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Abstract

This paper presents the results of a study aimed at investigating the effects of restrained shrinkage on the in-plane deflection
behavior of reinforced beams cast with self-compacting concrete. The load-deflection data from the tests on two sets of heavily-
reinforced concrete beams were analyzed. The first set of beams was made with self-compacting concrete while conventionally
vibrated concrete with shrinkage reducing admixture was used in the second set. It was found out that the first set underwent
shrinkage cracking at early ages and this cracking caused the member responses of the beams to be closer to the fully-cracked
response at the initial stages of loading. The second set of beams was found to have initial responses approximate to the uncracked
response and the maximum shrinkage restraint stresses were calculated to be in the order of 20-40% of the modulus of rupture of
concrete. The maximum shrinkage-induced restraint stress expressions of the AS 3600-2001, AS 3600-2009, EC2, and CSA A23.3-
04 codes were found to underestimate the restraint stresses developed in the first set, yet the estimates from code solutions were in
closer agreement with the experimental values in the second set.

Keywords: shrinkage, self compacting concrete, reinforced concrete beams, deflection, effective moment of inertia, shrinkage

reducing admixture
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1. Introduction

Restrained shrinkage cracking is a common problem in concrete

structures. The National Cooperative Highway Research Program

(NCHRP) study carried out by Krauss and Rogalla (1996)

reported that more than 100,000 bridges in US faced early-age

cracking. Consequently, research programs (Brown et al., 2001;

Qiao et al., 2010; Wan et al., 2010, etc.) were conducted by the

Departments of Transportation (DOT) of various states in US to

understand the reasons for this cracking and to investigate the

mitigation strategies to minimize the restrained shrinkage

cracking and its effects on the structure. 

Shrinkage cracks form in a concrete member when a source of

restraint restrains its free volumetric changes associated with

shrinkage. The source of restraint can be internal such as

reinforcement and aggregate or external such as formwork and

adjoining members. Since reinforcement constitutes an impor-

tant source of restraint, heavily-reinforced concrete beams are

more liable to restrained shrinkage cracking compared to lightly-

reinforced concrete beams (usually with a reinforcement ratio of

1%).

Restrained shrinkage plays an essential role not only in the

durability but also in the service-load behavior of concrete

structures. Restraint to the free shrinkage strains induces addi-

tional stresses to a member, which result in the reduction of the

cracking moment and flexural rigidity. The reduction in the

flexural rigidity increases the deflections of the member, which

may cause the deflections at service loads to be critical. The

shrinkage-induced restraint stresses are a greater cause of

concern in concrete members cast with Self-Compacting

Concrete (SCC). Many studies in the literature (Leemann and

Hoffmann, 2005; Turcry et al., 2006; Turcry and Loukili, 2006;

etc.) have shown that SCC has a higher rate and amount of

shrinkage and is more vulnerable to early-age shrinkage cracking

compared to Conventionally Vibrated Concrete (CVC) due to its

higher paste volume, lower aggregate content, and lower bleeding

capacity. Consequently, SCC flexural members might be subjected

to higher restraint stresses, resulting in more pronounced

increases in the service-load deflections. The effect of shrinkage

restraint stresses on the in-plane deflection response and service-

load behavior of reinforced concrete beams cast with SCC has

not been studied extensively in the literature. The only study

known to the authors that analyzes the in-plane deflection

behavior of reinforced beams cast with SCC was carried out by

Sonebi et al., (2003), who tested SCC and CVC beams of the

same concrete grade. The SCC and CVC beams of the same

concrete grade had the same dimensions, longitudinal and

transverse reinforcement. The beams had a tensile reinforcement
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ratio of 2%. Sonebi et al. (2003) found out that at the same load

levels SCC beam had narrower and more closely spaced cracks

and slightly higher deflections compared to the CVC beam. The

deflection predictions from the ACI 318M-05 (ACI Commttee

318, 2005) solution, which is based on Branson (1965) effective

moment of inertia formula, were found to be in close agreement

with the experimental deflections of both SCC and CVC beams. 

The present study primarily aimed at investigating the effect of

shrinkage restraint stresses on the cracking moments and in-

plane deflection responses of reinforced concrete beams cast

with SCC. For this purpose, the experimental load-deflection

curves of two sets of heavily-reinforced concrete beams tested

by Kalkan (2009) were examined. In the first set of beams, SCC

was used, while the second set of beams was cast with CVC and

Shrinkage Reducing Admixture (SRA) was added to concrete.

Significant differences between the in-plane load-deflection

responses of the two sets were found. The restraint stress

expressions of the AS 3600-2001 (SA, 2001), AS 3600-2009

(SA, 2009), EC2 (CEN, 2002), and CSA A23.3-04 (CSA, 2004)

concrete codes were found to underestimate the maximum

shrinkage-induced restraint stresses in the first set of beams,

while more accurately estimating the restraint stresses in the

second set of beams.

2. Specimen and Material Details

In the present study, the load-deflection data of two sets of

rectangular reinforced concrete beams tested by Kalkan (2009)

were analyzed. The test beams were heavily-reinforced so that

their flexural capacities significantly exceeded their buckling

moments. Beams in the first group had slightly higher reinfor-

cement ratios compared to the ones in the second group.

Furthermore, SCC was used in the first group. The first group of

beams was observed to undergo significant shrinkage cracking

before the tests. In order to minimize, if not eliminate, shrinkage

cracking of the beams, CVC was used and Eclipse SRA,

produced by Grace Construction Products, was added to the

concrete mixes in the second group of beams. The differences

between the concrete mixes of the two groups of beams provided

the two groups with different in-plane (vertical) load-deflection

behaviors, which is the focus of the present study. The beams

were simply supported at the ends and subjected to a concen-

trated load at midspan.

The measured dimensions, reinforcement details and grades,

and material properties of the beams are given in Table 1 and

Fig. 1. The compressive strength and elastic modulus values

tabulated in Table 1 were obtained from cylinder tests carried out

according to ASTM C39 and ASTM C469, respectively. Two

Fig. 1. Reinforcement Details of the Specimens (All Dimensions in

Inches, 1 inch = 25.4 mm)

Table 1. Details of the Specimens

Group Beam
b × h × L
mm (in)

d
mm (in)

Longitudinal
Rebars

Concrete Mix ρ %
f’c

MPa (ksi)
Ec

MPa (ksi)

I

B18
38 × 457 × 3658 
(1.5 × 18 × 144)

362 (14.25)
3#5

Grade 40 [280]
SCC without SRA 3.4

78.1
(11.32)

34450
(5000)

B22-1
38 × 556 × 3658 
(1.5 × 22 × 144)

470 (18.5)
3#5&1#3

Grade 60 [420]
SCC without SRA 3.2

80.9
(11.73)

35800
(5200)

B22-2
38 × 556 × 3658 
(1.5 × 22 × 144)

470 (18.5)
3#5&1#3

Grade 40 [280]
SCC without SRA 3.2

75.8
(11.00)

33400
(4850)

B30
64 × 762 × 6096 
(2.5 × 30 × 240)

648 (25.5)
3#8

Grade 60 [420]
SCC without SRA 3.2

84.3
(12.22)

41000
(5950)

B36
64 × 914 × 6096 
(2.5 × 36 × 240)

787 (31.0)
3#9

Grade 60 [420]
SCC without SRA 3.3

88.1
(12.78)

40350
(5850)

II

B44-1
76 × 1118 × 11887 
(3.0 × 44 × 468)

952 (37.5)
4#8

Grade 60 [420]
CVC with SRA 2.4

58.4
(8.47)

30700
(4450)

B44-2
76 × 1118 × 11887 
(3.0 × 44 × 468)

952 (37.5)
4#8

Grade 60 [420]
CVC with SRA 2.4

58.9
(8.54)

30700
(4450)

B44-3
76 × 1118 × 11887 
(3.0 × 44 × 468)

952 (37.5)
4#8

Grade 60 [420]
CVC with SRA 2.4

59.0
(8.56)

31400
(4550)

B36L-1
76 × 914 × 11887 
(3.0 × 36 × 468)

775 (30.5)
4#8

Grade 60 [420]
CVC with SRA 2.9

54.5
(7.90)

29650
(4300)

B36L-2
76 × 914 × 11887 
(3.0 × 36 × 468)

775 (30.5)
4#8

Grade 60 [420]
CVC with SRA 2.9

54.7
(7.94)

31000
(4500)
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2 × 6-W2.5 ×W3.5 sheets, one on each side of the flexural

reinforcement, were used in each beam as shear reinforcement

shown in Fig. 1. The first set of beams was cured under wet

burlaps for a week, while the second set of beams was cured for

approximately ten days under synthetic burlene blankets, which

are a special type of burlap, whose top surface is covered with

polyethylene against rapid drying of the burlap. The concrete

mixes of both groups contained Class F fly ash, and low- and

high-range water reducing admixtures (LRWR and HRWR) and

had a water-cement ratio (w/c) of 0.40. The concrete mixes in the

specimens was made using Type I/II Low Alkali cement, a

0.875-in (22-mm) maximum nominal size crushed limestone,

and a granitic sand. The concrete mixture contained about 37%

coarse aggregate, 27% fine aggregate, 12% cement, and 18%

water by volume. 

3. Shrinkage Stress Calculations

3.1 Free Shrinkage Strain

Calculation of restraint stress requires the knowledge of the

free shrinkage strain of concrete. In the present study, 4 × 4 × 11¼

in. (100 × 100 × 285 mm) prismatic specimens were used to

determine the free shrinkage strain of concrete experimentally.

Samples were taken from the concrete mixes of beams B44 and

B36L according to ASTM C192 and the length changes of the

samples were determined according to ASTM C157. Prismatic

specimens were taken both prior to and after the addition of

SRA’s to concrete so that the influence of SRA on the rate and

amount of free shrinkage strain could be examined. Free shrinkage

strains of samples with and without SRA are compared in Fig. 2,

which shows that the amount of strain decreases in the presence

of SRA, as previously pointed by several researchers, including

Shah et al. (1992), Nmai et al. (1998), and Gettu et al. (2002).

Furthermore, Fig. 2 indicates that the rate of shrinkage and the

shrinkage at early ages also decrease in the presence of SRA as

previously found by various researchers, including Tazawa and

Miyazawa (1995) and Berke et al. (1997). The decrease in the

early-age shrinkage is particularly important considering the fact

that formwork may induce major restraint stresses to the beam at

early ages. Therefore, the possibility of restrained shrinkage

cracking decreases in the presence of SRA in concrete. 

 For the restraint stress calculations, it was favorable to express

the unrestrained shrinkage strain as a function of time via a

mathematical expression. For this purpose, the experimental

shrinkage strain data obtained from the 4 × 4 × 11¼ in.

(100 × 100 × 285 mm) prismatic specimens were compared to

four different shrinkage strain models. One of the models is

presented in EC2 (CEN, 2002), while the remaining three

models are summarized in ACI 209R-08 (ACI Commttee 209,

2008) in detail. The model denoted as ACI 209 is a model

introduced in ACI 209R-92 (ACI Commttee 209, 1992) in its

final form. The model denoted as GL2000 was originally

developed by Gardner and Lockman (2001) and later modified

by Gardner (2004). Finally, the model denoted as B3 was

developed by Bazant and Baweja (1995). The EC2, B3, and

GL2000 models require the knowledge of the 28th-day strength

of concrete to estimate the free shrinkage strain. In the present

study, the 28th-day strength values of the beams were estimated

from the test-day strength values using a strength development

model developed by Hwang et al. (2004). This model was

preferred, since it accounts for the effect of fly ash on the

compressive strength development of concrete with time.

Concrete with Class F fly ash is known to develop significant

strengths at later ages (Gebler and Klieger, 1986). 

The main difference between the four models is the time

function expressing the change in the free shrinkage strain in

time. The free shrinkage strain at a time t εsh(t, tc) is given as:

(1)

where εshf is the final (ultimate) free shrinkage strain of concrete;

t is the time in days from the cast of concrete; tc is the

duration of curing in days; and S(t-tc) is the time function. t-tc
defines the time from the end of curing, i.e. from the start of

drying. In B3 and GL2000 models, εshf is also multiplied with

a correction factor for the effect of ambient relative humidity.

In ACI 209 and EC2 models, the time function has the

following form: 

(2)

where χ is a parameter accounting for the shape and size of

the member. In both codes, this parameter is a function of the

volume-surface ratio of the member, accounting for the surface

of the member exposed to drying. Different from Eq. (2), in B3

model the time function is a hyperbolic tangential function: 

(3)

where τsh is the shrinkage half-time in days, which is a parameter
dependent on the volume-surface ratio and shape of the member.

Finally, GL2000 model uses the following form of the time

function:

εsh t tc,( ) εshf S t−tc( )⋅=

S t−tc( )
t−tc( )

t−tc( ) χ+
---------------------=

S t−tc( ) tanh
t−tc
τsh
--------=

Fig. 2. Free Shrinkage Strains of the Samples from the Concrete

of B44
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(4)

where χ depends on the volume-surface ratio of the member. 

Different from the data shown in Fig. 2, the experimental data

presented in Fig. 3 belong to the shrinkage specimens cured

under the same conditions as the beams. Furthermore, these

specimens were made from the same concrete mixes (with SRA)

as the beams. In this way, the model that best represented the

experimental conditions and the beam characteristics could be

determined. Fig. 3 shows that B3 model is in closest agreement

with the available experimental data. The hyperbolic tangential

time function of the B3 model estimated the rapid increase in the

shrinkage strain of concrete at early ages, more accurately

compared to the remaining three models, which yield to strain

estimates significantly lower than the experimental values.

Therefore, the B3 model was used for estimating the free

shrinkage strain values of the specimens when calculating the

restraint stresses. 

3.2 Modulus of Rupture of Concrete

Restraint to the shrinkage of concrete induces additional

tensile stresses to a beam, denoted as shrinkage restraint stresses.

These stresses might cause cracking in the beam if they exceed

the tensile strength of concrete. If they remain below the tensile

strength of concrete, the beam remains uncracked but its

cracking moment decreases due to these stresses. In the context

of cracking moment (Mcr) and in-plane deflection calculations,

the maximum shrinkage-induced restraint stress in a concrete

beam (fres) is subtracted from the tensile strength of concrete in

flexure (modulus of rupture fr) to obtain a net (effective) modulus

of rupture (fre). This reduction is accounted for in the Australian

Concrete Code AS 3600-2009 (SA, 2009) through the following

equation: 

(5)

where Z is the section modulus of the uncracked section, referred

to the extreme fiber at which cracking occurs; fr the characteristic

flexural tensile strength of concrete; and fres the maximum

shrinkage-induced tensile stress on the uncracked section at the

extreme fiber at which cracking occurs. 

To establish the effect of shrinkage cracking on the cracking

moment and in-plane deflections, the modulus of rupture of

concrete need to be determined. Two different formulations were

used in the present study for this purpose. In several structural

concrete codes including ACI 318M-05 (ACI Commttee 318,

2005), CSA A23.3-04 (CSA, 2004), AASHTO-LRFD

(AASHTO, 2005), and AS3600-2009 (SA, 2009), the modulus

of rupture (fr) of concrete is calculated from the following

equation:

(6)

where  is the compressive strength of concrete in MPa. The

constant 0.62 in the equation slightly changes from code to code.

EC2 (CEN, 2002) uses a different formula, given below:

(7)

where fctm,fl is the mean flexural tensile strength in MPa; fctm the

mean axial tensile strength in MPa; h the beam depth in mm. fctm
is obtained from:

(8a)

(8b)

where fck and fcm are the characteristic and mean values of the

cylinder compressive strength of concrete in MPa, respectively.

fck and fcm are linked according to the following equation:

(9)

The strength parameters in the EC2 (CEN, 2002) solution are

the 28th-day values. Nevertheless, the tensile strength values at

the test day were adopted in the present study instead of the 28th-

day values due to the significant differences between the 28th-day

and the test-day values. The 28th-day and the test-day values of

the mean cylinder compressive strength (fcm) and the mean

flexural tensile strength (fctm,fl) are tabulated in Table 2. The fcm
values at the test day can be seen to be roughly 20% and 30%

greater than the fcm values at the 28
th day in the first and second

S t−tc( )
t−tc( )

t tc+( ) χ+
-----------------------

1/2

=

Mcr Z fr−fres( )⋅=

fr 0.62 fc
 ′⋅=

fc′

fctm, fl max 1.6− h

1000
------------⎝ ⎠

⎛ ⎞ fctm; fctm⋅=

fctm 0.30 fck
 2/3

   for fck 50MPa≤⋅=

fctm 2.12 1 fcm/10( )+[ ] for fck 50> MPaln⋅=

fcm fck 8  MPa+=

Fig. 3. Comparison of the Analytical Models for Predicting Shrink-

age Strains: (a) B44, (b) B36L
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set of beams, respectively. These significant differences between

the 28th-day and test-day compressive strength values resulted in a

roughly 7-8% and 15% difference between the 28th-day and test-

day values of fctm,fl in the first and second set of beams, respectively. 

Both formulas, Eqs. (6) and (7), give close values, as tabulated

in Table 3. In the following sections, moduli of rupture of the

beams are obtained from Eq. (6). 

3.3 Restraint Stress

In the present study, the experimental cracking moments of the

beams obtained from the load-deflection data were used for

obtaining the experimental maximum shrinkage-induced restraint

stresses (fres). The load-midspan vertical deflection curves of the

first and second groups of beams are illustrated in Figs. 4 and 5,

respectively. Fig. 4 indicates that the initial response of each of

the first group of beams was closer to the fully-cracked member

response rather than the uncracked response. This implies that

the maximum shrinkage-induced tensile stress in each of these

beams exceeded the tensile strength of concrete, causing the

beam to be cracked even before loading. Since the authors

deduced that the use of SCC might have caused restrained

shrinkage cracking of concrete due to high reinforcement ratios,

the shrinkage-induced tensile stresses were reduced in the

second group of beams by the use CVC in the beams and by the

addition of SRA to concrete. The effect of this change can be

observed in Fig. 5, which shows that the initial response of each

of the second group of beams was closer to the uncracked

response (uncracked transformed or gross section) rather than

the fully-cracked response (cracked transformed section). The

experimental values of the maximum shrinkage-induced restraint

stress of the beams were obtained from the load-deflection data

shown in Figs. 4 and 5, using the following formula: 

(10)

where fr is the modulus of rupture, obtained from Eq. (6), and fre
is the effective modulus of rupture, accounting for the shrinkage-

induced restraint stresses in the beam. fre is obtained from the

following equation: 

(11)

where  is the distance from the centroid of the uncracked

transformed section to the tension face; and Iucr is the moment of

inertia of the uncracked transformed section. Uncracked

transformed section properties were used in Eq. (11) instead of

gross section properties due to the significant contribution of the

reinforcement to the in-plane deflection response of the heavily-

reinforced test beams. The uncracked transformed moments of

inertia (Iucr) of the beams were calculated to be 15-20% greater

than the gross moments of inertia (Ig) of the respective beams.

Table 4 tabulates experimental fres values of the test beams

together with estimates from different analytical formulations,

introduced in the following discussion.

The Australian AS3600 code accounts for the effect of shrinkage-

induced restraint from the reinforcement on the cracking

moment by the use of Eq. (5). AS3600-2001 (SA, 2001) gives

the following relation for fres:

(12)

where ρ is the total longitudinal reinforcement ratio, including

both tension and compression reinforcement; Es is the modulus

of elasticity of the longitudinal steel, and εsh is the free shrinkage

fres fr−fre=

fre
Mcr y⋅
Iucr

--------------=

y

fres
1.5ρ

1 50ρ +
-------------------⎝ ⎠

⎛ ⎞ Es εsh⋅ ⋅=

Table 2. 28th-day and Test-day Strength Values of the Beams 

Group Beam
fcm MPa (ksi) fctm,fl MPa (ksi)

28th-day Test day % Difference 28th-day Test day % Difference

I

B18 74.09 (10.74) 91.70 (13.30) 19.2 5.21 (0.75) 5.61 (0.81) 7.4

B22-1 79.31 (11.50) 94.02 (13.64) 15.6 4.83 (0.70) 5.17 (0.75) 6.6

B22-2 72.21 (10.47) 87.73 (12.72) 17.7 4.64 (0.67) 5.02 (0.73) 7.6

B30 77.85 (11.29) 98.24 (14.25) 20.8 4.61 (0.67) 5.05 (0.73) 8.7

B36 81.73 (11.85) 103.07 (14.95) 20.7 4.70 (0.68) 5.14 (0.74) 8.6

II

B44-1 47.86 (6.94) 65.96 (9.57) 27.4 3.72 (0.54) 4.30 (0.62) 13.5

B44-2 45.95 (6.66) 66.55 (9.65) 30.9 3.65 (0.53) 4.32 (0.63) 15.5

B44-3 45.82 (6.65) 66.72 (9.68) 31.3 3.64 (0.53) 4.32 (0.63) 15.9

B36L-1 44.75 (6.49) 64.04 (9.29) 30.1 3.60 (0.52) 4.24 (0.62) 15.1

B36L-2 44.71 (6.48) 64.38 (9.34) 30.6 3.60 (0.52) 4.24 (0.62) 15.1

Table 3. Moduli of Rupture of the Beams

Group Beam
Eq. (6)

MPa (ksi)
Eq. (7)

MPa (ksi)

I

B18 5.54 (0.80) 5.61 (0.81)

B22-1 5.60 (0.81) 5.17 (0.75)

B22-2 5.43 (0.79) 5.02 (0.73)

B30 5.72 (0.83) 5.05 (0.73)

B36 5.84 (0.85) 5.14 (0.74)

II

B44-1 4.76 (0.69) 4.30 (0.62)

B44-2 4.78 (0.69) 4.32 (0.63)

B44-3 4.78 (0.69) 4.32 (0.63)

B36L-1 4.60 (0.67) 4.24 (0.62)

B36L-2 4.60 (0.67) 4.24 (0.62)
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strain of concrete. AS3600-2009 (SA, 2009) gives a different

equation for fres, which differentiates between the tension and

compression reinforcement: 

(13)

where ρw and pcw are the web reinforcement ratios for the tension

and compression reinforcement, respectively. The web reinfor-

cement ratios are used in the expression to account for cross-

sectional shapes other than rectangular. Eq. (13) also differs from

Eq. (12) by the use of the ultimate value of the free shrinkage

strain (εshf), which makes Eq. (13) more conservative. Scanlon
fres

2.5ρw−0.8ρcw

1 50ρw +
--------------------------------⎝ ⎠

⎛ ⎞ Es εshf⋅ ⋅=

Fig. 4. Load-deflection Curves of the First Group of Beams: (a) B18, (b) B22-1, (c) B22-2, (d) B30, (e) B36

Fig. 5. Load-deflection Curves of the Second Group of Beams: (a) B44-1, (b) B44-2, (c) B44-3, (d) B36L-1, (e) B36L-2
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and Bischoff (2008) proposed the following relation for fres:

(14)

where d is the effective depth; h is the overall beam depth; and 

is the long-term modular ratio of steel to concrete. In the long-

term modular ratio, the decrease in the modulus of elasticity of

concrete over time due to creep is taken into account. In the

present study, the beams were not loaded until the test day,

meaning that creep did not take place in concrete and the

shrinkage-induced restraint stresses were not affected from

creep. Therefore, the long-term modular ratio in the expression

was replaced with the modular ratio n in the calculations. ξ is

defined as the eccentricity factor by Scanlon and Bischoff

(2008), which the ratio of the eccentricity of reinforcement from

the centroid of gross section to the overall depth. By assuming

that d/h = 0.85 and = 20 for a typical reinforced concrete

beam, Scanlon and Bischoff (2008) simplified Eq. (14) to the

following expression:

(15)

Scanlon and Murray (1982) proposed that fres has a value in

the order of half of fr , calculated from Eq. (6). Similarly, the

Canadian Concrete Code A23.3-04 (CSA, 2004) assigns a

value in the order of half of the rupture modulus calculated

from Eq. (6) to the effective modulus of rupture ( fre) in the

deflection calculations of two-way slabs. Finally, EC2 (CEN,

2002) prescribes a 50% reduction in the tension stiffening

when calculating the long-term deflections of concrete

beams, accounting for the decrease in the stiffness in time. This

reduction corresponds to a reduction of approximately 30% in the

modulus of rupture. 

Table 4 indicates that there is a clear distinction between the

restraint stresses that developed in the first and second groups of

beams prior to the tests. The maximum shrinkage-induced

restraint stresses (fres) were in the order of 20-40% of the moduli

of rupture of concrete (fr), calculated from Eq. (6), in the second

set of beams. On the other hand, fres exceeded fr in the first set of

beams. The analytical estimates from the code solutions (AS,

3600-2001; AS, 3600-2009; EC2 and CSA, A23.3-04) are

significantly lower than the experimental values in the first set of

beams and the equation proposed by Scanlon and Bischoff

(2008) yields to fres estimates in closer agreement with the

experimental values. In the second set of beams, on the other

hand, the code estimates are in closer agreement with the

experimental values with EC2 code solution providing the

closest agreement. The equation proposed by Scanlon and

Bischoff (2008) significantly overestimates the experimental

values. To summarize, the code solutions were found to

underestimate the restraint stresses that develop in heavily-

reinforced concrete beams made with SCC, while closely estimating

the restraint stresses that develop in heavily-reinforced concrete

beams made with CVC containing SRA. In the case of heavily-

reinforced SCC beams, the solution proposed by Scanlon and

Bischoff (2008) more accurately estimates the shrinkage-

induced restraint stresses.

The primary reason for the expression of Scanlon and Bischoff

(2008) producing estimates much higher than the estimates from

the code solutions is the use of the modular ratio (n) in the

calculations instead of the long-term modular ratio ( ). As given

in Eq. (15), the expression of Scanlon and Bischoff (2008) is

originally very similar to the restraint stress expressions of

AS3600 codes (Eq. (12) and Eq. (13)) when the effect of creep

on the modulus of elasticity of concrete is considered. The

equations given in AS3600-2001 and AS3600-2009 are based on

the assumption that creep takes place and the shrinkage-induced

restraint stresses are affected from creep. This assumption causes

the values calculated from the AS3600 code solutions to be

significantly smaller than the values calculated from the

expression of Scanlon and Bischoff (2008) when creep does not

take place. Among the code solutions, the solution of AS3600-

2009 (SA, 2009) yields to the highest estimates, while the

solution of the EC2 (CEN, 2002) code yields to the lowest

estimates. 

fres

ρ
d

 h 
------⎝ ⎠

⎛ ⎞ 1 6ξ+( )⋅ ⋅

1 n ρ
d

 h 
------⎝ ⎠

⎛ ⎞ 1 12ξ
 2

+( )⋅ ⋅ ⋅+

------------------------------------------------------------ Es εsh⋅ ⋅=

n

n

fres
2.635ρ Es εsh⋅ ⋅

1 42ρ+
----------------------------------=

n

Table 4 . Experimental and Analytical Restraint Stress Values of the Beams

Group Beam

fres/fr

Experiment
AS3600-2001
(SA, 2001)

AS3600-2009
(SA, 2009)

EC2
(CEN, 2002)

CSA A23.3-04
(CSA, 2004)

Scanlon and Bischoff 
(2008)

I

B18 1.00 0.42 0.72 0.29 0.47 1.36

B22-1 1.00 0.38 0.66 0.29 0.47 1.28

B22-2 1.00 0.38 0.67 0.29 0.47 1.32

B30 1.00 0.34 0.60 0.29 0.47 1.25

B36 1.00 0.36 0.63 0.29 0.47 1.33

II

B44-1 0.39 0.49 0.86 0.29 0.46 1.51

B44-2 0.19 0.49 0.87 0.29 0.46 1.49

B44-3 0.32 0.49 0.87 0.29 0.46 1.49

B36L-1 0.21 0.58 1.00 0.28 0.46 1.82

B36L-2 0.30 0.55 1.00 0.28 0.49 1.78
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4. Effective Moment of Inertia and In-plane Deflec-
tions

Bending moments exceeding the cracking moment cause

discrete flexural cracks to form in the tension zone of a

concrete beam. The formation and propagation of these

cracks result in the gradual reduction of the overall moment

of inertia of a beam from the uncracked moment of inertia

(Iucr) to the fully-cracked moment of inertia (Icr). The concrete

in the tension zone ceases to contribute to the flexural rigidity

at discrete crack locations while the tension-zone concrete

between the cracks still contributes to the overall flexural

rigidity of the beam. This contribution is known as tension

stiffening and it decreases as new cracks form along the span

and existing cracks continue to grow and propagate. The

tension stiffening results in a gradual transition from the

uncracked to the cracked moment of inertia and this gradual

transition is accounted for by the use of effective moment of

inertia (Ie). Many structural concrete codes including ACI

318M-05 (ACI, 2005), CSA A23.3-04 (CSA, 2004), AASHTO-

LRFD (AASHTO, 2005), and AS3600-2009 (SA, 2009) adopt

the following effective moment of inertia expression, which

was originally developed by Branson (1965): 

(16)

where Ma is the maximum moment in the beam. Although being

adopted by several codes, recent studies (Bischoff, 2005,

2007; Bischoff and Scanlon, 2007) have shown that Eq. (16)

overestimates the stiffness of lightly-reinforced (ρ < 1%)

concrete beams and slabs, while providing closer estimates in

the case of medium- to heavily-reinforced concrete beams

(ρ > 1%). Al-Shaikh and Al-Zaid (1993) found out that the

power of the tension-stiffening term (Mcr/Ma)
3 depends on the

reinforcement ratio and proposed that the power 3 should be

replaced with m = 3 − 0.8ρ.

Equation (16) averages the rigidities of the uncracked and

fully-cracked portions of a concrete beam. EC2 (CEN, 2002) and

BS 8110-2 (BSI, 1985) adopt a different concept in the deflection

calculations, which is based on averaging the flexibilities rather

than the rigidities of the uncracked and cracked portions.

Following the same concept, Bischoff (2005) proposed the

following effective moment of inertia expression: 

(17)

Subsequent studies (Gilbert, 2006; Bischoff, 2007; Bischoff

and Scanlon, 2007) have indicated that Eq. (17) provides closer

estimates to the experimental values in lightly-reinforced concrete

beams and slabs and FRP-reinforced concrete beams.

In the present study, the moments of inertia (Iexp) of the beams

obtained from the experimental load deflection data through Eq.

(18) were compared to the analytical Ie values calculated from

Eq. (16) and Eq. (17).

Ie
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Fig. 6. Effective Moments of Inertia of the Second Group of Beams: (a) B44-1, (b) B44-2, (c) B44-3, (d) B36L-1, (e) B36L-2
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(18)

where P is the applied load; L is the span length; Ec is the

modulus of elasticity of concrete at the test day from the cylinder

tests; and νm is the measured midspan vertical deflection. Since

the first group of beams was found to have fully-cracked

response at the start of loading due to shrinkage cracking, the

comparison was done only for the second group of beams. Fig. 6

shows that Eq. (17) gives smaller Ie estimates compared to Eq.

(16). Both Ie expressions (Eqs. (16) and (17)) yielded to estimates

in good agreement with Iexp values with Branson’s expression Eq.

(16) being in closer agreement. Bischoff’s expression Eq. (17)

generally underestimated the Iexp values, meaning that the

analytical deflection values calculated using Eq. (17) exceeded

the measured deflections. In general, both Ie expressions provided

satisfactory estimates for the heavily-reinforced test beams, as

previously found out by Bischoff (2005, 2007) and Bischoff and

Scanlon (2007). 

5. Conclusions

The shrinkage-induced restraint stresses and their effect on

the in-plane deflection behavior of two sets of heavily-

reinforced concrete beams made from two different types of

concrete were investigated. The first set of beams was made

from Self-Compacting Concrete (SCC). The second set, on the

other hand, was made from conventionally vibrated (ordinary)

Concrete (CVC), also containing Shrinkage Reducing Admixtures

(SRA). The maximum shrinkage-induced restraint stress in

each beam was calculated from the experimental load-deflection

data and the restraint stress values were compared to the

analytical estimates obtained from the restraint stress expressions

given in AS 3600-2001 (SA, 2001), AS 3600-2009 (SA, 2009),

EC2 (CEN, 2002), and CSA A23.3-04 (CSA, 2004) codes and

an expression developed by Scanlon and Bischoff (2008).

Furthermore, the moment of inertia of each beam throughout

loading was compared to the estimates obtained from two

different effective moment of inertia expressions. The following

conclusions were drawn: 

1. At the initial stages of loading, the experimental load-deflec-

tion curves of the beams made with SCC coincided with the

lines corresponding to the fully-cracked member response.

Accordingly, it was deduced that the maximum shrinkage-

induced restraint stresses in the first set of beams exceeded

the tensile strength of concrete, causing the beams to be

cracked even prior to loading.

2. At the initial stages of loading, the experimental load-deflec-

tion curves of the beams made with CVC including SRA

coincided with the lines corresponding to the uncracked

transformed or gross member response, indicating that the

maximum shrinkage-induced restraint stresses in the second

set of beams remained below the tensile strength of con-

crete. The restraint stress values calculated from the experi-

mental cracking moments of the beams indicated that the

maximum shrinkage-induced restraint stresses in the second

set remained in the order of 20-40 % of the modulus of rup-

ture of concrete before the tests.

3. The restraint stress equations of the AS 3600-2001, AS

3600-2009, EC2, and CSA A23.3-04 codes significantly

underestimate the maximum shrinkage-induced restraint

stresses that develop in heavily-reinforced concrete beams

made with SCC, while providing closer estimates in the case

of heavily-reinforced concrete beams made with CVC con-

taining SRA. The estimates from the analytical expression

developed by Scanlon and Bischoff (2008) are in closer

agreement with the experimental values in heavily-rein-

forced SCC beams.

4. Both Branson (1965) and Bischoff (2005) effective moment

of inertia expressions work well for heavily-reinforced con-

crete beams. Bischoff effective moment of inertia expression

approaches faster to the fully-cracked moment of inertia com-

pared to the Branson expression. Therefore, Bischoff expres-

sion produces more conservative estimates.

The use of SCC makes a beam more vulnerable to restrained

shrinkage cracking. The problem is emphasized particularly in

heavily-reinforced concrete beams, where reinforcement consti-

tutes a significant source of restraint for shrinkage. The possible

reductions in the flexural rigidities of heavily-reinforced SCC

beams due to restrained shrinkage cracking should be taken into

consideration in deflection calculations. The present study

indicated that the restrained shrinkage cracking might cause so

severe reductions in the flexural rigidities of heavily-reinforced

SCC beams that a beam might behave as a fully-cracked

member even at the initial stages of loading.

We understand that the findings presented in this paper are

dependent on the experimental results of the analyzed beams and

that further experimental data may be needed to validate the

accuracy of these findings. 
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