface and

rx;h
(c)

the greatest stress at the outer surface. However, n =0 gives the
smallest stress at the outer surface of the sphere. Fig. 3(d) shows
the distribution of the electric potential ¥ along the radial
direction for different values of # of the FGPM hollow sphere. It
is to be noted that the electric potential 7 at r = a is equal to 0
and at r=» is equal to 1, which satisfies the boundary
conditions given in Eq. (22). The differences between electric
potentials ¥ increase near the mid-plane (furthest from internal
and external boundaries) of the FGPM hollow sphere. The
electric potential I decreases and has its minimum value near
the inner surface of the sphere for n = 0,5, while it has its
minimum at »/b=0.46 for n=1,2. For all n, the electric
potential ¥ increases to maximum values at the outer surface of
the sphere.

4.2 Example 2 (mechanical load only)

The FGPM hollow sphere is subjected to uniform internal
pressure with free electric potential. This means that the present
sphere acts as a sensor. That is:

P =10"Pa, P,=0,p,=y,=0 (33)

Numerical results for such hollow sphere are plotted in Fig. 4.
The dimensionless radial displacement, stresses and electric
potential are given by

=% 5=21 (i=r,0,7=y (34)
1

IR

Figrue 4 shows the radial displacement, radial and circumferential
stresses, and electric potential distributions in the FGPM hollow

J"z’.h
(d)

Fig. 4. Field quantities in the FGPM hollow sphere for different values of n (Example 2): (a) u Versus rib, (b) o, versus rib, (c) o, Versus

rib, (d) ¥ Versus rlb
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sphere. Fig. 4(a) shows that the radial displacement z is no
longer decreasing and has its minimum value at /6 = 0.35 for
different . Fig. 4(b) shows that the radial stress &, for different
values of n at r =a is equal to —1 and at » =5 is equal to 0,
which should be expected in order to satisfy the boundary
conditions given in Eq. (22). The differences between radial
stresses o, increase at »/b = 0.4 in which the maximum value of
o, occurs. Fig. 4(c) shows that the circumferential stress &,
decreases to its minimum value at »/» = 0.23 for n—> and at
r/b=0.31 for other values of ». Fig. 4d shows that the electric
potential 7 vanishes at » = as and at » =, which should be
expected in order to satisfy the boundary conditions. The
differences between electric potentials 7 increase near the mid-
plane of the FGPM hollow sphere. The maximum value of the
electric potential % occurs at different positions according to the
value of n.

4.3 Example 3 (electrical load only):

The hollow sphere is considered with traction free and it is
subjected to a constant voltage at internal surface and grounded
at the external surface. In this case, the sphere acts as an actuator,
that is:

P =P,=0,p,=10"WA", y, =0 (35)

The dimensionless radial displacement, stresses and electric
potential are given by

(36)

rx;h
(c)

Figure 5 shows the plots of the field quantities versus the radial
directions of the FGPM hollow sphere. Fig. 5(a) shows that the
radial displacement # is no longer decreasing and has its
minimum value at »/b = 0.27 for different n. Fig. 5(b) shows
that the radial stress &, is equal to 0 at » =a and r=5 for
different values of », which should be expected in order to satisfy
the boundary conditions. The differences between radial stresses
o, increase at »/b = 0.33 in which the maximum value of &,
occurs. At this position, n—>o0 gives the greatest radial stress
while n=75 gives the smallest one. Fig. 5(c) shows that the
circumferential stress &, is decreasing to get its minimum near
the inner surface of the FGPM hollow sphere. After that, it is
increasing to get its maximum at the outer surface. This is done
for all values of n except n— o for which &, increases directly
from the inner to the outer surfaces of the sphere. Fig. 5(d) shows
that the electric potential % vanishes at » = » and is equal to 1 at
r = a , which satisfies fully the boundary conditions. The differences
between electric potentials ¥ increase at /b = 0.5 . The maximum
value of the electric potential 7 occurs at different neighborhood
positions according to the value of . For n— o, 7 is maximum
at the inner surface of the sphere.

4.4 Example 4 (free of mechanical and electrical loads)
The hollow sphere is considered with traction and electrical

load free, that is:
Py=P,=0, yy=y,=0 (37

Numerical results for such hollow sphere are plotted in Fig. 6.
The dimensionless radial displacement, stresses and electric

06 n=0 9
I n=1 1
04 s n=2 ]
“n=5
0.2 __ n—eo ]
o 'l L L
0.2 0.4 0.6 0.8 1
r/b
(d)

Fig. 5. Field Quantities in the FGPM Hollow Sphere for Different Values of n (Example 3): (a) # Versus rib, (b) &, Versus rib, (c) G, Versus

rb, (d) w versus rib
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Fig. 6. Field Quantities in the FGPM Hollow Sphere for Different Values of n (Example 4): (a) u versus rib, (b) &, Versus rib, (c) &, Versus

rb, (d) w Versus rib

potential are given by

i==,6=0, ([=r0), ¥=y (38)

SR

Figure 6(a) shows that the radial displacement # decreases to
its minimum value at the same position (/6= 0.3) for different
n. The maximum values of # occur at the external surface of the
sphere. Fig. 6(b) shows that the radial stress &, is equal to 0 at
r=a and r = b for different values of » as mentioned before. It
has the same behavior as that in Fig. 5(b). However, n =1 gives
the greatest radial stress while » =0 gives the smallest one.
Also, Fig. 6(c) shows that the circumferential stress &, has the
same behavior as that in Fig. 5(c). Fig. 6(d) shows that the
electric potential 7 vanishes at » =« and r =5 as mentioned
before. The differences between electric potentials 7 increase at
r/b=0.6. The maximum values of % occur at different
neighborhood positions according to the value of .

5. Conclusions

The hygrothermal analysis of a functionally graded piezoelectric
hollow sphere is investigated in this paper. A semi-analytical
solution technique is developed for the electro-thermo-hygro-
mechanical problem, where stresses and electric potentials are
produced under combined mechanical and electrical loading
conditions. It is to be noted that the gradation of the constitutive
components plays an important role to control the distribution of
stresses, radial displacement, and electric potential responses of
FGPM as well as in optimal design of this structure. Thus by

— 1964 —

selecting a proper value of the grading index » and suitable
loads, it is possible for engineers to design a FGPM hollow
sphere that can meet specific requirements. Finally, it is
concluded from the above analyses and discussion that the
presented method is simple and effective and the semi-analytical
solution is accurate (within the context of numerical analyses)
and reliable.
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